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Administrative Stuff

« No HW is due next Monday

« HW 6 will is due on Monday Oct. 13 @ 10 pm.



Administrative Stuff

Labs next week
Mini-Project
This is worth 3% of your grade (x2 labs)

https://www.ece.iastate.edu/~alexs/classes/
2025 Fall_2810/labs/Project-Mini/



Three Different Methods to
Represent Negative Integer Numbers

« Sign and magnitude
 1’s complement

« 2’s complement



Three Different Methods to
Represent Negative Integer Numbers

« Sign and magnitude

 1’s complement

only this method is used

« 2’s complement .
in modern computers




Interpretation of four-bit signed integers

Sign and
bsbabibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +4 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 —7 —8
1001 —1 —6 —7
1010 —2 -5 —6
1011 -3 —4 -5
1100 —4 -3 —4
1101 -5 —2 -3
1110 —6 —1 —2
1111 —7 —0 -1

[ Table 3.2 from the textbook ]



Interpretation of four-bit signed integers

Sign and
bsbabibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +4 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 —7 —8
1001 —1 —6 —7
1010 —2 -5 —6
1011 -3 —4 -5
1100 —4 -3 —4
1101 -5 —2 -3
1110 —6 —1 —2
1111 —7 —0 -1

Note that each table includes both positive and negative integers.
[ Table 3.2 from the textbook ]



2’s complement representation (4-bit)

bababibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 -7
1010 —6
1011 —5
1100 —4
1101 -3
1110 —2
1111 —1




The number circle for 2's complement

0000

1111 0001

[ Figure 3.11a from the textbook ]



Addition of two numbers stored
in 2’s complement representation
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There are four cases to consider
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Positive plus positive

bsbabibg | 2’s complement
(S I
0110 +6
0101 | 45
(+5) 0101 0100 +4
+ (+2) + 0010 0011 +3
0010 | 42
(+7) L 0001 +1
0000 +0
1000 -8
1001 7
1010 6
1011 _5
1100 4
1101 —3
1110 )
1111 1

[ Figure 3.9 from the textbook ]



Negative plus positive

(-5)
+(+2)

(=3)

[ Figure 3.9 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0001 +1
0000 +0
1000 —8
1001 -7
1010 —6
1100 —4
1110 -2
1111 -1




Positive plus negative

bsbabibg | 2’s complement
0111 +7
0110 +6
(+5) 0101 0100 14
+ (2) + 1110 0011 | 43
0010 +2
(+3) 10011 0001 +1
A 0000 +0
| 1000 g
ignore 1001 -7
1010 —6
1011 )
1100 —4
1101 -3
1111 —1

[ Figure 3.9 from the textbook ]



Negative plus negative

(=5) 101L
+ (=2) + 1110
=7) 11001
[
|
ignore

[ Figure 3.9 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1010 —6
1100 —4
1101 -3
1111 -1




Subtraction of two numbers stored
in 2’s complement representation



There are four cases to consider

a) positive minus positive
b) negative minus positive
c) positive minus negative

d) negative minus negative



There are four cases to consider

a) (+5) - (+2)
b) (-35) - (+2)
c) (+3) - (-2)

d) (-5) - (-2)



There are four cases to consider

a) (+5)

b) (-5)

c) (+5)

d) (-5)

(+2)

(+2)

(-2)

(-2)

(+3)

(=3)

(+3)

(-3)

+

+

+

+

(-2)

(-2)

(+2)

(+2)



There are four cases to consider

a) (+5) - (+2) = (+5) + (-2)
b) (-3) - (+2) = (-3) + (-2)
c) (+3) - (-2) = (+3) + (+2)

d) (-5) - (-2) (-3) + (+2)

We can change subtraction into addition ...



There are four cases to consider

a) (+5) - (+2) = (+5) + (-2)
b) (-3) - (+2) = (-3) + (-2)
c) (+3) - (-2) = (+3) + (+2)

d) (-5) - (-2) (-3) + (+2)

.. 1f we negate the second number.



There are four cases to consider

(+3)

(=3)

(+3)

(=3)

(+2)

(+2)

(-2)

(-2)

(+3) + (-2)

(-3) + (-2)

(+5) + (+2)

= (-5) + (+2)

These are the four addition cases
(arranged in a shuffled order)



Case a) Start with positive minus positive

(+5) 0101
—(+2) -~ 0010
(+3)

[ Figure 3.10 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




Case a) Convert to positive plus negative

+5 oo 0101
—¢+2 (U010 => (o
(+3)

Notice that the operation changes to addition.

—> means negate

[ Figure 3.10 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 | 45
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 -8
1001 —7
1010 —6
1011 -5
1100 —4
1101 -3
mo | -2
1111 -1




Case a) Perform the addition and ignore that extra bit

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
(+5) 0101 0101 (+5) 0100 44
- (+2) ~-0010 —> +@prmo +(-2 0011 13
(+3) 10011 (+3) 0010 +9
A 0001 +1
| 0000 40
ignore 1000 ~8
1001 -7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1

[ Figure 3.10 from the textbook ]



Graphical interpretation of four-bit
2’s complement numbers

(a) The number circle (b) Subtracting 2 by adding its 2's complement

[ Figure 3.11 from the textbook ]



Case b) Start with negative minus positive

(-5) 1011
~(+2) ~ 0010
(=7)

[ Figure 3.10 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




case b) Convert to negative plus negative

—>

(=5) 1011
~(+2) ~ 0010
(-7)

[ Figure 3.10 from the textbook ]

1011 (=5)
+1TT0 +(-2)
11001 (=7)
f

ignore

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 -7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1







Case c) Start with positive minus negative

(+5) 0101
— (-2) — 1110
+7)

[ Figure 3.10 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 2
1111 —1




Case c) Convert to positive plus positive

m—

(+5) 0101
— (-2) — 1110
+7)

[ Figure 3.10 from the textbook ]

0101 (+5)
+0010 + +2)
0111 +7)

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 2
1111 —1







Case d) Start with negative minus negative

(-5) 1011
~(-2) ~ 1110
(-3)

[ Figure 3.10 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 2
1111 —1




Case d) Convert to negative plus positive

(-5) 1011
~(-2) ~ 1110
(-3)

[ Figure 3.10 from the textbook ]

m—

1011 (-5)
+ 0070 + G¢2)
1101 (-3)

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 2
1111 —1




Take Home Message



Take Home Message

« Subtraction can be performed by simply negating
the second number and adding it to the first,
regardless of the signs of the two numbers.

 Thus, the same adder circuit can be used to perform
both addition and subtraction !!!




—

Adder / Subtractor

Yn-1 1 Y0

e o ) Add /Sub
control
o

[ X BN J v
Y \/ Y Y Y
n-bit adder /L “

S1 S0

[ Figure 3.12 from the textbook ]



XOR Tricks

control Y out
0O 0 0
0 1 |

control

i




XOR as a repeater




XOR as a repeater




XOR as an inverter




control Yy

out

XOR as an inverter

<|



Addition: when control =0

Yn-1 1 Y0

L. ) Add /Sub
control
~—
[ 3N BN J v
Y \/ \ | ] \ |
“n n-bit adder /L 0

S1 S0

—

[ Figure 3.12 from the textbook ]



Addition: when control =0

Yn-1 B )
e e ) Add /Sub
control
0 0 0
~
w0 U900
! Y | \/ \ ! \
Cn n-bit adder L <
i ® 00 l 1
Sn—1 51 So

[ Figure 3.12 from the textbook ]



Addition: when control =0

Yn-1 1 Y0

0
) Add / Sub
*e control
0 0 0
o

[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

Yn-1 B )

.o ) Add /Sub
control
o
Xn—1 X1 %o Q
! Y | \

Sp—1 S1 S0

[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

Yn-1

N

20 1

Add / Sub

|

control

1

Xn—1 X1 %o Q
! Y | \/ \
n-bit adder

S1 S0

l 1/LCO

[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

1
e ) Add /Sub
control
1 1 1
-/

Xn-1 A1 %o oo Q v

Y | A | Y Y
\/yn-l Y1 Yo
¢, n-bit adder 0]
i ® 00 l 1

Sn—1 S1 So

[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

1
Add /Sub
e ) control

I Il 1 1

Xn-1 A1 %o oo Q v
! ‘V V| | !

\/y_n-l Y1 Yo
¢, n-bit adder 0]
1
i l l carry for the

Sn-1 51 S0

first column!

[ Figure 3.12 from the textbook ]



Addition Examples:

all inputs and outputs are given in
2’s complement representation



Addition: 5+ 6 = 11

0 1 0

Lk uy o
O 01 0 1

Y W

X, X5 X X \/ Yo Y3 Vo 1 N
cs 5-bit adder |
S4 5'3




Addition: 5+ 6 =11

0 1 0

i uy o
O 01 0 1

Y W

X X X1 % \/ Yo Y3 2 1 N
cs 5-bit adder |
S4 S3




Addition: 5+ 6 =11

0
LI
00101 ?

X 4 X 3
0 “s
S,

1 1 0
ﬁﬁ
N N/ Y ¥ on
5b1tadder

0

1

0

5]
%

©



00 110
00 10 1 LJ-LIUJ-LAO

Addition: 5+ 6 =11

o 571(?0

x5 N N Y Y3 Y N Y
5-bit adder |
S 4 S 3




Addition: 5+ 6 =11

00110
L lulull* 0

0O 01 01
S%“Wo

s N N % o Y
0 cs 5-bit adder |
s, s, s,

0

+ 00101
00110
001011







Addition: 4 + (-7) = -3




Addition: 4 + (-7) = -3




Addition: 4 + (-7) = -3

0

+ 00100
11001
011101




Subtraction Examples:

all inputs and outputs are given in
2’s complement representation



Subtraction: 7 - - =4

|||¢|L*

O 06 1 11 ?

X4 X3 X1 %o \/ }’4 }’3 Yo Y1 Y
cs 5-bit adder |
S 4 S 3




Subtraction: 7 -3 =4

0 0 111 Ill%”@

Cs 5- b1t adder |
S 4 S 3




Subtraction: 7 -3 =4

|||¢|L*

0O 111
1110?)

73 " N Y s N
5-bit adder |
S4 S3




Subtraction: 7 -3 =4

"'L* 1

1110?)

X, X3 \/ Yo Y3 Yy V1 Y
1 Cs 5-bit adder |
S4 S3 S2
1

+ 00111
11100
100100

=
=
ok
=
=




Subtraction: 7 -3 =4

L1, ]
BRI AND N0 A SR
VYT
\/ Yo V3 Vo 1 Ny
5b1t adder ¢ |
Ignor SIZ Sll To

0 0 1 0 0

O 06 1 11 L
N

-

+ 00111
11100
0100

Ignore



Analogy: Another Way to Do Subtraction

9’s complement

@2-64= @D+ @- 100

= 82 +35+ 1-100

10’s complement

82 + 36 - 100/ Add the first two.
1 1 8 - 100 // Just delete the leading 1.

// No need to subtract 100.






Subtraction: (-2) - (-5) =3

1

1 1 110

6
X, X \/ Yo V3 Yy N
1 cs 5 bit adder |
S
4

0 0 0




Subtraction: (-2) - (-5) =3




Subtraction: (-2) — (-5) =3

"'L* 1

0 O 1 0:%

4 X3 X1 %o \/ Yo Y3 Vo 1 N
1 cs SIntadder |
S4 S3
1

+ 11110
00100
100011

1 1 110




Subtraction: (-2) — (-5) =3

"'L* 1

0010?)

1 %o \/ Yo V3 Yo N1 N
5 bit adder |
Ignor

+ 11110
00100

0011
Ignote

1 1 110




Detecting Overflow



Examples of determination of overflow

(+7)
+ (+2)

(+9)

(+7)
+ (=2)

(+5)

0111
0010

1001

+ 0111

1110
10101

(=7)
+ (+2)

(=3)

1001
0010

1011

1001
1110

10111

[ Figure 3.13 from the textbook ]



Examples of determination of overflow

+7 ., 0111 -7) , 1001
+(+2) 0010 +(+2) 0010
1001 -5) 1011

(+7) L 0111 -7) L 1001
+ (=2) 1110 + (-2) 1110

(+5) 10101 10111

In 2's complement, both +9 and -9 are not representable with 4 bits.

[ Figure 3.13 from the textbook ]



Examples of determination of overflow

01100 00000

+7 ., 0111 -7) , 1001
+(+2) 0010 +(+2) 0010
(+9) 1001 (-5) 1011
11100 10000

(+7) L 0111 -7) L 1001
+ (=2) 1110 + (-2) 1110
(+5) 10101 (-9) 10111

Include the carry bits: ¢4 ¢3¢, ¢ ¢



Examples of determination of overflow

01[100 00000

+7 ., 0111 -7) , 1001
+(+2) 0010 +(+2) 0010
(+9) 1001 (-5) 1011
117100 10000

(+7) L, 0111 -7) L 1001
+ (=2) 1110 + (-2) 1110
(+5) 10101 (-9) 10111

Include the carry bits: | c4 C3|c, €1 C




Examples of determination of overflow

242(1) 01]100 00000 i“zg
3 (+7) 0111 (-7) , 1001 3
+(+2) 0010 +(+2) 0010
(+9) 1001 (=5) 1011
?ii T1]100 10j000 i“fé
37 (+7) L 0111 -7) L 1001 37
+(=2) 1110 + (=2) 1110
(+5) 10101 (-9) 10111

Include the carry bits: | c4 C3|c, €1 C




Examples of determination of overflow

01]100 00]000 2428

(+7) 0111 (-7) , 1001 :
+(+2) 0010 +(+2) 0010
(+9) 1001 (=5) 1011
i‘fi 11100 10]000
37 +7) , 0111 -7) , 1001
+(=2) 1110 + (-2) 1110
(+5) 10101 (-9) 10111

Overflow occurs only in these two cases.



Examples of determination of overflow

(+7)
+ (+2)

(+9)

(+7)
+ (=2)

(+5)

011100

0111
0010

1001

11{100
0111
1110

10101

Overflow = ¢5¢4 + Cscy

(=7)
+ (+2)

(=3)

00000

1001
0010

1011

10[000
1001
1110

10111

Cy
3

0
0



Examples of determination of overflow

01]100 oopoo 4 Z)

(+7) 0111 (-7) , 1001 :
+(+2) 0010 +(+2) 0010
(+9) 1001 (=5) 1011
i‘fi 11100 10]000
3= +7) , 0111 -7) , 1001
+(=2) 1110 + (-2) 1110
(+5) 10101 (-9) 10111

Overflow = ¢5¢4 + Cscy
\ 1

|
XOR




Calculating overflow for 4-bit numbers
with only three significant bits

Overflow = ¢3¢4 + C3C4

|
(1



Calculating overflow for n-bit numbers
with only n-1 significant bits

Overflow = ¢, & ¢,



Detecting Overflow

Xn-1 Yn-1 1N VI
| || ||
D Z I
- C, | e () w-— FA ql—- FA <
' ' '
Sp—1 5 50



Detecting Overflow
(with one extra XOR)

Xn—1 Yn-1 XN X N
I I I I
L | NS v v
C
1
Cn FA - ¢, ¢, ’'-— FA <+— FA
' Y Y
Sp—1 51 50

overflow 3




Detecting Overflow
(with one extra XOR)

Xn-1 Yn-1 1N X N
- ]
Y v \/ | A | . | A |
Cn FA -9 C, | e () -] FA "1_' FA 0
' ' '
Sn—-1 51 So

overflow
:Z This method detects overflow

for both addition and subtraction.




Detecting Overflow
(alternative method)

Used if you don’t have access to the internal carries of the adder.



Detecting Overflow
(with one extra XOR)

Xn-1 V-1 1N X
| | | | | |
LA | \/ r v 1 ¥
1
Cn FA -9 C,. ] e e () w—] FA -— FA <
' ' Y
Sp—1 51 S0
overflow o _
—G If the adder is implemented on a chip,

then this line 1s not available.
So the first method can’t be used.



Another way to look at the overflow issue

X= X3 X, X; X,
Y= V3Y2 Y1 Yo

S= S; S, S; S,



Another way to look at the overflow issue

X= |X45 X, X; X,
Y= Y3 Y2 Y1 Yo

S= |S4 S, S; S,

If both numbers that we are adding have the same sign
but the sum does not, then we have an overflow.



Examples of determination of overflow

(+7)
+ (+2)

(+9)

(+7)
+ (=2)

(+5)

0111
0010

1001

+ 0111

1110
10101

(=7)
+ (+2)

(=3)

1001
0010

1011

1001
1110

10111




Examples of determination of overflow

+7 , [ofi11 7, [toor
+(+2) 0010 +(+2) 0010
(+9) oot (=5) 1o11
+7 , [o[t11 7, [tpo1
+(=2) 1110 +(<2) 1110

(+5) 110/101 (-9) 1ot 11



Examples of determination of overflow

x =0
;=0
(+7) _ |ojt11
ss=1 12 0010
(+9) 1001
X3_
¥ =1 +7 , [o[t11
s$3=0 4+ (=2 11110
(+5) 110[101

(=7)
+ (+2)

(=3)

+

1
0

001
010

011

001
110

111

;S

%)
w
nm
O = =

— OO =



Examples of determination of overflow

»=0
S3=
X3_
y=1
s3 =0

(+7)
+ (+2)

(+7)
+ (-2)

(+5)

0111
0010

11001

0111
11110

1

0101

(=7)
+ (+2)

(=3)

1
0

001
010

011

001
110

111

X3

V3
83

[l
[E—

v
(%)
nmn
O = =

In 2's complement, both +9 and -9 are not representable with 4 bits.



Examples of determination of overflow

(+7)
+ (+2)
(+9)

X3 =
s =1 (+7)
s3 =10 + (-2)
(+5)

0111
0010

11001

0111
11110

1

0101

(=7)
+ (+2)

(=3)

1
0

001
010

011

001
110

111

Overflow occurs only in these two cases.

X3 1
N3 =
s =1



Examples of determination of overflow

(+7)
+ (+2)
(+9)

X3 =
s =1 (+7)
s3 =10 + (-2)
(+5)

0111
0010

11001

0111
11110

I{O{1 01

OVerﬂOW :?(3§3 S3 + X3 y3S_3

(=7)
+ (+2)

(=3)

+

1loo1
0010

11011

11001
11110

Oft11

nmn u
— OO =



Another way to look at the overflow issue

X= |X45 X, X; X,
Y= Y3 Y2 Y1 Yo

S= |S4 S, S; S,

If both numbers that we are adding have the same sign
but the sum does not, then we have an overflow.

OVerﬂOW :?(3§3 S3 + X3 y3S_3



Overflow Detection
e

b
VYV
|1

— Add /Sub
control

1 %o \/ Y3 Yo N N
4-bit adder c

0




Overflow Detection
e

o Add /Sub

b
YYY

control

X %o \/ Y3
4-bit adder

Yo N1 N

o)

$ >_

—1 -

overflow

X3Y¥3 83+ X3Y383



Overflow Detection
e

o Add /Sub

This must be taken after the XOR!

Y%

b
Y

%o \/ Y3
4-bit adder

Yo N

C

>_
:>_,

Y0

0

control

overflow



Overflow Detection
e

o Add /Sub

b
VYV

X %o \/ Y3
4-bit adder

%y 5, %)

Yo N1 N

o)

5o

|
>_
D_

control

overflow

'This method also detects overflow
for both addition and subtraction.



Overflow detection for a 5-bit adder

Lo

v

—¢ Add /Sub

%I? control

t | I | |
> S \/ Yo Y3 Y,
cs 5b1tadder

"

%

! >_

— =1 -

overflow

X4Y4 84+ X4Y484



Overflow detection for a 4-bit adder
I4h

o Add /Sub

b
VYV

control

X %o \/ Y3
4-bit adder

Yo N1 N

o)

$ >_

—1 -

overflow

X3Y¥3 83+ X3Y383



New Topic:

Fast Adders



A ripple-carry adder



How long does it take to compute all
sum bits and all carry bits?

Xn—1 Yn-1 X1




Delays through the modular
implementation of the full-adder circuit

i 1
s HA c
Xi — -
Y —— HA c D— Cit+1
1

(a) Block diagram

) >-

V) >
)
|/

(b) Detailed diagram
[ Figure 3.4 from the textbook ]



Delays through the modular
implementation of the full-adder circuit

s HA c !
i = ’ c

(a) Block diagram

c. D 2 gate delays through this route

S

. -
— Do) Summ
|/

i+1

(b) Detailed diagram
[ Figure 3.4 from the textbook ]



Delays through the modular
implementation of the full-adder circuit

i 1
s HA c
Xi - -
Yi ™ HA - D— Gl
1

(a) Block diagram

SI-

) >
Yi l%}?ﬂdelays in total
’ Cirl
)
|/

(b) Detailed diagram

[ Figure 3.4 from the textbook ]



How long does it take to compute all
sum bits and all carry bits in this case?

Xn—1 Yn-1 X1

It takes 3n gate delays?



Delays through the Full-Adder circuit

xl- ®
Ci .
\ C. = X y.+X.C.+ y.C;
)| / D_ I+ 1 171 11 11

[ Figure 3.3c from the textbook ]



Delays through the Full-Adder circuit

i ' 1 gate delay through this route
— T ey,
C >

D— Civ1 = XY T X €+ Y€

L]

[ Figure 3.3c from the textbook ]



Delays through the Full-Adder circuit

.xl
Vi %) > 5 = %@ Y;®¢
¢; PN

2 gate delays in total

AD— Civl = XY T X6+ Vi

{i

[ Figure 3.3c from the textbook ]



How long does it take to compute all
sum bits and all carry bits?

Xn—1 Yn-1 X1

It takes 2n gate delays?



Can we perform addition even faster?

The goal is to evaluate very fast if the carry from the
previous stage will be equal to 0 or 1.



Can we perform addition even faster?

The goal is to evaluate very fast if the carry from the
previous stage will be equal to 0 or 1.

To accomplish this goal we will have to redesign the
full-adder circuit yet again.



The Full-Adder Circuit

:)) > §; = X, ®Yy;® ¢

D_ Civ1 = XY T X €+ Y€

L]

[ Figure 3.3c from the textbook ]



The Full-Adder Circuit

L

Si - x,@y,@cl

—/

\

_D— Civ1 = XYt X6+ YC

Let's take a closer look at this.

LT

Figure 3.3c from the textbook ]



Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;



Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1=X; y; + (x; + ¥;)c;



Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1=X; y; + (x; + ¥;)c;

=
U

J} Cit+1




Another Way to Draw the Full-Adder Circuit
Cir1=X;Yi+ X; €+ ); C;

Cir1=X; y; + (x; + ¥;)c;

C;

et =
A —-—iD D—
—
_J




Another Way to Draw the Full-Adder Circuit

Cir1=X; y; + (x; + ¥;)c;

et =
A —-—iD D—
—
_J




Another Way to Draw the Full-Adder Circuit

Cir1=X; ¥;i + (Xx; +¥;)c;
\_'_I l Y |
8i Pi

et =
A —-—D D—
—
_J




Another Way to Draw the Full-Adder Circuit

g - generate p - propagate

Cir1=X; ¥;i + (Xx; +¥;)c;
\_'_I l Y |
8i Pi

e >
A —-—iDpi D—
D 8i j:>— Civ]




Yet Another Way to Draw It (Just Rotate It)
Xi Yi

8i t??

Cit+1 S;



Now we can Build a Ripple-Carry Adder

X1 N X0 )
-

|

£ P 200} P

|
c) 0]

Stage 1 Stage 0

C1 = &0 T Poco 51 So

2 =81 T P180 T P1PoCo [ Figure 3.14 from the textbook ]



Now we can Build a Ripple-Carry Adder

A N %0 Y0
-

f |

51 P &0 20

1
c) )

Stage 1 Stage 0

C1 = Z£o + PocCo 51 50

€2 =81 1T P180 T P1PoCo [ Figure 3.14 from the textbook ]



2-bit ripple-carry adder: 5 gate delays (1+2+2)

N X0 )

)
EE I 7 - N

® N

Stage 1 Stage Q

%/_
|
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:G\J—'
'
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n-bit ripple-carry adder: 2n+1 gate delays




n-bit Ripple-Carry Adder
It takes 1 gate delay to generate all g; and p; signals

+2 more gate delays to generate carry 1

+2 more gate delay to generate carry 2

+2 more gate delay to generate carry n

Thus, the total delay through an
n-bit ripple-carry adder is 2n+1 gate delays!



n-bit Ripple-Carry Adder
It takes 1 gate delay to generate all g; and p; signals

+2 more gate delays to generate carry 1

+2 more gate delay to generate carry 2

+2 more gate delay to generate carry n

Thus, the total delay through an
n-bit ripple-carry adder is 2n+1 gate delays!

This is slower by 1 than the original design?!



A carry-lookahead adder



Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;



Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1=X; ¥;i + (Xx; +¥;)c;
\_'_I l Y |
8i Pi




Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1 = X; ¥; + (X; + ¥;)C;
\_'_I l Y J

8i Pi
(1 gate delay) (1 gate delay)




It takes 1 gate delay to compute all p; signals

X N
P
|
Stage 1
51

%0

)

)

Po

Stage 0

50

[ Figure 3.14 from the textbook ]



It takes 1 gate delay to compute all g; signals

X N X0 )

I

o0 | U

£o Py

Stage 1 Stage 0

51 50

[ Figure 3.14 from the textbook ]



Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1=X; ¥;i + (Xx; +¥;)c;
\_'_I l Y |
8i Pi




Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1=X; ¥;i + (Xx; +¥;)c;
\_'_I l Y |
8i Pi

Ci,1=8; TDiC;



Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1=X; y; + (x; + ¥;)c;

— Y
8i Pi
_ recursive
Cir1i=8i T DiC; expansion of

Ci
Cir1=8i * Pi@"‘ pi—l@




Decomposing the Carry Expression

Cir1=X; Vit X;C; + Y;C;

Cir1=X; ¥;i + (Xx; +¥;)c;
\_'_I l Y |
8i Pi

Cir1= 8 T DiC;
l+1 gl +pz(g11 +p1-1 1-1)
Civ1=8; tTPi8i.1 T DPiPi.1Cig



Expanding the Carry Expression for C,

Civ1= 8 +DiC;

C3=82 T P26
=& +P2(8; +pici)
=82 tDP28; tP2P1¢€
=8 + D281 +P2Pi1(80 + PoCo)
= 82 T D281t P2P180+ P2P1PoCo



Carry for the first three stages

C;1 = 89 TPyCy
C; = 81 Tt Pi18o1 PiPoCo

C3= &, T D811 P2P18o T P2P1DPoCo



Now we can Build a Carry-Lookahead Adder

%0

Uy | Uy

vl

[ Figure 3.15 from the textbook ]




The first two stages of a carry-lookahead adder

x 7 % %
I L
2 L o ] ’
R
o Stage 1 Stage 0

51 50

[ Figure 3.15 from the textbook ]



Carry for the first stage

C;1 = 89 T PyCy



Carry for the first stage

‘

Uy | Uy

C —
2 I
N |

il

C1 = 89 +tPoCo
Sl S




Carry for the second stage

C; = 81 Tt Pi18o1 PiPoCo



Carry for the second stage

%0

JU | 9]

C; = &1 T Pi18o* PiPoCo




Carry for the first two stages

C;1 = 89 T PyCy

C; = 81 Tt Pi18o1 PiPoCo



Carry for the first two stages

C;1 = 89 T PyCy

€2 = 81 *+ P80+ Pi1PoCo



Carry for the first two stages

C;1 = 89 T PyCy

€2 = 81 *+ P80+ Pi1PoCo

= &1 T D (go + P()co,)

Cj



Carry for the first two stages

C;1 = 89 T PyCy

C; = 81 Tt Pi18o1 PiPoCo

81 1T Pi (50"'17000')
¢
= g1 tPi1¢



The first two stages of a carry-lookahead adder

N X0 By

v | OF

& P1 80 2o

il

[ Figure 3.15 from the textbook ]




It takes 3 gate delays to generate c;

N X0 By

o | OF

& P1 80 2o

C —
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N |

oAl

C1 = 89 tPoCo
Sl S




It takes 3 gate delays to generate c,

N X0 By

o | OF

& P1 80 Po

il

C; = &1 T Pi18o* PiPoCo




The first two stages of a carry-lookahead adder

N X0 By

v | OF

& P1 80 Po
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It takes 4 gate delays to generate s,

Uy | 00U

;@W ?yw




It takes 4 gate delays to generate s,

gy | 00U

@WEQ@ ?S)U




N-bit Carry-Lookahead Adder

It takes 1 gate delay to generate all g; and p; signals
It takes 2 more gate delays to generate all carry signals

It takes 1 more gate delay to generate all sum bits

Thus, the total delay through an
n-bit carry-lookahead adder is only 4 gate delays!



N-bit Carry-Lookahead Adder

It takes 1 gate delay to generate all g; and p; signals
It takes 2 more gate delays to generate all carry signals

It takes 1 more gate delay to generate all sum bits

Thus, the total delay through an
n-bit carry-lookahead adder is only 4 gate delays!



Expanding the Carry Expression
Civ1= 8i T DiC
C; = 8o T PoCo
C; = 81 T Pi18o* PiPoCo

C3 = &2 + P81+ P2P18o+ P2P1PoCo

Cs = 87 T P86+ P7Pc8s5+ P7PeP584
T PPePsP483 T P7PePsP4P38>2
T PPPsP4P3P28 1+ P7PePsP4P3P2P 180
T P7P6PsP4P3P2P 1PoCo



Expanding the Carry Expression
Civ1= 8i T DiC
C; = 8o T PoCo
C; = &1 T P18+ PiPoCo

C3 = &2 + D281+ P2P18o+ PP 1PoCo

87 + P86t P7Ps85+ P7PcP 584
Even ;histtalgels + PPsPsP483 + P7PPsP4P 382
only 3 gate delays

+ P7PePsP4P3P28 11t P7PePsP4P3P2P 180
+ P7DP6PsP4P3P2P 1PoCo




A hierarchical carry-lookahead adder
with ripple-carry between blocks



A hierarchical carry-lookahead adder with
ripple-carry between blocks

X31-24 IM1-24 X3-16 J23-16 X15-8 JN15-8 X_0 Ni-o

Y Y Y Y Y Y Y Y

C
- Block |2 | Block .9 ] Block | % | Block

3 2 1 ' 0 ' <0

l

8531-24 $23_16 515-8 57-0




A hierarchical carry-lookahead adder with
ripple-carry between blocks

X31-24 IM1-24 X3-16 J23-16 X15-8 JN15-8 X7

-0 J7-0
| | | |
o r 1 N1 '
3y B1(3)ck <62_4 Blgck <2_6_ Blcl)ck <CS_ Blgck ¢

8531-24 $23_16 515-8 87



A hierarchical carry-lookahead adder with
ripple-carry between blocks

X31-24 J31-24 X3_-16 JI23-16

- I |
T T INTT

X158  N5-8 X_0 Ni-o

Y Y
V Co4 V €16 V g V
8531-24 $23_16 515-8 57-0



A hierarchical carry-lookahead adder



A hierarchical carry-lookahead adder with
ripple-carry between blocks

3124 N31-24 X158  Ns5-8
Y \ Y Y
g
C3) ~—o Blgck ~——Cy oo Cg~—— Bl(fck
83124 515-8

X_0 Xi-o

Y A

[ Figure 3.16 from the textbook ]



A hierarchical carry-lookahead adder

X31-24 J31-24 X158 J15-38 X7_0 N1-o0
Block oo o Block Block c
— D E—— - - &
3 Coy 1 0
G3( P3 G| Py ’ G| P,
- §31-24 S15-8 570
e e e —_
[ B BN ) .
[ N BN ) [ B BN ) P
[ B BN ] L 4 .
v Vv Y F y v\ 1 vy
g -
€3 Cl6 6‘8
Second-level lookahead LAC A o

[ Figure 3.17 from the textbook ]



A hierarchical carry-lookahead adder

X31-24 J31-24 X158 J15-8 X7_0 Y71-0
Block oo o Block Block <
€24
G| P G| P, Gy| Py
- §31-24 S15-8 S7-0
032 [ BN BN ) ——
[ BN BN ) ®
[ B BN ] [ B BN ) P
[ B BN ] L 4 . J
v V Y F y v,y I vy
- -+
€39 €16 €3

Second-level lookahead oo *



A hierarchical carry-lookahead adder

X31-24 J31-24

§31-24

X158  J15-8

Second-level lookahead




A hierarchical carry-lookahead adder

X31-24 J31-24

§31-24

X158  J15-8

Second-level lookahead




The Hierarchical Carry Expression

Cs = 87 T P786 T P7Pc8s5+ P7PeP584
T P7PePsP483 + P7PePsP4P382
T P7PPsPaP3P28 1+ P7PePsP4P3P2P 180
T P7P6PsP4P3P2P 1PoCo



The Hierarchical Carry Expression

Cs =|87 T P786+ P7Ps85 T P7PeP584
T P7PsPs5P483 T P7PsPsP4P 382
+ PPePsP4P3P28 11t P7PePsP4P3P2P 180

+ |P7P6P5P4P3P2PJP5|C0




The Hierarchical Carry Expression

Cs =|87 T P786+ P7Ps85 T P7PeP584
St PPePsP483 T PiPsPsP4P382
+ PPePsP4P3P28 11t P7PePsP4P3P2P 180

i|P7P6P5P4P3P2PJP5F 0




The Hierarchical Carry Expression

Cs =|87 T P786+ P7Ps85 T P7PeP584
St PPePsP483 T PiPsPsP4P382
+ PPePsP4P3P28 11t P7PePsP4P3P2P 180

i|P7P6P5P4P3P2PJP5F 0

Py —

C8: GO +P0C0



The Hierarchical Carry Expression
3-gate delays

Cs =|87 T P786+ P7Ps85 T P7PeP584
St PPePsP483 T PiPsPsP4P382
+ PPePsP4P3P28 11t P7PePsP4P3P2P 180

i|P7P6P5P4P3P2PJP5F 0

2-gate delays

Py —

C8: GO +P0C0



The Hierarchical Carry Expression
3-gate delays

Cs =|87 T P786+ P7Ps85 T P7PeP584
St PPePsP483 T PiPsPsP4P382
+ PPePsP4P3P28 11t P7PePsP4P3P2P 180

i|P7P6P5P4P3P2PJP5F 0

2-gate delays

Cg = "‘0

3-gate 2-gate
delays delays

Py —



The Hierarchical Carry Expression
3-gate delays

Cs =|87 T P786+ P7Ps85 T P7PeP584
St PPePsP483 T PiPsPsP4P382
+ PPePsP4P3P28 11t P7PePsP4P3P2P 180

i|P7P6P5P4P3P2PJP5F 0

2-gate delays

s = G) +(Pocy)

3-gate 3-gate
delays delays

Py —



The Hierarchical Carry Expression
3-gate delays

Cs =|87 T P786+ P7Ps85 T P7PeP584
St PPePsP483 T PiPsPsP4P382
+ PPePsP4P3P28 11t P7PePsP4P3P2P 180

j)|P7P6P5P4P3P2PJP5|C 0

2-gate delays

C8 :@‘F P0C0

4-gate
delays

Py —




The Hierarchical Carry Expression

D7P6P5P48&3 T P7P6P5P4P3&2

D7P6P5P4P3P281+ P7P6cP5P4P3P2P180

Cg = &7 + P786 T P7P685 + P7P6P584
+
+
+ P7P6P5P4P3P2P1P0oCo

Cie = £15 T P15814 1t P15P14&13 T P15P14P13812
T P15P14P13P 12811 T P15P14P13P12P11810

T P15P14P13P12P11P 1089+ P15P14P13P12P11P10P9&3
T P15P14P13P12P11P10P9PgCs




The Hierarchical Carry Expression

D7P6P5P48&3 T P7P6P5P4P3&2

D7P6P5P4P3P281+ P7P6cP5P4P3P2P180

Cg = &7 + P786 T P7P685 + P7P6P584
+
+
+ P7P6P5P4P3P2P1P0oCo

The same expression, just add 8 to all subscripts

Cie = £15 T P15814 1t P15P14&13 T P15P14P13812
T P15P14P13P 12811 T P15P14P13P12P11810

+ P15P14P13P12P11P1089F P15P14P13P12P11P10P9&s
+ P15P14P13P12P11P10P9PsCs




The Hierarchical Carry Expression

3-gate delays

Cg =|87 + P786 T P7P685 + P7PcP584
_—" T P7PsP5P483 + P7PsP5P4P382
Go + P7P6PsP4P3P281+ P7P6P5P4P3P2P180

H1P7P6P5P4P3P2P1P(C0o
Py 2-gate delays

Cie = 815 T P15814 1 P15P14813 T P15P14P13812
T P15P14P13P 12811 T P15P14P13P12P11810
T P15P14P13P12P11P 1089+ P15P14P13P12P11P10P98s
T P15P14P13P12P11P10P9PsCs




The Hierarchical Carry Expression

= g7 1T P786+ P7P685+ P7P6cP584
P7P6P5P4&3 T P7P6P5P4P3&2

P7P6P5P4P3P281+ P7P6sP5P4P3P2P180
P7P6P5P4P3P2P1PoCo

+ + +
O
~J

3-gate delays

Ci6 =| 15 T P15814 T P15P14&13 T P15P14P13812
T P15P14P13P12811 + P15P14P13P12P11&10

Gy T P15P14P13P12P11P10&9T P15P14P13P12P11P10P9&s
/'l; P15P14P13P12P11P10P9PHCs
2-gate delays




The Hierarchical Carry Expression

Cg = GO +POC0



The Hierarchical Carry Expression

Cg :+ POCO

3-gate delays



The Hierarchical Carry Expression

cs = Gy cO

2-gate delays



The Hierarchical Carry Expression

cs = Go o)

3-gate delays



The Hierarchical Carry Expression

4-gate delays



The Hierarchical Carry Expression

Cg = GO +POC0

Cig = G] +P]C8
G] +P]G0+P]P0C0



The Hierarchical Carry Expression

Cg :+ POCO

3-gate delays

Cig = G] + P] Cg
= G] +P]+P]POC0
3-gate delays



The Hierarchical Carry Expression

Cg :+ POCO

3-gate delays

Cig = G] +P1C8
= G))+ P1Gy+ P Pocy

3-gate delays



The Hierarchical Carry Expression

Cg = GO +POC0

Cig = G] +P1C8

= G] +P]+P]POC0
3-gate delays



The Hierarchical Carry Expression

Cg = GO +POC0

— G] +P]C8

Ci6 =
G, +0+ P,P,c,

2-gate delays



The Hierarchical Carry Expression

Cg = GO +POC0

— G] +P1C8

Cie =
G, + P,P,c,

4-gate delays



The Hierarchical Carry Expression

Cg = GO +POC0

— G] +P]C8

Ci6 =
= G +P]G0+0C0

2-gate delays



The Hierarchical Carry Expression

Cg = GO +POC0

Cig = G] +P]C8

= G] +P]G0+P]@0
2-gate delays



The Hierarchical Carry Expression

Cg = GO +POC0

— G] +P1C8

Cire =
]6: G, +P]G0+

3-gate delays



The Hierarchical Carry Expression
Cg = GO + POCO

Cig = G] +P]C&

= ]+P]G0+P]@

5-gate delays




The Hierarchical Carry Expression
Cg = GO + POCO

ci6 = G; +Pcg
= G] +P]G0+P]P0C0

C24:G2 +P2G]+P2P]G0+P2P]P0C0

C32:G3 +P3G2 +P3P2G]+P3P2P]G0+P3P2P]P0C0



The Hierarchical Carry Expression

4-oate delays
C8 = GO + POCO e y

cis = G; +Pjcy 5-gate delays
G] +P]G0+P]P0C0

S-gate delays
C24:G2 +P2G]+P2P]G0+P2P]P0C0

5-gate delays

C32:G3 +P3G2 +P3P2G]+P3P2P]G0+P3P2P1P0C0



A hierarchical carry-lookahead adder

X31-24 J31-24 X158 J15-38 X7_0 N1-o0
Block oo o Block Block c
— D E—— - - &
3 Coy 1 0
G3( P3 G| Py ’ G| P,
- §31-24 S15-8 570
e e e —_
[ B BN ) .
[ N BN ) [ B BN ) P
[ B BN ] L 4 .
v Vv Y F y v\ 1 vy
g -
€3 Cl6 6‘8
Second-level lookahead LAC A o

[ Figure 3.17 from the textbook ]



A hierarchical carry-lookahead adder

X31-24 J31-24 X158 J15-38 X7_0 N1-o0
Blgck o oo o BkiCk Bl?)ck — ¢,
G| P G| P, ’ Gy| Py
- §31-24 S15-8 570
[ I BN ) ——
[ B BN ) .
[ N BN ) [ B BN ) P
[ B BN ] L 4 .
vV Y F y v\ 1 vy
- -+
€3 €16 €3
¢32=G3+P3G,+P3;P,G; +P; P, P, Gy+P3; P, P, Pycy | Cie =G; +P;Gy+ P;Pycy cg = Gy + Pycy

Second-level lookahead L

[ Figure 3.17 from the textbook ]



Total Gate Delay Through a
Hierarchical Carry-Lookahead Adder

 The total delay is 8 gates:

= 3 to generate all Gi and Pi signals
= +2 to generate c8, c16, c24, and c32
= +2 to generate internal carries in the blocks

= +1 to generate the sum bits (one extra XOR)



Total Gate Delay Through a
Hierarchical Carry-Lookahead Adder

 The total delay is 8 gates:

= 3 to generate all Gi and Pi signals
= +2 to generate c8, c16, c24, and c32
= +2 to generate internal carries in the blocks

= +1 to generate the sum bits (one extra XOR)



2 more gate delays for the internal carries within a block

X1 N X0 By

—

iy J O

81 P £o Po

oAl

C1 = 8o +tPoCo

51 50




2 more gate delays for the internal carries within a block

X9 B) X3 7R

—

iy J O

&9 Po 23 D3

oAl

C9 = Zs *+ PsgCsg

51 50




Hierarchical Carry-
Lookahead Adder
( Carry Logic)

C8 -4 gate delays
C16 -5 gate delays
C24 - 5 Gate delays
C32 - 5 Gate delays

SECOND
LEVEL
HIERARCHY

Block 2

Block 1

Block 3

P17
g7

cl6 ©

ls
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P L__Co
9o
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Po
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FIRST LEVEL HIERARCHY



Hierarchical Carry-
Lookahead Adder
( Critical Path )

SECOND
LEVEL
HIERARCHY

C1 - 3 gate delays
C9 - 6 gate delays
C17 -7 gate delays
C25 -7 Gate delays

Block 2

Block 1

Block 3

cl6 *

ls

Block 2

c8

Block 1

P17
g7

ps
9

(@)
BN

Co
Po
o

FIRST LEVEL HIERARCHY



Total Gate Delay Through a
Hierarchical Carry-Lookahead Adder

 The total delay is 8 gates:

= 3 to generate all Gi and Pi signals
= +2 to generate c8, c16, c24, and c32
= +2 to generate internal carries in the blocks

= +1 to generate the sum bits (one extra XOR)



Questions?



THE END



