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Administrative Stuff

HW 6 is due on Monday Oct 14 @ 10pm

HW 7 is due on Monday Oct 21 @ 10pm

Next week: Lab 6

Midterm progress report grades are due next week



2-to-1 Multiplexer



2-to-1 Multiplexer (Definition)

Has two inputs: x, and x,

Also has another input line s

If s=0, then the output is equal to x,

If s=1, then the output is equal to x,



Graphical Symbol for a 2-to-1 Multiplexer
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[ Figure 2.33c from the textbook ]



Analogy: Railroad Switch
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Analogy: Railroad Switch

This 1s not a perfect analogy because the trains can go in either direction,
while the multiplexer would only allow them to go from top to bottom.

http://en.wikipedia.org/wiki/Railroad_switch]



Truth Table for a 2-to-1 Multiplexer

sx;x, || £(s,xq, %)

000 0
001 0
010 1
011 1
100 0
101 |
110 0
111 1

[ Figure 2.33a from the textbook ]



Let’s Derive the SOP form

s X% || (s, X1, %))

000 0
001 0
010 1
011 1
100 0
101 1
110 0
111 |




Let’s Derive the SOP form

s X% || (s, X1, %))

000 0
001 0
010 1
011 1
100 0
101 1
110 0
111 |




Let’s Derive the SOP form

sx1 %y || S(s, x5, X))
000 0
001 0
010 1
011 1
100 0
101 1
110 0
111 1

Where should we
put the negation signs?

S X7 X,
S X7 X,

S X7 X,

S X7 X,



Let’s Derive the SOP form

s X% || (s, X1, %))

000 0
001 0
010 1 S X)X,
011 1 S XX,
100 0
101 1 S X X;
110 0
111 1 §Xp X2




Let’s Derive the SOP form

s X% || (s, X1, %))

000 0
001 0
010 1 S X)X,
011 1 S XX,
100 0
101 1 S X X;
110 0
111 1 §Xp X2

JO, X %)= Sx;X%, +5X;% +85X; X + SX; X,



Let’s simplify this expression

JOs, X %)= Sx;%, + 85X, %, +85X; X + 85X, X,



Let’s simplify this expression

JOs, X %)= Sx;%, + 85X, %, +85X; X + 85X, X,

J($,X; %) = §Sx; (X4 %) + 8(X;+x;)x;



Let’s simplify this expression

JOs, X %)= Sx;%, + 85X, %, +85X; X + 85X, X,

J($,X; %) = §Sx; (X4 %) + 8(X;+x;)x;

fls,x; %)= sx; + sx,



Circuit for 2-1 Multiplexer
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(b) Circuit (c) Graphical symbol

fls,x; %)= sx; + sx,

[ Figure 2.33b-c from the textbook |



Analysis of the 2-to-1 Multiplexer
(when the input s=0)
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Analysis of the 2-to-1 Multiplexer
(when the input s=1)

N
X2 >Y2




Analysis of the 2-to-1 Multiplexer
(when the input s=0)



Analysis of the 2-to-1 Multiplexer
(when the input s=1)



More Compact Truth-Table Representation

S X1 Xy

f(Sa X1» XZ)

000
001
010
011
100
101
110
111

—_— O = O = = O O

f(Sa X1» X2)

2%)

(a)Truth table

[ Figure 2.33 from the textbook ]



4-to-1 Multiplexer



4-to-1 Multiplexer (Definition)

Has four inputs: w,, wq, Wy, W
Also has two select lines: s; and s,

If s,=0 and sy=0, then the output f is equal to w,
If s,=0 and sy=1, then the output f is equal to w;
If s;=1 and sy=0, then the output f is equal to w,
If s,=1 and s,=1, then the output f is equal to w;



Graphical Symbol and Truth Table
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(a) Graphic symbol (b) Truth table

[ Figure 4.2a-b from the textbook ]



The long-form truth table



The long-form truth table
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The long-form truth table
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The long-form truth table
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Graphical Symbol and Truth Table

50
$1 S1 S f
S A B
2
W N 1 O Wh
1 1 Wa
(a) Graphic symbol (b) Truth table

[ Figure 4.2a-b from the textbook ]



4-to-1 Multiplexer (SOP circuit)

f =818gWo+ S, Sow; + 8759 Wy + 87 89 W3

[ Figure 4.2¢ from the textbook ]



Analysis of the 4-to-1 Multiplexer
(s4=0 and s,=0)




Analysis of the 4-to-1 Multiplexer
(s4=0 and s,=0)




Analysis of the 4-to-1 Multiplexer
(s4=0 and s,=0)
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Analysis of the 4-to-1 Multiplexer
(s4=0 and s,=0)
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Analysis of the 4-to-1 Multiplexer
(s4=0 and sy,=1)




Analysis of the 4-to-1 Multiplexer
(s4=1and s,=0)
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Analysis of the 4-to-1 Multiplexer
(s+=1 and sy,=1)
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Analysis of the 4-to-1 Multiplexer
(s4=0 and s,=0)
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Analysis of the 4-to-1 Multiplexer
(s4=0 and sy,=1)




Analysis of the 4-to-1 Multiplexer
(s4=1and s,=0)




Analysis of the 4-to-1 Multiplexer
(s+=1 and sy,=1)




Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer

N
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f

1

[ Figure 4.3 from the textbook ]



Analogy: Railroad Switches
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Analogy: Railroad Switches
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Analogy: Railroad Switches

these two
switches are
controlled
together

http://en.wikipedia.org/wiki/Railroad_switch]



Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer
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Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer
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Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer
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Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer
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That is different from the SOP form of the 4-to-1
multiplexer shown below, which uses fewer gates




Analysis of the Hierarchical Implementation
(s4=0 and s,=0)

[ Figure 4.3 from the textbook ]



Analysis of the Hierarchical Implementation
(s4=0 and s,=1)
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[ Figure 4.3 from the textbook ]



Analysis of the Hierarchical Implementation
(s4=1and s,=0)

[ Figure 4.3 from the textbook ]



Analysis of the Hierarchical Implementation
(s4=1and s,=1)
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[ Figure 4.3 from the textbook ]



16-to-1 Multiplexer



16-1 Multiplexer
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[ Figure 4.4 from the textbook ]



16-1 Multiplexer
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16-1 Multlplexer
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16-1 Multiplexer
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16-1 Multiplexer
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16-1 Multiplexer



16-1 Multiplexer
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16-1 Multiplexer
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16-1 Multiplexer
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16-1 Multiplexer
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Multiplexers Are Special



The Three Basic Logic Gates

NOT gate AND gate OR gate

[ Figure 2.8 from the textbook ]



Truth Table for NOT
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Truth Table for AND
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Truth Table for OR
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Building an AND Gate with 4-to-1 Mux
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Building an AND Gate with 4-to-1 Mux

[a—
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These two are the same.

_—o O O
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Building an AND Gate with 4-to-1 Mux

[e—

X9
IL'1 172 .1.'1 . 1132 X

These two are the same.
And so are these two.

_—o O O
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Building an OR Gate with 4-to-1 Mux
) D

X
r1 T T + X9 X {L

=N

bt OO = O




Building an OR Gate with 4-to-1 Mux

X+ X
17 %2
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These two are the same.



Building an OR Gate with 4-to-1 Mux
) D

X
I Io i) + o xl % |
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N —
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These two are the same.
And so are these two.
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Building a NOT Gate with 4-to-1 Mux
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Building a NOT Gate with 4-to-1 Mux

iy
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Introduce a dummy variable y.



Building a NOT Gate with 4-to-1 Mux
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Building a NOT Gate with 4-to-1 Mux

/j

—_—_ O O %
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Now set y to either O or 1 (both will work). Why?



Building a NOT Gate with 4-to-1 Mux

x—>o— X i: f
0

X X

0 | 1 :

1 0

S O =

Two alternative solutions.



Implications

Any Boolean function can be implemented
using only 4-to-1 multiplexers!



Building an AND Gate with 2-to-1 Mux
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Building an AND Gate with 2-to-1 Mux

O O




Building an AND Gate with 2-to-1 Mux
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Building an OR Gate with 2-to-1 Mux

X+ X
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Building an OR Gate with 2-to-1 Mux
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Building an OR Gate with 2-to-1 Mux

r1 ro ry + 9 xl

O 0 0—X2 X

0 1 1. 7
1 0 17 4 1
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Building a NOT Gate with 2-to-1 Mux

x—>o— X

-
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Building a NOT Gate with 2-to-1 Mux
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Implications

Any Boolean function can be implemented
using only 2-to-1 multiplexers!
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Switch Circuit



2 X 2 Crossbar switch

X| — > V]

[ Figure 4.5a from the textbook ]



2 X 2 Crossbar switch
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Implementation of a 2 x 2 crossbar
switch with multiplexers
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[ Figure 4.5b from the textbook ]



Implementation of a 2 x 2 crossbar
switch with multiplexers
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[ Figure 4.5b from the textbook ]



Implementation of a 2 x 2 crossbar
switch with multiplexers
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[ Figure 4.5b from the textbook ]



Implementation of a 2 x 2 crossbar
switch with multiplexers

[ Figure 4.5b from the textbook ]



Implementation of a 2 x 2 crossbar
switch with multiplexers

[ Figure 4.5b from the textbook ]



Implementation of a 2 x 2 crossbar
switch with multiplexers
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Implementation of a 2 x 2 crossbar
switch with multiplexers
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Synthesis of Logic Circuits
Using Multiplexers



Synthesis of Logic Circuits
Using Multiplexers

Note: This method is NOT the same as simply
replacing each logic gate with a multiplexer!
It is a lot more efficient.



The XOR Logic Gate

1
( Xy L
0 *
Logic I 0 0 0
circuit 0 1 1
: 1 y 1 0 1
T 1 1 0
0
(a) Two switches that control a light (b) Truth table

[ Figure 2.11 from the textbook |



The XOR Logic Gate

T —
X
0 Logic L 0 0 0
circuit 0 1 1
: ] Y 1 0 1
T 1 1 0
0
(a) Two switches that control a light (b) Truth table
X
v A =Dy
y
(c) Logic network (d) XOR gate symbol

[ Figure 2.11 from the textbook |



Implementation of a logic function
with a 4-to-1 multiplexer
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[ Figure 4.6a from the textbook ]



Implementation of the same logic function
with a 2-to-1 multiplexer

W1 W2 ya Wl P
w
0| o 0 1
0 W,
1 1 —
- 1 o i)
1|0 1 f
1|1 0 Ll >°—
(b) Modified truth table (c) Circuit

[ Figure 4.6b-c from the textbook ]



Implementation of the XOR Logic Gate
with a 2-to-1 multiplexer and one NOT
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Implementation of the XOR Logic Gate
with a 2-to-1 multiplexer and one NOT
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Implementation of the XOR Logic Gate
with a 2-to-1 multiplexer and one NOT

T

y -
These two circuits are equivalent Y Zg
(the wires of the bottom AND gate are flipped) }




In other words,
all four of these are equivalent!
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Implementation of another logic function

Wy Wy Wy f
0O 0 O 0
0 0 1 0
0O 1 0 0
0O 1 1 1
1 0 O 0
1 0 1 1
1 1T O 1
1 1 1 1

[ Figure 4.7 from the textbook ]



Implementation of another logic function
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[ Figure 4.7 from the textbook ]



Implementation of another logic function

W W,| W3 f W, W, P
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0 01 0 00 [9/
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[ Figure 4.7 from the textbook ]



Implementation of another logic function

W W,| W3 f o P W,

O 00 0 01 02 0 .

o of1] o o 1| m 23 .
O 110 0 1 0 2 [—

o 11| 1 L1 | 1

1 010 0

1 01 1

1 110 1
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[ Figure 4.7 from the textbook ]



Another Example
(3-input XOR)



Implementation of 3-input XOR
with 2-to-1 Multiplexers

w Wy wz |
0 00 0
0 0 1 1
0 10 1
0 1 1 0
1 00 1
1 01 0
1 10 0
I 11 1

[ Figure 4.8a from the textbook ]



Implementation of 3-input XOR
with 2-to-1 Multiplexers
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[ Figure 4.8a from the textbook ]



Implementation of 3-input XOR
with 2-to-1 Multiplexers

Wl W2 W3 f
010 O 0
010 1 1 Wy © Wy
o1 o0 1 i M —
o1 1 0 Wy @ 1wy
110 O 1 f
110 1 0
wH D w
111 0 o SR
111 1 1
(a) Truth table (b) Circuit

[ Figure 4.8 from the textbook ]



Implementation of 3-input XOR
with 2-to-1 Multiplexers
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(a) Truth table (b) Circuit

[ Figure 4.8 from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer
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[ Figure 4.9a from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer

=
S
S

\

—_— = —= = O O O
—_ = OO O= =] OO O
—_ O = Of= OoO|= O
—_ O IO =IO == O

[ Figure 4.9a from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer

Wy Wo| W3 f

0O 00 O}
w3

0O 01 1
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0O 111 0

1 010 1}—
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1 110 O}
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[ Figure 4.9a from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer

Wy Wo| W3 f
0O 010 0

W3 W
0O 011 1 2
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W3 W
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1 010 1 }7/3 Va
1 01 0
1 110 0 }
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(a) Truth table (b) Circuit

[ Figure 4.9 from the textbook ]



Multiplexor Synthesis
Using Shannon’s Expansion



Three-input majority function
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[ Figure 4.10a from the textbook ]



Three-input majority function

ofo o o w | s
ofo 1 0
0
oft o 0
— ]
ofr 1 1
1fo o o
1fo 1 1
{1 o 1
fr 11

[ Figure 4.10a from the textbook ]



Three-input majority function
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[ Figure 4.10a from the textbook ]



Three-input majority function
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(b) Circuit [ Figure 4.10a from the textbook ]



Three-input majority function

J = WiWwow;j - H'1W:H'3 — H']H’_j\—l—’; =W Worw3

\—1_'] (Wraw3) + wj (\_\—'3‘1'3 - 11'3‘—1'3 + Wow3)
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Shannon’s Expansion Theorem



Shannon’s Expansion Theorem



Shannon’s Expansion Theorem
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Shannon’s Expansion Theorem
(Example)



Shannon’s Expansion Theorem
(Example)
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Shannon’s Expansion Theorem
(Example)
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Shannon’s Expansion Theorem
(Example)
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Another Example



Factor and implement the following
function with a 2-to-1 multiplexer

= WW3 4+ WiWwr 4+ W ws



Factor and implement the following
function with a 2-to-1 multiplexer

[ = wiw3 4+ wiwr + wiws
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wi(ws) + Wi(wo +— wy)



Factor and implement the following
function with a 2-to-1 multiplexer
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[ Figure 4.11a from the textbook ]






Shannon’s Expansion Theorem
(In terms of more than one variable)

fWiseu:s wp) =wiws - f(0,0,ws, ..., w,) +wiws-f(0,1,ws,...,w,)

+wiwa-f(1,0,ws, ..., w)+wiwr-f(1,1,ws, ..., W,

This form is suitable for implementation with a 4x1 multiplexer.



Factor and implement the following
function with a 4-to-1 multiplexer

= WW3 4+ WiWwr 4+ W ws



Factor and implement the following
function with a 4-to-1 multiplexer

/ — WIW T W1W2 T WiW3

=W; (Wr + Wy) W3 + W Wy, + W; (W, +W,) W3



Factor and implement the following
function with a 4-to-1 multiplexer

/ — WIW T W1W2 T WiW3

=W; (Wr + Wy) W3 + W Wy, + W; (W, +W,) W3

= W; Wy, W3 + Wi Wr W3 + W1 Wy + W1W2W3+ W1 Wy W3

=W; WoW3 + W{WrW3 + W; W, W3+ W; W, (1 +wjy)

=w; Wy (W3) + Wy Wy (W3)+ Wy Wy (W3) + Wy Wy (1)



Factor and implement the following
function with a 4-to-1 multiplexer

f — WIY\— -t Wiw-os - Wi wjs

=W; (Wr + Wy) W3 + W Wy, + W; (W, +W,) W3

= W; Wy, W3 + Wi Wr W3 + W1 Wy + W1W2W3+ W1 Wy W3

=W; WoW3 + W{WrW3 + W; W, W3+ W; W, (1 +wjy)

=W Wz@ + W W2+ W Wz@‘F W Wz@

these are the 4 cofactors




Factor and implement the following
function with a 4-to-1 multiplexer

[ = wiw3 4+ wiwr + wiws

n'ln‘lfl., Wy T -\T]H':f;._ wa T H'|W:/;,_ v H']H':/;"-,._

Wiwsr(wi3) + wiwar(wsz) +wiws(ws) + wiws (1)



Factor and implement the following
function with a 4-to-1 multiplexer
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Wiwsr(wi3) + wiwar(wsz) +wiws(ws) + wiws (1)

[ Figure 4.11b from the textbook ]



Yet Another Example



Factor and implement the following
function using only 2-to-1 multiplexers

[ = wiws + wiws + worun



Factor and implement the following
function using only 2-to-1 multiplexers

[ = wiws + wiws + wHrun

‘/' = wi(wows3) + wi(wr + w3 + wowy)

W] (Wraw3) +wWi\wWr + ws)



Factor and implement the following
function using only 2-to-1 multiplexers

[ = wiws + wiws + wHrun

f =wiwows) +wi(wr + w3 + wHony)

wi(wHows) + wi(ws + ws)
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Factor and implement the following
function using only 2-to-1 multiplexers

Wi

./‘ = wi(wHwsz) +wi(wr + w3y + wHony)

wi(wHows) + wi(ws + ws)
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Factor and implement the following
function using only 2-to-1 multiplexers

74

& = W2Ww3 h = w> + wy



Factor and implement the following
function using only 2-to-1 multiplexers

5 = o3 h = Wr + W3
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g = wa(0) + wa(w3) h=wsy(wsz) +wa(l)
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Factor and implement the following
function using only 2-to-1 multiplexers

O — 1:(()) - \\':(H'}) h — W:(H';) -+ Wh l)



Finally, we are ready to draw the circuit

W




Finally, we are ready to draw the circuit
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Finally, we are ready to draw the circuit
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[ Figure 4.12 from the textbook ]



Questions?



THE END



