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Abstract: MEMS accelerometers and gyroscopes are suitable for the inertial navigation of mobile
robots due to the low price, small dimensions and light weight. The main disadvantage in a com-
parison with classic sensors is a worse long term stability. For a simple long termstability analysis
the Allan variance method could be used. The topic of this article is a measurement of the Allan
variance for MEMS gyroscopes. Results based on the measurement of three different gyroscopes are
presented.
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1 INTRODUCTION

The rate gyroscope output is disturbed by two main groups of errors. The first group represents deter-
ministic errors like a constant bias or a nonlinearity. These errors can be corrected by the calibration
based on a laboratory measurement. The second group of errors contains unpredictable stochastic
processes like angle random walk, bias instability, rate random walk or drift ramp. They appear on
the output as a noise or a slow change of parameters in time. The contribution of these errors at a spe-
cific time can not be precisely predicted, which causes the degradation of agyroscope performance.

For the analysis of stochastic processes in a conjunction with gyroscopes, two methods are mainly
used. They are defined by IEEE std 952-1997 [1]. The first and morecomplex one is the power
spectral density (PSD). The latter method is the Allan variance (AV).

PSD is the transformation of time data series to the frequency domain. Power spectral densities are
statistical measures, which can be estimated from real data by averaging over the results from many
measurements. The result can be interpreted as the relative probability of asignal at a given frequency
at any point in time.

AV is the method of analysis of stochastic processes in a time domain. It was originally designed
for the statistics of atomic frequency standards [2]. The main advantage ofAV in a comparison with
PSD is a lower computational complexity. On the other hand, there is a problem ininterpretation
of some kinds of noises, which appear in the same way. However, a solutionis using the modified
Allan variance. Because of the problem analogy, the AV method could be used for the investigation
of gyroscopes as well. First it was used for laser ring gyro [4].

2 ALLAN VARIANCE

As mentioned, AV is a method of analysis in a time domain. It describes variance of a signal as a
function of averaging time. Frequently, the Allan variance term is also used torefer to its square
root. We can also often see the term cluster analysis, which expresses theprinciple of operation. In
the IEEE 952-1997 [1] standard, the Allan varianceσ2

Ω
(τ) is described for an angle velocityΩ as



follows:

θ(t) =

∫ t

Ω(t′)dt′ (1)

Ωk(τ) =
θ(tk + τ)− θ(tk)

τ
(2)

σ2
Ω(τ) =

1

2

〈

(

Ωk+1 − Ωk

)2
〉

, (3)

whereτ is an averaging time and operator〈...〉 is defined as an infinite time average [2]:

〈f(t)〉 = lim
T→∞

1

T

∫ T/2

−T/2
f(t)dt (4)

For a finite number of samples N, the Allan varianceσ2
Ω

can be estimated as [3]:

σ2
Ω(M) ∼= 1

2(K − 1)

K−1
∑

k=1

(ωk+1(M)− ωk(M))2, (5)

where M means number of samples in one cluster,K = N/M number of clusters, andωk(M) is
average in clusterk. For this equation, the recursive formula can be derived, as described in [3]. The
relation between power spectral density and Allan variance is expressedas [1]:

σ2
Ω(τ) = 4

∫

∞

0

SΩ(f)
sin4(πfτ)

(πfτ)2
df (6)

There is no inversion formula.

2.1 ASYMPTOTIC PROPERTIES

The output of gyroscope is affected by several types of noise. The four basic noise terms are angle
random walk, bias instability, rate random walk, and rate ramp. If the noise sources are statistically
independent, then the computed Allan variance is a sum of the squares of each error type:

σ2(τ) = σ2
arw(τ) + σ2

b (τ) + σ2
rrw(τ) + σ2

rr(τ) (7)

Because of different asymptotic properties they appear in the log-log plotof σ2(τ) with the different
slopes.

2.1.1 ANGLE RANDOM WALK (ARW)

ARW is high frequency noise and it can be observed as the short-term variation in the output. After
performing an integration, it causes random error in angle with distribution,which is proportional to
the square root of the elapsed time. As described at [1] ARW appears in PSD as:

SΩ(f) = N2 (8)

Substituting (8) into the equation (6) we get:

σ2
arw(τ) =

N2

τ
(9)

The equation (9) shows that the slope ofσ(τ) log-log plot is−0.5 and the coefficientN can be
obtained from the plot atτ = 1 (fig. 1).



2.1.2 BIAS INSTABILITY

The bias instability has an impact on the long-term stability. It is slow fluctuation ofoutput so it
appears in low frequencies as1/f noise. Bias instability determines the best stability that could be
achieved with fully modeled sensor and active bias estimation. PSD associatedwith this noise is [3]:

S(f) =

{

B2

2πf if f ≤ f0

0 if f > f0
(10)

B is the bias instability coefficient andf0 is the cutoff frequency. By substituting (10) into (6) and
performing the integration we get:

σ2
b (τ) =

2B2

π

[

ln 2− sin3 πf0τ

2(πf0τ)2
(sinπf0τ + 4πf0τ cosπf0τ) + Ci(2πf0τ)− Ci(4πf0τ)

]

=

(

B

0.6648

)2

for τ >>
1

f0
, (11)

where meaning ofCi() is cosine-integral function. In the figure 2, the square root of Allan variance
for bias instability is depicted. The coefficientB can be determined from the region with zero slope.

0,1 1 10 100
0.1 N

1 N

10 N

τ

σ(
τ)

slope −0.5

Figure 1: Angle random walk
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Figure 2: Bias instability

2.1.3 RATE RANDOM WALK (RRW)

Long term changes to bias offset will be randomly distributed and may be permanent in nature. Even
though the drift of an individual sensor can not be predicted, the time scale over which the changes
occur can be defined by the RRW and introduces the opportunity to plan forrecalibration in critical
applications that require extended life. The rate PSD associated with this noise is [1]:

S(f) =
K2

2πf2
, (12)

whereK means the RRW coefficient. By substituting (12) into (6) and performing the integration we
get:

σ2
rrw(τ) =

K2

3
τ (13)

This equation shows that RRW is represented by +0.5 slope on a log-log plotof σ(τ) (fig. 3). RRW
constantK can be read off from plot atτ = 3.

2.1.4 DRIFT RATE RAMP

This error belongs to deterministic errors. It is slow monotonic change of output over a long time
period. It can be described as:



ω(t) = Rt, (14)

whereR is the slope of ramp. AV characteristic is given by:

σ2
rr(τ) =

R2τ2

2
(15)

The slope in the log-log plot is +1 and the coefficientR can be read off atτ =
√
2 (fig. 4).
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Figure 3: Rate random walk
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Figure 4: Drift rate ramp

3 MEASUREMENT DESCRIPTION

For a practical measurement, three different gyroscopes have been chosen: IvenSense IDG1215,
Analog Devices ADXRS300EB and muRata ENV-05H. The measurement chain is compounded from
a low-pass filter and data acquisition module (DAQ) NI-USB-6215. DAQ hasa 16-bit analog to
digital converter with a sampling frequency up to250 kS/s. The sampling frequency was chosen
2 kS/s with regard to the output frequency spectrum to satisfy the Nyquist theorem. The purpose of
the low-pass filter is to suppress high frequency components in the spectrum. The cutoff frequency
was chosen600Hz (higher than a bandwidth of gyroscopes). Gyroscopes were powered from an
accumulator with a linear regulator to eliminate problems with ground loops and a power supply
interference. The purpose of the test is to describe a behavior without exciting the input, therefore
gyroscopes were in a steady state without a motion during the measurement. The ambient temperature
in a lab fluctuates between22 and25 ◦C in a period of 24 hours.

4 RESULTS

The figure 5 describes development ofσ(τ) versus averaging timeτ in a log-log scale. Data were
collected for the interval of 72 hours to achieve a reliable estimate of the bias instability.

In the figure, we can see that ENV-05H has the best performance, because the bias instability is
given by the lowest point on the AD curve. It is also obvious that level ofARW is much smaller in
comparison to other two gyroscopes. On the other hand, the worst one in the test is the ADXRS300.
The level of bias instability is more than ten times higher than the bias level of IDG1215. Also the
output contains bigger amount of high frequency noise (ARW). When wefocus on the performance
of IDG1215 in each axis, we can see slight differences in levels of ARW and the bias instability.
Estimated parameters for all gyroscopes are in the table 1.

In this comparison, the parameters of RRW and drift rate ramp were omitted. The reason is that
output of gyroscopes is correlated with slow changes of the temperature inthe lab. So the estimate of
these parameters is unreliable.

Under the proper conditions the contribution of data acquisition module NI-USB-6215 to AV is more
than ten times lower than measured values.



Gyroscope N [◦/
√
s] B [◦/s]

ENV-05H 4.0 · 10−4
9.5 · 10−4

IDG1215 (Y axis) 3.0 · 10−3
13 · 10

−3

IDG1215 (X axis) 3.2 · 10−3
14 · 10

−3

ADXRS300 46 · 10
−3

26 · 10
−3

Table 1: Estimated parameters
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Figure 5: Allan deviation plot

5 CONCLUSION

This paper shows that the Allan variance is suitable to investigate the sensor error behaviors on dif-
ferent timescales and parameter estimation. Results show that for long-term measurements, the con-
sideration of the ambient temperature influence is important. This problem should be solved by using
a temperature chamber to keep the temperature steady during the measurement.
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