Kalman Filtering

Namrata Vaswani

March 29, 2018

Notes are based on Vincent Poor’s book.

1 Kalman Filter as a causal MMSE estimator
Consider the following state space model (signal and observation model).

}/;5 - HtXt + Wt, Wt ~ N(O, R) (].)
Xy = FXea+ U, U~ N(0,Q) (2)
where Xo, {Uy, t =1,...00}, {W;,t = 0,...c0} are mutually independent and X, ~ N (0, 2g).

Recall that
Cov[X[Y] £ E[(X — E[X|Y])(X — E[X|Y])T|Y].

Define

s
w
[|>

E[Xt‘}/o:s]
Et\s = COU[thybzs] = E[(Xt - ths)(')TD/E):s] (3)

Thus Xt|s is the MMSE estimator of X; from observations Yp., and Xy, is its error covariance
conditioned in Yj.,.
We claim that that Xt‘t and )A(t‘t_l satisfy the following recursion (Kalman filter).

X1 = FXioapa
Y1 = tht—1|t—1FtT+Qa
K, = Sy HN(H Sy HE +R)™!
X = Xy + Ko(Yi — HiXyp1)
Sy = [ — KH]Sy (4)

with initialization, Xo_; = 0, Lo|_1 = 0.



1.1 Conditional Gaussian Distribution

In the proof we will need the following result for jointly Gaussian random variables. If XY
have the joint PDF

Y y Yy Yyx
~ N( ) )
X Hx Yxy Yx
then
EXY] = px+ xSy (Y — py)
Cov[X|Y] = Zx — Sxy2y ' Syx, (5)

Proof: One way to prove this is to write out the expression for the conditional PDF and
use the block matrix inversion lemma. A shorter and nicer proof is as follows. The idea is
to define a r.v. Z that is a linear function of X and Y and is such that Cov(Z,Y) = 0.
Because it is a linear function, Z and Y are also jointly Gaussian and hence cov = 0 will
imply independence. Then if one writes of X as a linear function of Z and Y, getting the

above quantities becomes very easy because E[f(Z)|Y] = E[f(Z)].

1. Let Z = X 4+ BY. We want Cov(Z,Y) = 0. But notice that Cov(Z,Y) = E[(X —
px)(Y — py) 7]+ BE[(Y — iy ) (Y — piy')T] = Sxy + BSy. Thus if we let B = —Sxy X3!
we will get Cov(Z,Y) = 0 and so using joint-Guassianity Z and Y are independent.

2. Thus, Z = X—EXYZ;IY and so X = Z+ZXYE{,1Y. Also, Z and Y are independent.
Thus,

E[X|Y] =E[Z|]Y] + Sxy Sy Y = ux — Sxy Syt uy + BxySyY (6)

and since Cov(Z|Y) = Cov(Z), Cov(Y|Y) = 0and Cov(Z, BY |Y) = E[(Z—uz)|Y (Y —
puy)t =E[(Z — puz)|(Y — py)" =0, we get

Cov[X|Y] = Cov(Z — BY,Z — BY|Y) where B := —Yxy X"
= Cov(Z|Y) + Cov(BY|Y) — Cov(Z, BY|Y) — Cou(BY, Z|Y)
= Cov(Z)
= Xx+ EXYE§12YE§12XY - EXY21712XY - ZXYE;?lEXY
= ¥Ix — Sxviy' Syx (7)

1.2 Proof of KF as MMSE estimator

1. Use induction. Base case for t = 0 follows directly from the signal model. Assume that
(4) holds at t — 1.



2. To compute Xﬂt—l; take E[-|Yo,—1] on the signal model, (2). Then use the fact that U;
is independent of Yo, 1 = f(Xo, Upi—1, Wou—1) to show that E[U;|Yy.,—1] = E[Uy] = 0

(since Uy is zero mean).

3. To compute X1, take Cov[-|Yo4—1] on the signal model, (2). Show that the cross-
terms which contain E[(X,_; — Xt_l‘t_l)UﬂYb:t,l] or its transpose are zero using the

following approach.

(a) Let Z 2 X, — Xt,l‘t,l.

(b) Tt is easy to see that both Z and Yy, ; are functions of Xg, Ups_1, Wos_1, i.e.
{Z, Y041} = f((Xo, Upy—1, Wo4—1). Thus, U, is independent of {Z, Yy4_1} (using
the model assumption).

(¢) U independent of {Z,Y} implies (i) U independent of Y7 (ii) U independent of Z
given Y (conditionally independent).

e Proof: U independent of {Z,Y} implies that f(y,u) = [ f(z,y,u)dz =
[ f(z,y)f(w)dz = f(y)f(u). Thus (i) follows. To show (ii), notice that
f(z,uly) = f(zly)f(ulz,y) by chain rule. U independent of {Z, Y} im-
plies that f(u|z,y) = f(u). Also, (i) implies that f(u) = f(u|y). Thus,
f(z,uly) = f(z|y)f(u]y) and thus (ii) holds.

(d) Thus Uy, Z are conditionally independent given Yp. ;.
(e) Thus the cross term, E[ZUT|Yys_1] = E[Z|Yo.—1] E[U|Yo.e1])T = E[Z|Yo.eA]E[U]T =
0 and the same holds for its transpose. The second equality follows because U, is

independent of Y{.;_; while the third follows because U; is zero mean.

4. For the update step, first derive the expression for the joint pdf of X, Y; conditioned
on Yoi-1, f(=¢,ye|yo.t—1), and then use the conditional mean and covariance formula
for joint Gaussians given in (5), to obtain the expression for Xﬂt and ;. To obtain

the joint pdf expression, use the following approach.

(a) Since the three random variables are jointly Gaussian, f(xy, y:|yo.c—1) will also be

Gaussian. Thus we only need expressions for its mean and covariance. Clearly,

Ty Xt\tfl Z]X zjXY
@ yelyoe—) = N( ; 5 7
R Ui HX iy ST, Oy

] ), where

Xx = -1,
Yxy = Cov[Xy, Y |You 1] = E[(X; — Xt|t71)(H<Xt - Xt\tq) + Wt)T’YE):tfl]
= Et|t_1HT + cross; = Eﬂt_lHT + 0,
Yy = CovlYi|You1] = H2t|t_1HT + R + crossy + crosss = H2t|t_1HT +R+0+4+0



(b) To show that cross; = 0 and crossy = 0, use the fact that (X; — Xt|t_1) and W,
are conditionally independent given Y., 1; W, is independent of Yy, ; and W, is

zero mean. These can be shown in a fashion analogous to step 3.

This finishes the proof of the induction step and thus of the result.

A few important things to notice are as follows.

1. Since the expressions for ;;_; and Y, do not depend on Y1, thus these are also
equal to the unconditional error covariances, i.e. ¥ 2 E[(X, - )A(t|t,1)(-)T|Y0:t_1] =
]E[(Xt — Xt|t,1)(')T] and Similarly, Zt‘t é E[(Xt — Xt‘t)(')T|}/E):t] = E[(Xt — Xt|t>()T]

2. Tt can be shown that the innovations, Z, =Y, — H )A(t‘t,l, are pairwise uncorrelated.

Since they are jointly Gaussian, this means they are mutually independent.

(a) To show uncorrelated-ness one needs to use E[E[Z|Z, Z5]|Z1] = E[Z|Z;] (law of
iterated expectations applied to Z = Z | Z1).

(b) Consider an s < t,

E[z.2]] = E[E[ZZ] |Y05H
= E[E|

(Y; HXt|t 1Yo 2] ]
(E[Y;|Yo.s] — E[HXyo-1| Vo)) 2]
— E[(HXy, — E[HXy_1|Yo.)) Z7]

= E[(HXys — HX;) 2]

Il
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[
[
[
[
[
[
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(8)

We used E[E[Z|Z,, Z5)|Z)] = E[Z|Z1] to show that E[H X;,_1|Yo.s] = HXy,. Here
Z = Xt7 Zl = YvO:sa ZQ = Y:@Jrlzt-

3. Another expression for K;:

1.3 Kalman filter with control input

Consider a state space model of the form

K = HXt—i_T(}/l’}/Q""}/l'f—l)_'—Wh WtNN(O,R)
Xy = FXio1+qN, Yo, ... Y 0)+GU,, U~ N(0,Q)

with Xo, {U;}32,, {W;}2, being mutually independent and Xy ~ N (0, X).
The above is a state space model, but with a nonzero “feedback control” input in both

equations. To derive the Kalman recursion for this model, use the exact same procedure

N



outlined above. Since at time ¢, the control inputs are functions of Yy.;_i, when we take
E[-|Yp.—1] of either the signal model or the observation model, r and ¢ just get pulled out as

constants. Thus the expressions for the error covariances does not change at all.

2 Kalman filter as a causal linear MMSE estimator

Consider the state space model of (1), (2), but with the difference that Xy, U, W;’s are no
longer Gaussian, but are just some zero mean random variables with the given covariances.
Also, instead of being mutually independent, they are only pairwise uncorrelated.

For this model, the Kalman filter of (4) is the causal linear MMSE estimator, i.e. Xt|t—1
is the linear MMSE of X; from Yy, 1, Xt|t is the linear MMSE of X; from Yj.,, and the
unconditional error covariances, E[(X; — Xt|t,1)(.)T] = Yy—1 and E[(X; — Xt|t)(.)T] = 2y

We show the above using the orthogonality principle: X is the linear MMSE of X from

observations Y., 1 if and only if
E[(X — X)) =0and E[(X — X)Y,] =0, VI=0,1,...n—1, (9)
Outline of Proof.

1. Use induction. The base case is easy, since you are using no observations. Assume
that our result holds for £ — 1, i.e. Xt_1|t_1 is linear MMSE of X;_; from Yj;_; and
E[( X1 = Xi1-1) ()] = B

2. The expression for Xt|t_1 is given in (4). Thus,
E[(X; — X)) = FE[(X; 1 — Xi )Y + FE[UY,"] = 0+0, VI =0,1,...t — 1(10)

The first term is zero because of the induction hypothesis and the orthogonality princi-
ple. The second term is zero because of uncorrelated-ness of U; and Y] (follows because
Y] is a linear function of Xy, Uy, Wo,). Also,

E[(X; — Xye-1)] = FE[X,—1 — Xy 1] + E[U}] =0 (11)

This follows by induction assumption and orthogonality principle and since U, is zero

mean.

Thus by the orthogonality principle, Xt|t—1 is the L-MMSE of X, from Yy;_;.

3. It is easy to show that E[(X, — Xt|t_1)(.)T] = FY p 1 FT+Q+0+0 = Xy
by showing that the cross-terms are zero. The cross-terms are of the form E[(X,_; —
Xt_”t_l)UtT] (or its transpose). They are zero since (X; 4 —Xt—1\t—1) is a linear function

of Xy, U1.4—1, Woy.t—1, all of which are uncorrelated with U;, and U; is zero mean.



4. The expression for Xﬂt is given in (4). Using the expression for Y,
Xp— Xyp = Xy — [(I = K,H) Xy + KoY = (I — K.H)(X, — Xypoy) + KW, (12)
Thus,
E[(X; = X))V = (I = K,H)E[(X; = Xyjp1) V'] + KGE[W,Y]] (13)

For [ =0,1,...t—1, one can use the previous step; uncorrelated-ness of W, and Yy.;_1

and W; being zero mean, to show that the above is zero. Consider [ = ¢.

E[(X, — Xy)Y)] = (I = KH)E[(X; — XY, ] = KE[WY/]
= (I - K;H)E[(X; — Xy 1) (HX, + W)T — KE[W,W/]]
= (I - KH)SyH" — KR
— 0 (14)
(a) The last equality follows from the expression for K;.

(b) The second-last one follows because

L. EKXt—Xﬂt—l)XtT] = E[(Xt_Xt\t—1>(Xt_Xt|t—l +Xt|t—1>T] = Y1 +E[(X:—
Xt‘t_l)XT ]

tlt—1

i B[(X; — X)X 1] = EE[(X: — Xijor) [You 1] XT,

t|t—1]

=E[0.X],_,]=0
iii. W, and (X, — )A(t‘t,l) are uncorrelated and W, is zero mean.
(¢) The third-last one follows using (1) and the fact that W, and X, are uncorrelated
and W; is zero mean.
Also, using (12),
E[(X;: — Xy)] = (I — K,H)E[X, — Xy 1] + KE[W,] =0 (15)
The first term is zero by prediction step claim and orthogonality principle; the second
term is zero since W; is zero mean.
Thus by orthogonality principle, Xﬂt is L-MMSE of X, from Y{..
5. To get the expression for E[(X; — Xt|t)(.)T], expand it out using the expression for Xﬂt
from (4) and then simplify it using (1) and the expression for K.
(a) E[(X,—Xyo)(.)"] = (I = KH)E[(X, — Xyo1) ()1 — K H)" + KEWW/ K] +
crosss + crossy = (I — KyH) Y1 (I — K H)' + K,RK] + 0+ 0.
(b) The cross term, crosss, contains E[(X; — Xt‘t_l)WtT] which can be shown to be
zero since W, and (X, — Xt|t_1) are uncorrelated and W; is zero mean.
(¢) Use the expression for K; and simplify to show that (I — K,H)Yy,—1(I — K:H)" +
K:RK! = (I — K{H)Xy;—1: homework problem.



