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Today’s Lecture is About
Addition and Subtraction of
Signed Numbers



Quick Review



Signed v.s. Unsigned Numbers



Signhed v.s. Unsigned Numbers
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Signhed v.s. Unsigned Numbers

\ Y J 1\ Y J
positive only
and positive
negative integers
integers

and zero and zero



Two Different Types of Binary Numbers

Unsighed numbers
e All bits jointly represent a positive integer.
e Negative numbers cannot be represented this way.

Signhed numbers
e The left-most bit represents the sign of the number.
e If that bit is 0, then the number is positive.
e If that bit is 1, then the number is negative.

e The magnitude of the largest number that can be
represented in this way is twice smaller than the
largest number in the unsigned representation.



Two Different Types of Binary Numbers

Unsighed numbers
e All bits jointly represent a positive integer.
e Negative numbers cannot be represented this way.

There are 3 different ways to represent signed
numbers. They will be introduced today.

SIgﬂEd humbers But only the last method will be used later.

e The left-most bit represents the sign of the number.
e If that bit is 0, then the number is positive.
e If that bit is 1, then the number is negative.

e The magnitude of the largest number that can be
represented in this way is twice smaller than the
largest number in the unsigned representation.



Important Clarificaiton



Important Clarification:
There are two types of addition

- Addition of Boolean variables, e.g.,

X+y where x, y € {0, 1}

« Addition of n-bit Binary numbers, e.g.,

X4X3X2X1Xo + Yay3Y2¥1Yo  Where each xy, yi € {0, 1}



Important Clarification:
There are two types of addition

- Addition of Boolean variables, e.g.,

1+0=1

« Addition of n-bit Binary numbers, e.g.,

00101 + 00110 = 01011



Important Clarification:
There are two types of addition

« Addition of two Boolean variables, e.g.,

L X xn x X \/ Yo Y3 Vo N N
0 cs 5-bit adder % 0
S4 5'3 S2 Sl SO




Important Clarification:
There are two types of addition

« Addition of two Boolean variables, e.g.,

1 1
o:D_

- Addition of two 5-bit Binary numbers, e.g.,

o 0 1 o 1 o o 11 o we derived this
| | | | | L1 | | circuit last time

L X3 X5 XX \/ Yo Y3 Yo N1 X
0 cs 5-bit adder % 0
s, s, s, s, s,




Important Clarification:
There are two types of addition

« Addition of two Boolean variables, e.g.,

1+1=1 (according to the rules of Boolean algebra)

« Addition of two 1-bit Binary numbers, e.g.,

1+1=10 (because indecimal1+1=2)



Important Clarification:
There are two types of addition

« Addition of two Boolean variables, e.g.,

1 1
1:D_

« Addition of two 1-bit Binary numbers, e.g.,

In this case, the
1 4—} adder circuit simplifies
1 ,} > 0 to the half-adder.

1




Addition of 1-bit Unsigned Numbers



Addition of two 1-bit numbers
(there are four possible cases)

X 0 0 | |
+y + 0 1 +0 + 1
C S 00 01 01 10
A\

[ Figure 3.1a from the textbook ]



Addition of two 1-bit numbers
(there are four possible cases)

X 0 0 1 1
+y + 0 1 0 + 1
C S 00 01 01 10

Y~
A\ 019 Lo Lo 210

Carry Sum

[ Figure 3.1a from the textbook ]



Adding two bits
(the truth table)

Carry Sum
X y C S
0 O 0 0
0 1 0 1
1 0 0 1
1 1 1 0

[ Figure 3.1b from the textbook |



Adding two bits
(the truth table)

0+0
0+ 1
1 +0
1 +1

[ Figure 3.1b from the textbook |



Adding two bits
(the logic circuit)

) .
./

[ Figure 3.1c from the textbook ]
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The Half-Adder

T—
D—

(c) Circuit

X —b

—

HA

—

(d) Graphical symbol

[ Figure 3.1c-d from the textbook ]



Addition of Multibit Unsighed Numbers



Addition of multibit numbers

F = os 38 = Be =
X = X4 XaX5 XX,

Y =y, 03000

S = 54515785

01111
+01010

11001

(15,
+(10)y,

) Ci+l Ci

Bit position i

[ Figure 3.2 from the textbook ]



Analogy with addition in base 10

X, X; X

Y Y1 Yo
S, S1 Sy




Analogy with addition in base 10

Ol - W
= U1 00
oY J O



Analogy with addition in base 10

+

Ol - W
= U1 OO0
oY J O



Analogy with addition in base 10

Ci; C, C; Cy
X, X; X,

Yo Y1 Yo
S, S1 Sy

+




Another example in base 10

N O
ol — W
N & OO



Another example in base 10

+

Hl N O
ol — W
N & OO



Example in base 2

+
=
= O

o =




Example in base 2

+

O L -
== o
Rl o



Example in base 2




Problem Statement and Truth Table

Ci X Vi ikl 8
1Y
00 1 | 0 |
Yi 0O 1 O 0 1
0 1 1 1 0
5 100 | 0 | 1
1 0 1 1 0
1 1 O 1 0
1 1 1 1 1

[ Figure 3.2b from the textbook | [ Figure 3.3a from the textbook ]



Problem Statement and Truth Table

[ Figure 3.2b from the textbook |

Ci Xi )i

0+0+0
0+0+1
0+1+0
O+1+1
1+0+0
1+0+1
1+1+0
1+1+1

®
+
e

— (O OO OO
—t O D e O i e O
I
(\&]
o

[ Figure 3.3a from the textbook ]
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N-H
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Let’s fill-in the two K-maps

XiYi
| ¢ N\_ 00 01 11 10
Y; Citvl S;
0
0 0 0 1
1 0 1
0 0 1 §; =
1 1 0 Xy,
0 0 1 ¢ \_ 00 01 11 10
1 1 0
0 1 0 0
1 1 1 |
Civ1 =

[ Figure 3.3a-b from the textbook ]
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N-H
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Let’s fill-in the two K-maps

~

—_—O = O = O = O

RS

— e e (O = O O O

S~

— O O e O e = O

XiYi
C 00 01 11 10
0 1 1
1] 1 1
§; = X, @Yy, ® ¢
XiYi
C; 00 O01 11 10
0 1
1 1 1 1
Ciyl = XYt X6+ YiC;

[ Figure 3.3a-b from the textbook ]



The circuit for the two expressions

.xl .
y; . :)) > S; = x,-@ y,-@ C;
Cl <

[ ;

D— Ciy1 = XY T X6+ Y€

L]

[ Figure 3.3c from the textbook ]



This is called the Full-Adder

.xl
y; R _/) > §; = X;®DYy; D¢
Cl N
1 —
\ C. = x.’.+x.c.+y.c.
)| / D_ I+ 1 iVi IR A A

[ Figure 3.3c from the textbook ]



XOR Magic
(s; can be implemented in two different ways)




These two circuits are equivalent

L\) > S; = X, @y, ® c;
|_,} 1T 2 l

)ﬂ —— Cip = Xyt Xy

 —

$;i =X @®yi® ¢

K '> \f 5

X

7 Civ1 =(X;DYi)C; + X; Y,
Civr1

)

J U /




A decomposed implementation
of the full-adder circuit

1 ;
s HA c
X; - -— ’ -
HA :

(a) Block diagram

o ) >
AL
_\ :D_tD Ci+1
_/

(b) Detailed diagram

[ Figure 3.4 from the textbook ]



A decomposed implementation
of the full-adder circuit

i+1

CI- -
s HA c
X; - -
HA c
Yy ——=
(a) Block diagram

X; Y

Yi _\

e [

HA

(b) Detailed diagram

i+1

[ Figure 3.4 from the textbook ]



The Full-Adder Abstraction

= _ .
€ —> I_’D o —>
T — —1 > s
y1—9 —I_\ —N N = + +
|1




The Full-Adder Abstraction

V| e




The Full-Adder Abstraction

i
Si
i X;
X; i 7 L
—> D?D— b @
yjé i+1
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The Full-Adder Abstraction

V| e




Sa

The Full-Adder Abstraction

LI |

HA c




The Full-Adder Abstraction

V| e




We can place the arrows anywhere

||

Civl €—— FA — ¢




n-bit ripple-carry adder

Xn-1 Y-t 1N Y N
Y Y Y Y
|
C,) -— FA - C, | e oo ) -] FA - FA -— ()
Y Y Y
Sn—1 51 So
MSB position LSB position

[ Figure 3.5 from the textbook ]



n-bit ripple-carry adder abstraction

XN

|
A

|
L

I 1
| | NV v
C
1
Cn FA -+ C, | eee (O w— FA <+— FA
' ' Y
Sp—1 51 50

MSB position

LSB position



n-bit ripple-carry adder abstraction




The x and y lines are typically
grouped together for better visualization,
but the underlying logic remains the same




Example:
Computing 5+6 using a 5-bit adder

O o0 1 o0 1 0O o0 1 1 0

X, X3 X X Xo\/}’4 Y3 Y2 N N

5-bit adder p




Example:
Computing 5+6 using a 5-bit adder

5 in decimal 6 1in decimal
A A
[ \ [ \
o 0o 1 0 1 0 0o 1 1 0

I, X I X Xo\/ Yo V3 V2 N N

0 05 S-bit adder ) 0 in decimal
s, s, s, s, s,
]
L0 1 0 1 g
Y

11 in decimal



Example:
Computing 5+6 using a 5-bit adder

5 in decimal 6 1in decimal
A A
[ \ [ \
o 0o 1 0 1 0 0o 1 1 0

I, X I X Xo\/ Yo V3 V2 N N

0 cs 5-bit adder c 0
s, S, s, s, s,
T 0
0 1 0 1 g + 00101
Y 00110

11 in decimal 001011



Math Review



Math Review: Subtraction

39
15
77




Math Review: Subtraction

39
15

24




Math Review: Subtraction

82 48 32
61 26 11
77 27 77



Math Review: Subtraction

82 48 32
61 26 11

21 22 21






Math Review: Subtraction

82 48 32
64 29 13
77 27 77



Math Review: Subtraction

82 48 32
64 29 13
18 19 19






The problems in which row are easier to calculate?

82 48 32
61 26 11
77 27 77

82 48 32
64 29 13

77 77 77



The problems in which row are easier to calculate?

82 43 - 32

61 26 11

21 22 21
Why?

82 43 - 32

64 29 13

18 19 19



Another Way to Do Subtraction

32 —64 = 82+ 100 - 100 - 64



Another Way to Do Subtraction

32 —64 = 82+ 100 - 100 - 64

32 + (100 — 64) - 100



Another Way to Do Subtraction

32 — 64

32 + 100 — 100 - 64

32 + (100 — 64) - 100

32+ (99+1-64)- 100



Another Way to Do Subtraction

32 — 64

32 + 100 — 100 - 64

32 + (100 — 64) - 100

32+ (99+1-64)- 100

82+ (99 —64) +1 - 100



Another Way to Do Subtraction

32 —64 = 82+ 100 - 100 - 64

32 + (100 — 64) - 100

= 82+(99+1-64)-100

Does not require borrows

= 82 +((99 — 64))+1 - 100



9’s Complement
(subtract each digit from 9)

99
64

35




10’s Complement
(subtract each digit from 9 and add 1 to the result)

99

64
35+1 =36




Another Way to Do Subtraction

82—-64= 82+ (99-64) +1 - 100



Another Way to Do Subtraction

9’s complement

82 —64 = 82 +1(99 — 64)+1 - 100



Another Way to Do Subtraction

9’s complement

82 —64 = 82 +1(99 — 64)+1 - 100

= 82 +35+1-100



Another Way to Do Subtraction

9’s complement

82 —64 = 82 +1(99 — 64)+1 - 100
10’s complement
= 82 +@- 100



Another Way to Do Subtraction

9’s complement

82 —64 = 82 +1(99 — 64)+1 - 100
10’s complement
= 82 +@- 100

32 + 36 - 100



Another Way to Do Subtraction

9’s complement

82 — 64 = 82 +(99 — 64))+1 - 100
10’s complement

= 82 +@- 100
- 100 // Add the first two.

118 - 100



Another Way to Do Subtraction

9’s complement

82 — 64 = 82 +(99 — 64))+1 - 100
10’s complement
= 82 +@- 100
- 100 // Add the first two.

@1 8 - 100 // Just delete the leading 1.

// No need to subtract 100.



Ways to Represent Negative Integers



Formats for representation of integers

b, by by
[ 2 N J
A Magnitude
MSB
(a) Unsigned number
by_y by_y by by
[ N BN
i
. A Magnitude
Sign
0 denotes +
1 denotes — MSB

(b) Signed number

[ Figure 3.7 from the textbook ]



Unsignhed Representation

270260 25 24 23 22 20 20

This represents + 44.



Unsignhed Representation

270260 25 24 23 22 20 20

This represents + 172.



Three Different Ways to
Represent Negative Integer Numbers

« Sign and magnitude
 1’s complement

« 2’s complement



Three Different Ways to
Represent Negative Integer Numbers

« Sign and magnitude

 1’s complement

only this method 1s used

« 2’s complement .
in modern computers




Interpretation of four-bit signed integers

Sign and
bsbobibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +4 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 —7 —8
1001 —1 —6 -7
1010 —2 -5 —6
1011 -3 —4 -5
1100 —4 -3 —4
1101 —5 —2 -3
1110 —6 —1 —2
1111 —7 —0 —1

[ Table 3.2 from the textbook ]



Interpretation of four-bit signed integers

Sign and
bsbobibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +1 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 -7 -8
1001 —1 —6 -7
1010 —2 -5 —6
1011 -3 —4 -5
1100 —4 -3 —4
1101 -5 -2 -3
1110 —6 —1 -2
1111 -7 —0 —1
The top half 1s the same 1n all three representations.

It corresponds to the positive integers.



Interpretation of four-bit signed integers

Sign and
bsbobibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +4 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 —7 —8
1P01 —1 —6 -7
1010 —2 -5 —6
1P11 —3 —4 -5
14100 —4 -3 —4
o1 -5 —2 -3
1o —6 —1 —2
i1 —7 —0 —1

In all three representations the first bit represents the sign.
If that bit is 1, then the number is negative.



Interpretation of four-bit signed integers

Sign and
bsbobibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +4 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 —7 —8
1001 —1 —6 -7
1010 —2 -5 —6
1011 -3 —4 -5
1100 —4 -3 —4
1101 -5 —2 -3
1110 —6 —1 —2
1111 —7 —0 —1

Notice that in this representation there are two zeros!



Interpretation of four-bit signed integers

Sign and
bsbobibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +4 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 —7 —8
1001 —1 —6 -7
1010 —2 -5 —6
1011 -3 —4 -5
1100 —4 -3 —4
1101 -5 —2 -3
1110 —6 —1 —2
1111 —7 —0 —1

There are two zeros in this representation as well!



Interpretation of four-bit signed integers

Sign and
bsbobibg | magnitude | 1’s complement | 2’s complement
0111 +7 +7 +7
0110 +6 +6 +6
0101 +5 +5 +5
0100 +4 +4 +4
0011 +3 +3 +3
0010 +2 +2 +2
0001 +1 +1 +1
0000 +0 +0 +0
1000 —0 —7 -8
1001 —1 —6 -7
1010 —2 -5 —6
1011 -3 —4 -5
1100 —4 -3 —4
1101 -5 —2 -3
1110 —6 —1 —2
1111 —7 —0 —1

In this representation there is one more negative number.



Signh and Magnitude



Sign and Magnitude Representation
(using the left-most bit as the sign)

sigh 26 925 924 93 92 9l 90

Ojo0(1j0(1{1(0]0

This represents + 44.



Sign and Magnitude Representation
(using the left-most bit as the sign)

sigh 26 925 924 93 92 9l 90

110 1{0(1]1]0]0

This represents — 44.



Circuit for negating a number stored in
sigh and magnitude representation

Y7 Yo ¥s Ya ¥3 Y2 Y1 Yo




Circuit for negating a number stored in
sigh and magnitude representation




1’s Complement



1’ s complement
(subtract each digit from 1)

Let K be the negative equivalent of an n-bit positive number P.

Then, in 1’ s complement representation K is obtained by
subtracting P from 2" — 1, namely

K=@2"-1)- P

This means that K can be obtained by inverting all bits of P.



1’ s complement
(subtract each digit from 1)

Let K be the negative equivalent of an 8-bit positive number P.

Then, in 1’ s complement representation K is obtained by
subtracting P from 2% — 1, namely

K=(Q28—1)— P=255-P

This means that K can be obtained by inverting all bits of P.

Provided that P 1s between 0 and 127, because the most
significant bit must be zero to indicate that it 1s positive.



1’s Complement Representation

sigh 26 925 924 93 92 9l 90




1’s Complement Representation

sigh 26 925 924 93 92 9l 90

Ojo0(1j0(1{1(0]0 +44

Y
2 +23+22=44




1’s Complement Representation

sigh 26 925 924 93 92 9l 90

Ojo0(1j0(1{1(0]0 +44

Y

+ 44 in 1’s complement representation



1’s Complement Representation
(invert all the bits to negate the number)

sigh 26 925 924 93 92 9l 90

Ojo0(1j0(1{1(0]0 +44

sigh 26 925 924 93 92 9l 90

1110107011 - 44




1’s Complement Representation
(invert all the bits to negate the number)

sigh 26 925 924 93 92 9l 90
0(0(110|11]1]0]0
sigh 26 925 924 93 92 9l 90
1117101 1]0]0]1]1

\__Y__J

negative

+ 44

- 44



1’s Complement Representation
(invert all the bits to negate the number)

sigh 26 925 924 93 92 9l 90
0(0(110|11]1]0]0
sigh 26 925 924 93 92 9l 90
1117101 1]0]0]1]1

)

27+ 26424421 +20=211 (as unsigned)

+ 44

- 44



1’s Complement Representation
(invert all the bits to negate the number)

sigh 26 925 924 93 92 9l 90

Ojo0(1j0(1{1(0]0 +44

sigh 26 925 924 93 92 9l 90
1117101 1]0]0]1]1 - 44

Y
211 =255 — 44 (as unsigned)




1’s Complement Representation
(invert all the bits to negate the number)

sigh 26 925 924 93 92 9l 90
0(0(110|11]1]0]0
sigh 26 925 924 93 92 9l 90
1117101 1]0]0]1]1

- 44 1n 1’s complement representation

+ 44

- 44



1’ s complement
(subtract each digit from 1)




1’ s complement
(subtract each digit from 1)

No need to borrow!




1’ s complement
(subtract each digit from 1)

255

44




1’ s complement
(subtract each digit from 1)

1 0 1 0 0 1 1| 211

211 =255 — 44 (as unsigned)



1’ s complement
(subtract each digit from 1)

211 =255 — 44 (as unsigned)

or
- 44 1n 1’s complement representation

- 44



Circuit for negating a number stored in
1’s complement representation

Y7 Yo Ys Y4 Y3 Y2 Y1 Yo




Circuit for negating a number stored in
1’s complement representation




This works in reverse too
(from negative to positive)



1’s Complement Representation

sign 26 925 24 93 92 9l 90

1110107011




1’s Complement Representation
(invert all the bits to negate the number)

sign 26 925 24 93 92 9l 90
11171071 ]0]0]1]1
sigh 26 925 924 93 92 9l 90
0(0(11011]1]0]0

- 44

+ 44



1’s Complement Representation
(invert all the bits to negate the number)

sign 26 25 24 23 22 I Q0
1|11({0|1[0]0|1]1
)
211 (as unsigned)
sign - 26 25 24 23 22 I Q0
O/0(1}0|1|1]0]0

)

44 =255 - 211 (as unsigned)

- 44

+ 44



sign

26

25

24

23

22

21

1’s Complement Representation
(invert all the bits to negate the number)

20

1

1

0

1

0

0

1

1

Y

- 44 1n 1’s complement representation

sign

26

25

24

23

22

21

20

0

0

1

0

1

1

0

0

Y

+ 44 1in 1’s complement representation

- 44

+ 44



Negate these numbers stored in
1’ s complement representation

0101 1011

1110 0111



Negate these numbers stored in
1’ s complement representation

0101 1011
1010 0100
1110 0111
0001 1000

Just flip 1's to O's and vice versa.



Negate these numbers stored in
1’ s complement representation

0101=45 101 1=-4
1010=-5 0100=+4
1110=-1 0111=+7
0001 =+1 1000 = -7

Just flip 1's to O's and vice versa.



Addition of two numbers stored
in 1’s complement representation



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

+  (+2)
+  (+2)
+  (=2)

+  (-2)



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

+

+

+

+

(+2)

(+2)

(-2)

(-2)

positive plus positive

negative plus positive

positive plus negative

negative plus negative



A) Example of 1’s complement addition

(+5)
+(+2)

+7)

[ Figure 3.8 from the textbook ]

o] i evNan)
O

[E—
[E—

)
O —

bababibo | 1’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




A) Example of 1’s complement addition

(+5)
+(+2)

+7)

o © O
(@] "

p—
o

—_
(@)

bsbabibg | 1's complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 -5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




B) Example of 1’'s complement addition

(- 5)
+(+2)

(-3)

[ Figure 3.8 from the textbook ]

O —

—_ OO
p—
SO

)
)

bababibo | 1’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




B) Example of 1’'s complement addition

(- 5)
+(+2)

(-3)

(@)

1 @) @)
p—
@Y a)

)
)

bsbabibg | 1's complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 -5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




C) Example of 1’s complement addition

(+5)
+(-2)

(+3)

[ Figure 3.8 from the textbook ]

+

—_O
— —
OO
p—

[
-
-
[am—
-

bababibo | 1’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




C) Example of 1’s complement addition

(+5)
+(-2)

(+3)

+

—_O
ot |
oo

o |

[
-
-
[GY
)

bababibo | 1’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




C) Example of 1’s complement addition

(+5)
+(-2)

(+3)

+

p—
-
oS
i

—_O
ot |
oo

o |

But this 1s 2!

bababibo | 1’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




C) Example of 1’s complement addition

(+5) 0101
+(-2) +1101
(+3) 10010
T |

0011

We need to perform one

more addition to get the result.

bsbabibg | 1's complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —~5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




C) Example of 1’s complement addition

(+5) 0101
+(=2) +1101
(+3) 10010
=

0011

We need to perform one

more addition to get the result.

bsbabibg | 1's complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —~5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




D) Example of 1’'s complement addition

[ Figure 3.8 from the textbook ]

bababibo | 1’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




D) Example of 1’'s complement addition

bababibo | 1’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 -5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




D) Example of 1’'s complement addition

But this 1s +7!

bsbabibg | 1's complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 -5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




D) Example of 1’'s complement addition

We need to perform one
more addition to get the result.

bsbabibg | 1's complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —7
1001 —6
1010 —~5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




D) Example of 1’'s complement addition

We need to perform one
more addition to get the result.

bsbabibg | 1's complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 -7
1001 -6
1010 -5
1011 —4
1100 -3
1101 —2
1110 —1
1111 —0




Implications for arithmetic operations
in 1" s complement representation

We could do addition in 1’s complement, but the
circuit will need to handle these exceptions.

In some cases, it will run faster that others, thus
creating uncertainties in the timing.

Therefore, 1’s complement is not used in practice
to do arithmetic operations.

But it may show up as an intermediary step in
doing 2’s complement operations.



2’s Complement



2’ s complement
(subtract each digit from 1 and add 1 to the result)

Let K be the negative equivalent of an n-bit positive number P.

Then, in 2" s complement representation K is obtained by
subtracting P from 2" , namely

K=2" - P



2’ s complement
(subtract each digit from 1 and add 1 to the result)

Let K be the negative equivalent of an 8-bit positive number P.

Then, in 2" s complement representation K is obtained by
subtracting P from 2% , namely

K=2% — P=256-P



2’s Complement Representation

sigh 26 925 924 93 92 9l 90

Ojo0(1j0(1{1(0]0 +44




2’s Complement Representation

sigh 26 925 924 93 92 9l 90
0(0(1{0|1[1]0]0
sigh 26 925 924 93 92 9l 90
1170} 1]01]0]0

+ 44

- 44



2’s Complement Representation

sigh 26 925 924 93 92 9l 90
0(0(110|11]1]0]0
sigh 26 925 924 93 92 9l 90
1117011 ]70[1]07]0

\__Y__J

negative

+ 44

- 44



2’s Complement Representation

sigh 26 925 924 93 92 9l 90

Ojo0(1j0(1{1(0]0 +44

sigh 26 925 924 93 92 9l 90

111017017010 - 44

Y
212 =256 - 44




Deriving 2° s complement

For a positive n-bit number P, let K; and K, denote its 1" s
and 2" s complements, respectively.

Ki=2"-1)-P
K2 — 2n —P
Since K, = K, + 1, it is evident that in a logic circuit the 2’ s

complement can be computed by inverting all bits of P and
then adding 1 to the resulting 1’ s-complement number.



Deriving 2° s complement

For a positive 8-bit number P, let K; and K, denote its 1" s
and 2" s complements, respectively.

Ki=2"-1)-P=255-P
K,=20—P=256-P
Since K, = K, + 1, it is evident that in a logic circuit the 2’ s

complement can be computed by inverting all bits of P and
then adding 1 to the resulting 1’ s-complement number.



Negate these numbers stored in
2’s complement representation

0101 1110

1100 0111



Negate these numbers stored in
2’s complement representation

0101 1110
1010 0001
1100 0111

0011 1000

Invert all bits...



Negate these numbers stored in
2’s complement representation

0101 1110
1010 0001
T 1 T 1
1011 0010
1100 0111
0011 1000
T 1 T 1

0100 1001

..then add 1.



Negate these numbers stored in
2’s complement representation

0101 =45 1110 =-2
1010 0001

T 1 T 1
011 =-5 0010 =+2
1100 =-4 0111 =+7
0011 1000

T 1 T 1

0100 =44 1001 =-7



Circuit #1 for negating a number stored
in 2’s complement representation

0 0 0 1 0 1 0 1

LU
X 7,

1 0 1 1




Circuit #1 for negating a number stored
in 2’s complement representation

(in 2’s complement)

0 0O 0 1 0 1 0 1 | =45
0 0 O 1\/1 0
0 0




Circuit #1 for negating a number stored
in 2’s complement representation

0 0 0 1 0 1 0 1

1 o 1 of
0 invert all the bits/L 0

1 0 1 1




Circuit #1 for negating a number stored
in 2’s complement representation

+1=1]0 0 0 1 0 1 0 1

(in 2’s complement)l

0 0 O 1\/1 0




Circuit #1 for negating a number stored
in 2’s complement representation

0 0 0 1 0 1 0 1

IARA

0 0 O 1\/1 0

1 0) 1 1| = —5 (in 2’s complement)




Alternative Circuit



Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 0 1 0 1

LU
X 7

1 0 1 1




Circuit #2 for negating a number stored
in 2’s complement representation

O0=1]0 O O O 0 1 0 1

(in 2’s complement

O O O O\/l 0




Circuit #2 for negating a number stored
in 2’s complement representation

(in 2’s complement)

0 O O O 0 1 0 1 | =45
0 0 O O\/l 0




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 0 1 0 1

1 o 1 of
0 invert all the bits/L 1

1 0 1 1




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 0 1 0 1

IARA

O O O O\/l 0

‘ ‘ ‘ ‘ add 1 by setting the
Co carry input to 1



Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 0 1 0 1

IARA

O O O O\/l 0

1 0) 1 1| = —5 (in 2’s complement)




This also works for negating
a negative number,
thus making it positive



Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 1 1 0O O

LU
X 7

0 1 0 0




Circuit #2 for negating a number stored
in 2’s complement representation

O=/0 0 0 O 1 1 0 O

(in 2’s complement

O O O O\/O 0




Circuit #2 for negating a number stored
in 2’s complement representation

(in 2’s complement)

0 O O O 1 1 0 0 =4
0 0 O O\/O 0




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 1 1 0O O

o o 1 1/
0 invert all the bits/L 1

0 1 0 0




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 1 1 0O O

IARE|

O O O O\/O 0

‘ ‘ ‘ ‘ add 1 by setting the
Co carry input to 1



Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 1 1 0O O

IARE|

O O O O\/O 0

0) 1 0 0 = +4 (in 2’s complement)




Quick way (for a human) to negate a
number stored in 2’s complement

Scan the binary number from right to left

Copy all bits that are 0 from right to left

Stop at the first 1

Copy that 1 as well

Invert all remaining bits



Negate these numbers stored in
2’s complement representation

0101 1110

1100 0111



Negate these numbers stored in
2’s complement representation

0101 1110

. 0
1100 0111
.. 00

Copy all bits that are O from right to left.



Negate these numbers stored in
2’s complement representation

0101 1110

1 .. 10
1100 0111
. 100 R |

Stop at the first 1. Copy that 1 as well.



Negate these numbers stored in
2’s complement representation

0101 1110
1011 0010
1100 0111

0100 1001

Invert all remaining bits.



Negate these numbers stored in
2’s complement representation

0101 =+5 1110 =-2
1011 =-5 0010 =+2
1100 =4 0111 =+7

0100 =+4 1001 =-7



The number circle for 2's complement

0000

1111 0001

[ Figure 3.11a from the textbook |



The number circle for 2's complement




The number circle for 2's complement

line of “symmetry”
with respect to bit inversion



The number circle for 2's complement




7111 OOOO
1110

001
. 0014
1100 "
1011 "’
1010

mvert all bits




The number circle for 2's complement

7111 OOOO
1110

add one 1000 | 07111




The number circle for 2's complement




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 0 1 0 1

LU
X 7

1 0 1 1




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 0 1 0 1

1 0 1 O /
0 invert all the bits/L 1

1 0 1 1




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 0 1 0 1

IARA

O O O O\/l 0

‘ ‘ ‘ ‘ add 1 by setting the
Co carry input to 1



The number circle for 2's complement

line of “symmetry”
with respect to bit inversion



The number circle for 2's complement




The number circle for 2's complement

7111 0000

mvert all bits




The number circle for 2's complement

7111 0000

add one




The number circle for 2's complement

7111 OOOO
1110




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 1 1 0O O

0 0 | 1 /
0 invert all the bits/L 1

0 1 0 0




Circuit #2 for negating a number stored
in 2’s complement representation

0 O O O 1 1 0O O

IARE|

O O O O\/O 0

‘ ‘ ‘ ‘ add 1 by setting the
Co carry input to 1



Addition of two numbers stored
in 2’s complement representation



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

+  (+2)
+  (+2)
+  (=2)

+  (-2)



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

+

+

+

+

(+2)

(+2)

(-2)

(-2)

positive plus positive

negative plus positive

positive plus negative

negative plus negative



A) Example of 2’ s complement addition

(+5)
+ (+2)

(+7)

[ Figure 3.9 from the textbook ]

0101

+ 0010

0111

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




B) Example of 2’ s complement addition

(=5)
+ (+2)

(=3)

[ Figure 3.9 from the textbook ]

1011

+ 0010

1101

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




C) Example of 2° s complement addition

(+95) 0101
+ (-2) + 1110
(+3) 10011
|‘
ignore

[ Figure 3.9 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




D) Example of 2’ s complement addition

(-5) 1011
+ (-2) + 1110
(=7) 11001
[
ignore

[ Figure 3.9 from the textbook ]

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —T
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1







Naming Ambiguity: 2's Complement

2's complement has two different meanings:

* representation for signed integer numbers

« algorithm for computing the 2's complement
(regardless of the representation of the number)



Naming Ambiguity: 2's Complement

2's complement has two different meanings:

* representation for signed integer numbers
in 2's complement

« algorithm for computing the 2's complement
(regardless of the representation of the number)

take the 2's complement (or negate)



Subtraction of two numbers stored
in 2’s complement representation



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

- (¥2)
- (+2)
- (=2)

- (=2)



There are four cases to consider

(+35)

(=3)

(+35)

(=3)

(+2)

(+2)

(-2)

(-2)

positive minus

negative minus

positive minus

negative minus

positive

positive

negative

negative



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

- (¥2)
- (+2)
- (=2)

- (=2)



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

- (+2)

- (+2)

- (=2)

- (=2)

(+3)

(=3)

(+3)

(=3)

+

+

+

+

(-2)

(-2)

(+2)

(+2)



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

- (+2)

- (+2)

- (=2)

- (=2)

(+3)

(=3)

(+3)

(=3)

(-2)

(-2)

(+2)

(+2)

We can change subtraction into addition ...



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

- (+2)

- (+2)

- (-2)

- (=2)

(+3)

(=3)

(+3)

(=3)

(-2)

(-2)

(+2)

(+2)

... 1f we negate the second number.



(+3)

(=3)

(+3)

(=3)

There are four cases to consider

- (+2)

- (+2)

- (=2)

- (=2)

(+5) +
(-5) +
(+5) +
(-5) +

These are the four addition cases

(-2)

(-2)

(+2)

(+2)

(arranged in a shuffled order)



Example of 2° s complement subtraction

(+5) 0101 0101
—(+2) -0010 —/> +1110
(+3) 10011
|‘
ignore

—> means take the 2's complement (or negate)

[ Figure 3.10 from the textbook ]



Example of 2° s complement subtraction

(+5) 0101 0101
(O+2 0010 —> (¥1110
(+3) 10011
|‘
ignore

Notice that the minus changes to a plus.

—> means take the 2's complement (or negate)

[ Figure 3.10 from the textbook ]



Example of 2° s complement subtraction

(+5) 0101
—(+2) -~ 0010
(+3)

[ Figure 3.10 from the textbook ]

m—

0101

+ 1110

10011

A
|

ignore

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




Example of 2° s complement subtraction

(+5) 0101
—(+2) -~ 0010
(+3)

[ Figure 3.10 from the textbook ]

m—

0101

+/1110

10011

A
|

ignore

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




Graphical interpretation of four-bit
2’s complement numbers

(a) The number circle (b) Subtracting 2 by adding its 2's complement

[ Figure 3.11 from the textbook ]



Example of 2° s complement subtraction

(=5) 1011
—(+2) ~0010
(=7)

[ Figure 3.10 from the textbook ]

m—

1011

+ 1110

11001

A
|

ignore

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —T
1010 —6
1011 —5
1100 —4
1101 -3
1110 -2
1111 —1




Example of 2° s complement subtraction

m—

(+5) 0101
— (=2) - 1110
(+7)

[ Figure 3.10 from the textbook ]

0101

+0010

0111

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 2
1111 —1




Example of 2° s complement subtraction

(=5) 1011
~ (<2) 1110
(-3)

[ Figure 3.10 from the textbook ]

m—

1011

+0010

1101

bsbabibg | 2’s complement
0111 +7
0110 +6
0101 +5
0100 +4
0011 +3
0010 +2
0001 +1
0000 +0
1000 —8
1001 —7
1010 —6
1011 —5
1100 —4
1101 -3
1110 2
1111 —1




Taking the 2’ s complement negates the number

decimal b3 b, b4 b, take the 2's bs;b,bib, decimal

complement
+7 0111 p— 1001 -7
+6 0110 —> 1010 -6
+5 0101 —> 1011 -5
+4 0100 p— 1100 -4
+3 0011 —> 1101 -3
+2 0010 —> 1110 -2
+1 0001 —> 1111 ol
+0 0000 p— 0000 +0
-8 1000 p— 1000 -8
-7 1001 —> 0111 +7
-6 1010 —> 0110 +6
-5 1011 p— 0101 +5
-4 1100 p— 0100 +4
-3 1101 —> 0011 +3
=0 1110 —> 0010 +2
il 1111 p— 0001 +1



Taking the 2’ s complement negates the number

decimal b3 b, b4 b, take the 2's bs;b,bib, decimal

complement
+7 0111 p— 1001 -7
+6 0110 —> 1010 -6
+5 0101 —> 1011 -5
+4 0100 — 1100 -4
+3 0011 —> 1101 -3
+2 0010 —> 1110 -2
+1 0001 — 1111 -1 Thisis an
+0 0000 —> 0000 ¥00 exception
-8 1000 p— 1000 -8
7 1001 —> 0111 +7
-6 1010 —> 0110 +6
-5 1011 — 0101 +5
~4 1100 —> 0100 +4
-3 1101 —> 0011 +3
-2 1110 —> 0010 +2
il 1111 p— 0001 +1



Taking the 2’ s complement negates the number

decimal b3 b, b4 b, take the 2's bs;b,bib, decimal

complement
+7 0111 p— 1001 -7
+6 0110 —> 1010 -6
+5 0101 —> 1011 -5
+4 0100 m— 1100 -4
+3 0011 — 1101 -3
+2 0010 —> 1110 -2
+1 0001 —> 1111 -1
A S
-7 1001 —> 0111 b O¢ 100.
-6 1010 —> 0110 +6
-5 1011 m— 0101 +5
-4 1100 m— 0100 +4
-3 1101 —> 0011 +3
-2 1110 —> 0010 +2
-1 1111 m— 0001 +1



But that exception does not matter

(=5) 1011 1011
~ (-8) - 1000 —=~  +1000
(+3) 10011

ignore



But that exception does not matter

Add 8




But that exception does not matter

0000

1111 0001

Subtract 8



Take-Home Message



Take-Home Message

« Subtraction can be performed by simply negating
the second number and adding it to the first,
regardless of the signs of the two numbers.

 Thus, the same adder circuit can be used to perform
both addition and subtraction !!!




Adder/subtractor unit

Add /Sub

N o

control

Xn-1 ST Q
! Y | \/ J
n-bit adder

51 S0

| l/L%

[ Figure 3.12 from the textbook ]



XOR Tricks

control Y out

control

-




XOR as a repeater




XOR as a repeater




control y

out

XOR as an inverter




control Yy

out

XOR as an inverter

<|



Addition: when control =0

I Add /Sub
[ I I ] G
control
~ o

—

[ 3 BN J Q
| \/ J 1 |
n-bit adder /L e

51 S0

[ Figure 3.12 from the textbook ]



Addition: when control =0

0

Add /Sub
control

0 0

N o

Ch n-bit adder

VY
g S{%m

[ Figure 3.12 from the textbook ]



Addition: when control =0

0

e o ) Add /Sub
control
0 0 0
N jor

[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

Add /Sub

N o

control

Xn-1 ST Q
! Y | \/ J
n-bit adder

51 S0

| l/L%

[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

1

n—
e o ) Add /Sub
control
1 1 1
o U 00
A4 —
Ch { n-bit adder /L e
T

Y y \ i
Sn—1 S1 So

[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

1

Xn-1 1 X Q

! Y | |
\/Yn-l

c, n-bit adder

Add /Sub
/L .

control
[ Figure 3.12 from the textbook ]



Subtraction: when control = 1

1

e o ) Add / Sub
control
1 1 1
o

i i Y
NV, e T T

¢, n-bit adder 0

carry for the
first column!

[ Figure 3.12 from the textbook ]



Addition Examples:

all inputs and outputs are given in
2’s complement representation



Addition: 5+ 6 = 11




Addition: 5+ 6 =11




Addition: 5+ 6 = 11

0O 01 01
|

Yo
CO !

%o

1

S

5-bit adder
SZ

3

S

4

X3 X X Xo\/ Ya Y3 Yy N
Cs
S

X4




Addition: 5+ 6 = 11

0O 01 01

X3 X X Xo\/ Ya Y3 Yy N

X4

Yo
CO !

%o

1

S

5-bit adder
SZ

3

S

4

S

Cs




Addition: 5+ 6 = 11

+ 00101
00110
001011







Addition: 4 + (-7) = -3

0O 01 00O
|

Yo
CO !

%o

1

S

5-bit adder
SZ

3

S

4

X3 X X Xo\/ Ya Y3 Yy N
Cs
S

X4




Addition: 4 + (-7) = -3

0O 01 00O
|

Yo
CO !

%o

1

S

5-bit adder
SZ

3

S

4

X3 X X Xo\/ Ya Y3 Yy N
Cs
S

X4




Addition: 4 + (-7) = -3

1 1 0 0 1
1]
00 10 0 lfirililil
Ll YYRRY
Xy X3 X% X X \/ Yo I3 Yy 1 N
cs 5-bit adder ¢
S4 S3 52 S1 SO

0

+ 00100
11001
011101




Subtraction Examples:

all inputs and outputs are given in
2’s complement representation



Subtraction: 7 - =4

LA

0 0 1 1 1
RN (? V
X, X, X X, \/ Yo Vs Yy Y Yy
% 5b1tadder ¢y f ]




Subtraction: 7 -3 =4

1 llJLl”@
1(? ?

\/ Yo V3 Y2 1 N
bltadder |

1
|

0 11
| I

X

e




Subtraction: 7 - 3 =

1]
0 0 11 1 J,EI:fUUU'»
BRI A A A Y
X X3 X X X \/ Ye Y3 Y2 1 N
cs 5-bit adder ¢

S4 S3 52 S1 SO




Subtraction: 7 -3 =4

1]
0 0 11 1 JI%Iil¢l¢L
RRRERR A A Y
X X3 X X X \/ Ye Y3 Y2 1 N
cs 5-bit adder ¢

S4 S3 52 S1 SO

1

+ 00111
11100
100100




Subtraction: 7 -3 =4

R
00 11 1 J,EI:fililil 1
L YUY

Xy X3 X X Xo\/«"4 Y3 Yo N1 N

1

+ 00111
11100
0100

Ignore






Subtraction: (-2) — (-5) =3

1

1 1 10
|I|

qujl
3 5 b1t adder L




Subtraction: (-2) — (-5) =3

1]
11110 J,EI:fUUU'»
Ll R
X X3 X X X \/ Ye Y3 Y2 1 N
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Subtraction: (-2) — (-5) =3

|
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L eeYen
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1 cs 5-bit adder ¢
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Subtraction: (-2) - (-5) =3

-+

1
11110
00100

Ignore
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Detecting Overflow



Examples of determination of overflow

(+7)
+ (+2)

(+9)

(+7)
+ (-2)

(+5)

0111
0010

1001

0111
1110

10101

(=7)
+ (+2)

(=3)

1001

T 0010

1011

1001
1110

10111

[ Figure 3.13 from the textbook ]



Examples of determination of overflow

01100 00000

+7 . 0111 -7) , 1001
+(+2) 0010 + (+2) 0010
(+9) 1001 (-5) 1011
11100 10000

(+7) L 0111 -7) . 1001
+ (=2) 1110 + (-2) 1110
(+5) 10101 (-9) 10111

Include the carry bits: ¢4 ¢3¢, ¢ Cq



Examples of determination of overflow

01/100 00]000

+7 . 0111 -7) , 1001
+(+2) 0010 + (+2) 0010
(+9) 1001 (-5) 1011
11]100 10j000

(+7) L 0111 (-7) . 1001
+ (=2) 1110 + (-2) 1110
(+5) 10101 (-9) 10111

Include the carry bits: [ ¢4 c3|c, €1 Cg




Examples of determination of overflow

¢ =0 01]100 00]000 ¢ =0
o =1 c; =0
(+7 ., Olll -7) , 1001
+(+2) 0010 + (+2) 0010
(+9) 1001 (=5) 1011
i“fi T1]100 170j000 24:1)
3T (+7) L 0111 -7) L 1001 37
+ (=2) 1110 + (=2) 1110
(+5) 10101 (-9) 10111

Include the carry bits: [ ¢4 c3|c, €1 Cg




Examples of determination of overflow

01]100 00]000 2428
+7 , 0111 (-7) , 1001 .
+(+2) 0010 + (+2) 0010
(+9) 1001 (=5) 1011
i“fi 11100 10]000
3T (+7) L 0111 -7) L 1001
+ (=2) 1110 + (=2) 1110
(+5) 10101 (-9) 10111

Overflow occurs only in these two cases.



Examples of determination of overflow

(+7)
+ (+2)

(+9)

(+7)
+ (-2)

(+5)

01{100

0111
0010

1001

111100
0111

1110
10101

Overflow = ¢3¢, + C5¢y

(=7)
+ (+2)

(=3)

00/000

1001
0010

1011

10000
1001

1110
10111

Gy
C3

0
0



Examples of determination of overflow

01]100 00]000 2428
(+7) 0111 (-7) 1001 .
+ +
+(+2) 0010 + (+2) 0010
(+9) 1001 (=5) 1011
i“fi 11100 10j000
o +7) , 0111 -7) , 1001
+ (=2) 1110 + (=2) 1110
(+5) 10101 (-9) 10111

Overflow = ¢3¢, + C5¢y
\ 1

|
XOR




Calculating overflow for 4-bit numbers
with only three significant bits

Overtflow

|
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Calculating overflow for n-bit numbers
with only n-1 significant bits

TN

Overtlow = ¢,,—1 & ¢,



Detecting Overflow

Xn—1 Yn-1 N X N
! I !
Y NS 1y Y
C
1
FA - (] e e () w—] FA - FA €0
Y Y Y
Sp—1 51 50



Detecting Overflow
(with one extra XOR)

Xn—1 Yn-1 N X N
! ! ! I
| | NS 1y
C
1
Cn FA - ¢, ¢, ’-+— FA <+— FA o7y
Y Y '
Sp—1 51 50

overflow j




Detecting Overflow
(with one extra XOR)

Xn-1 Va1 N % N
- M
| A | \/ | A | ) | A |
Cn FA -t O, e e () w—] FA "1_' FA )
Y Y '
Sn—-1 S1 So

overflow
G This method detects overflow

for both addition and subtraction.




Detecting Overflow

(alternative method)



Detecting Overflow

(alternative method)

Used if you don’t have access to the internal carries of the adder.



Detecting Overflow
(with one extra XOR)

Xn-1 Vn-1 N V(]
| | | | | |
R NS 1y R
1
< FA |=4= Cy1 ®*e G =— FA |+ FA %
' ' '
Sn-1 51 %0
overflow o .
—G If the adder is implemented on a chip,

then this line 1s not available.
So, the first method can’t be used.



Another way to look at the overflow issue

X= X3 X, X; X,

+
Y= V3Y, Y1 Yo

S= S3 S, S; S



Another way to look at the overflow issue

X= |X4 X, X; X,
Y= Y3 Y2 Y1 Yo

S= S35 S, S; S

If both numbers that we are adding have the same sign
but the sum does not, then we have an overflow.



Examples of determination of overflow

(+7)
+ (+2)

(+9)

(+7)
+ (-2)

(+5)

0111
0010

1001

0111
1110

10101

(=7)
+ (+2)

(=3)

1001

T 0010

1011

1001
1110

10111




Examples of determination of overflow

(+7 , [ofi 11 7 , [1oo1
+(+2) 0010 + (+2) 0010
(+9) 11001 (-5) 11011
+7 , [ojt11 -7, [too1
+(=2) 11110 + (-2) 11110

(+5) 110[101 (=9) 1ol1 11



Examples of determination of overflow

- O O

o = O

(+7)
+ (+2)

(+9)

(+7)
+ (-2)

(+5)

Of1 11
0010

11001

Of1 11
11110

0101

(=7)
+ (+2)

(=3)

+

U

11001
0010

11011

11001
11110

Oft11



Examples of determination of overflow

x =0
)’3:0
53:
X3_
=1
s3 =0

(+7)
+ (+2)

(+7)
+ (-2)

(+5)

+
oo

Of1 11
0010

Of1 11
11110

0101

(=7)
+ (+2)

(=3)

11001
0010

11011

11001
11110

Oft11

X3
Bz
S3

In 2's complement, both +9 and -9 are not representable with 4 bits.



Examples of determination of overflow

(+7)
+ (+2)
(+9)

X3 =
y=1 (+7)
s3 =10 + (-2)
(+5)

Of1 11
0010

11001

Of1 11
11110

1{O[1 01

Overflow occurs only in these two cases.

(=7)
+ (+2)

(=3)

U

11001
0010

11011

11001
11110

Oft11

nmn
—_— O =



Examples of determination of overflow

(+7)
+ (+2)
(+9)

X3 =
y=1 (+7)
s3 =10 + (-2)
(+5)

Of1 11
0010

11001

Of1 11
11110

1{O[1 01

(=7)
+ (+2)

(=3)

+

U

OVGI‘ﬂOW :?(3§3 S3 + X3 Y3§3

11001
0010

11011

11001
11110

Oft11

X3 1
=0
s; =1



Another way to look at the overflow issue

X= |X4 X, X; X,
Y= Y3 Y2 Y1 Yo

S= S35 S, S; S

If both numbers that we are adding have the same sign
but the sum does not, then we have an overflow.

OVGI‘ﬂOW :?(3§3 S3 + X3 Y3§3



Overflow Detection

|t

VAVAVY,

b
Y

1 X0 \/ Y3 Yo N

4-bit adder

S S

2

5 %0

—e

Add /Sub
control



Overflow Detection
P

o Add /Sub

|
vivlv

control

X1 %o \/ 3
4-bit adder

Yo N1 N

overflow

X3Y¥3 83+ X3Y383



Overflow Detection
P

o Add /Sub

This must be taken after the XOR!

VAV,

b
Y

X1 %o \/ 3
4-bit adder

Yo N

control

overflow



Overflow Detection

o Add /Sub

||
oK

b
Y

X1 %o \/ 3 Yo N
4-bit adder

S S S S

3 2 1 0

|
>_
D_

control

overflow

"This method also detects overflow
for both addition and subtraction.



Questions?



THE END



Additional Material



Alternative Circuit #3
(not used in practice)



A former student came up with this
circuit during a midterm exam!

Alternative Circuit #3
(not used in practice)



Circuit #3 for negating a number stored
in 2’s complement representation

11 1 1 o 1 0 1
1 1 1 1NVo 1 0 1
1 0
0 1 o o




Circuit #3 for negating a number stored
in 2’s complement representation

1 =

1

1

1

(in 2’s complement‘ ‘ ‘

1

1

1

1
1




Circuit #3 for negating a number stored

in 2’s complement representation

(in 2’s complement)

11 1 1 o 1 0 1
1 1 1 1NVo 1 0 1
1
0 1 o o

P

=45



Circuit #3 for negating a number stored
in 2’s complement representation

11 1 1 0 1 1
1 1 1N 0 1 1
1
0 1 o o

Co carry 1S now

Y Y Y Y always set to 0
0 1 1



Circuit #3 for negating a number stored
in 2’s complement representation

11 1 1 o 1 0 1
1 1 1 1NVo 1 0 1
1 0
0 1 0o |0

mvert all sum bits



Circuit #3 for negating a number stored
in 2’s complement representation

1 1 1 1 o 1 0 1
11 1 1No 1 0 1
I 0
0 1 0 0

Y Y Y Y (in 2’s complement)
0 1 1

=5




The number circle for 2's complement




The number circle for 2's complement

First,
add (-1) ...




The number circle for 2's complement




The number circle for 2's complement

Then, invert all bits ...




The number circle for 2's complement




Circuit #3 for negating a number stored
in 2’s complement representation

11 1 1 1 1 0 0
11 1 1N1 1 0 o0
1 0
1 0 1 1




Circuit #3 for negating a number stored
in 2’s complement representation

1 =

1

1

1

(in 2’s complement‘ ‘ ‘

1

1

1

1
1




Circuit #3 for negating a number stored
in 2’s complement representation

1
1

(in 2’s complement)

1 o o =4

N

|
1

0

1

e

(11



Circuit #3 for negating a number stored
in 2’s complement representation

1 1 1 1 1 1 0 0
1 1 1 1 N1 1 0 0
1 0
1 0 1 1
Y Y Y Y (in 2’s complement)
0 1 0 0 =+4




The number circle for 2's complement




The number circle for 2's complement




The number circle for 2's complement

Then, invert all bits ...




The number circle for 2's complement

7111 OOOO
1110




