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The Problem

I Reconstruct anm-length sparse vectorx, from an n-length
measurement vectory := Ax, whenn< m

I use partial knowledge of the support of x to reduce the n
required for exact reconstruction

I Support ofx iSN=T[ ¢ n¢,

I T: \known" part of the support
I ¢: \unknown" part of the support, ¢ is disjoint with T
I ¢¢ W T: error in the known part

I Measurement matrixA, satis es theS-RIP,S= jTj+ 2j¢j
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Application - 1: single signal/image

T known from prior knowledge,

e.g. in a natural image (often wavelet-sparse) with a small
black background, most approximation (lowest subband)
coe®'s will be nonzero

SetT = findices of all approximation coe®sthen

I ¢ = findices of approximation coe®'s which are zgro
I ¢ = findices of scaling coe®'s which are nonzgero
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Application - 2: time sequence of signals/images

I Recursively reconstruct a time sequence of sparse vecxors,
with support, N¢, from measurement vectors; := Ax

I \recursively": use onlyx{} 1 andy; to reconstructx;

I Applications: real-time dynamic MRI, single-pixel video, ...
I use: the sparsity pattern of the signal sequence changes slowly

I SetT = IQti 1 (support estimate fromt j 1)
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Application - 2: time sequence of signals/images

I Recursively reconstruct a time sequence of sparse vecxors,
with support, N¢, from measurement vectors; := Ax

I \recursively": use onlyx{} 1 andy; to reconstructx;

I Applications: real-time dynamic MRI, single-pixel video, ...
I use: the sparsity pattern of the signal sequence changes slowly

I SetT = IQti 1 (support estimate fromt j 1)
" if Ry 1= Ny 1 (exact recon), ¢ = Ny nNy; 1, ¢ ¢ = Ni; 1NN

I slow changes in sparsity patteipj ¢, j¢ o << jN{j %2 T]
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Example: slow support change of medical image seq's
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(a) additions: jN; N N¢; 1j (b) deletions:jN¢; 1 n Nij

I N¢: 99%-energy support of 2D-DWT of image

I Maximum size of addition or deletion less than jN;j=50 for both
I heart: jN;j ¥ 1400; 1500, m = 4096
I larynx: jN¢j ¥2 4400; 4600, m = 65536
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Background and the proposed solution (modi ed-CS)

Notation, Recap of Compressive Sensigos candes romberg a0

I Notation:
I At : sub-matrix containing columns ok with indices in sefl
I “1: sub-vector containing elements of with indices in sefl
I T =[1: mlnT: complement of sefl
I JjAjj: spectral matrix norm (induced 2-norm)
I A% denotes the transpose of matrik

I Compressive Sensing: Reconstructs a sparse signal, with
support,N, fromy := Ax by solving

I Exact reconstruction will occur iknj + Kinjizinj < 1
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Background and the proposed solution (modi ed-CS)

De_ne is, “.S;SO [Candes,Romberg, Tao'05]

I Restricted isometry constantts: smallest real number s.t.
(Li #s)iicii3 -Jj Arcjiz - (1+ %s)jjcii3
8 subsetsT with jTj- S and for allc
' easy to seejj(Ar%Ar) Y- 1=(1i 7))
I Restricted orthogonality constants.so: smallest real no. s.t.

jcr%AT,AT,C0) -+ ps:solj Calj2di Cali 2

8 disjoint setsT1; To with jT1j- S, jT2j- S®and8ci;c

| easy to seejiAT, Ar,ii - Wyt
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Background and the proposed solution (modi ed-CS)

M O d |_ed = CS [Vaswani,Lu, ISIT'09]

I Our problem: reconstruck with supportN =T [ ¢ n¢,
fromy := Ax whenT is known

I First consider the casg¢ ¢j =0,i.e. N=T][ ¢
I among all solutions off = A, 'nd the = whose support
contains the smallest number of new additions To
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Background and the proposed solution (modi ed-CS)

M O d |_ed = CS [Vaswani,Lu, ISIT'09]

I Our problem: reconstruck with supportN =T [ ¢ n¢,
fromy := Ax whenT is known

I First consider the casg¢ ¢j =0,i.e. N=T][ ¢
I among all solutions off = A, 'nd the = whose support
contains the smallest number of new additions To

minjj( )rejio sty = A-

I X is its unique solution if.s < 1 forS= jTj+2j¢ | (S-RIP)
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Background and the proposed solution (modi ed-CS)

M O d |_ed = CS [Vaswani,Lu, ISIT'09]

I Our problem: reconstruck with supportN =T [ ¢ n¢,
fromy := Ax whenT is known

I First consider the casg¢ ¢j =0,i.e. N=T][ ¢
I among all solutions off = A, 'nd the = whose support
contains the smallest number of new additions To

minjj( )rejio sty = A-
I X is its unique solution if.s < 1 forS= jTj+2j¢ | (S-RIP)
I The above also holds whegg ¢j6 0,i.e. N=T[ ¢ nC,
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Background and the proposed solution (modi ed-CS)

M O d |_ed = CS [Vaswani,Lu, ISIT'09]

I Our problem: reconstruck with supportN =T [ ¢ n¢,
fromy := Ax whenT is known

I First consider the casg¢ ¢j =0,i.e. N=T][ ¢
I among all solutions off = A, 'nd the = whose support
contains the smallest number of new additions To

minjj( )rejio sty = A-
I X is its unique solution if.s < 1 forS= jTj+2j¢ | (S-RIP)
I The above also holds whegg ¢j6 0,i.e. N=T[ ¢ nC,

I Replace g norm by "1 norm: get a convex problem
minjj( )tcjjr st:y = A (modi ed-CS)
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Exact reconstruction result

Exact reconstruction using modi ed-C Syeswnivy, siros)

minjj tcjjost:y= A (‘o mod-CS)

I ("o mod-CS) achieves exact reconstruction if

" rie2je) = Enjrjedrje) < 1

I if j¢j = j¢ e = JNj=50, this becomes.ggn; < 1

I Compare with CS

I (o CS) needstszj <1

recal: T = N[ ¢en¢, T:known part of support, ¢: unknown part, ¢ ¢: error in known part
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Exact reconstruction result

Exact reconstruction using modi ed-GSni.u. o

minjj tejjr sit:y= A (mod-CS)

Theorem
X is the unique minimizer of (mod-CS) #r+;¢; < 1 and

2 2
Mieije * jej+ Mejaej+ J1j+ Hejyrj * 2Mje 7 < 1

Corollary (simpli ed condition)
x is the unique minimizer of (mod-CS) j&j-j Tj and

Hrivzjej < 175

recal: T = N[ ¢en ¢, T: known part of support, ¢: unknown part, ¢ ¢: error in known part
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Exact reconstruction result

Comparing modi ed-CS with CS

I Compare suzxcient conditions for exact recon.
I Modi ed-CS:#7j,j¢; < 1 and
Mcond = (e i+ Ke jije i+ He jizie )+ i+ Ko i +2 e j71) < 1
I CS [pecoding by LP, Candes, Tao'05].
Ceond= v + Hinjijnj + Hinjizing < 1
I IfjejYajt oj << jNj (typical for medical image seq's),
Mcond << Ccond

recall: n is the number of measurements,T : known part of support, ¢: unknown' part, ¢ ¢: error in known part

Namrata Vaswani and Wei Lu (ISU) Modi ed-CS: modifying Compressive Sensing for problems wit



Exact reconstruction result

Comparing modi ed-CS with CS

I Compare suzxcient conditions for exact recon.

I Modi ed-CS:#7j,j¢; < 1 and

Mcond = (e i+ Ke jije i+ He jizie )+ i+ Ko i +2 e j71) < 1
I CS [pecoding by LP, Candes, Tao'05].
Ceond= v + Hinjijnj + Hinjizing < 1
I IfjejYajt oj << jNj (typical for medical image seq's),
Mcond << Ccond

I Mcond < 1 can hold even witi < 2jNj
I In simulations withn = 1:6jNj:

' Modi ed-CS worked w.p. 0.99f j¢ j = j¢ o] = JNj=50
I CS worked w.p. 0

recall: n is the number of measurements,T : known part of support, ¢: unknown' part, ¢ ¢: error in known part

Namrata Vaswani and Wei Lu (ISU) Modi ed-CS: modifying Compressive Sensing for problems wit



Exact reconstruction result

Proof Idea: Lemma 1

I The idea of the proof is motivated by the proof of the exact
reconstruction result for C®ecoding by Lp, candes, Tao'0s]

Lemma
X is the unique minimizer of (mod-CS) #r+;¢; < 1 and if we
can nd a vector w satisfying

I ATQN:O
A W = sgr(x)
AT e Wi <1
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Exact reconstruction result

Proof Idea: Lemma 2

Lemma
Let c be a vector supported on a seyTthat is disjoint with T, of
sizejTgj- S, and letss + %7 + p].ZTj:S <1
Then there exists a vectosr and an exceptional set, E, disjoint
with T [ Tq, of sizejEj < S%s.t. jiwiji2 - Kjr;(S)iicij2,
ATQN = 0;
At = ¢
jAeWii2 - ari(SiSiiciiz;
. y Ti(S:SY .
JATTa e Wi aj—bgo—llcllzi where

MsjTj Ms;jTj
Li %7

1i &5
EESEES v

Mso.s +

ari(S;8Y =
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Exact reconstruction result

Proof idea: Proving the result

I Apply Lemma 2 iteratively to nd av needed by Lemma 1
| at iteration k = 0, apply it with S= S°= j¢ j: getw,
| at iteration k > 0, apply it with S =2j¢ j, S°= j¢ j: get Wi
L denew = (i 1K lwy

I can show thatw satis esAr W =0, A¢ W = sgn(x. ), and

AT Wil < arj2i¢j;ie)) + ari(¢jjc))

I Thus ifgr;(2j¢ j;j¢ j) + ar;(j¢j;J¢j) < 1, Lemma 1 applies
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Simulation results

Simulation results: Probability of exact reconstruction

I xed m =256, jNj = 0:1m (typical 99%-support size)
I used a random Gaussiah
I variedn (number of measurements)¢ j andj¢ ¢j

I for each choice, averaged ovir, (X)n, ¢, ¢ ¢

recall: n is number of measurements, ¢: unknown part of support, ¢ ¢: error in known part
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Simulation results

Simulation results: Probability of exact reconstruction

I xed m =256, jNj = 0:1m (typical 99%-support size)
I used a random Gaussiah
I variedn (number of measurements)¢ j andj¢ ¢j

I for each choice, averaged ovir, (X)n, ¢, ¢ ¢

I Forn = 1:6jNj,

I CS works 0% times
I Mod-CS works, 99% times ifj¢ j - 0:04jNj, j¢ ¢j - 0:08Nj

recall: n is number of measurements, ¢: unknown part of support, ¢ ¢: error in known part
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Simulation results

Simulation results: Probability of exact reconstruction

I xed m =256, jNj = 0:1m (typical 99%-support size)
I used a random Gaussiah
I variedn (number of measurements)¢ j andj¢ ¢j

I for each choice, averaged ovir, (X)n, ¢, ¢ ¢

I Forn = 1:6jNj,
I CS works 0% times
| Mod-CS works, 99% times ifj¢ j - 0:04]Nj, j¢ ¢j - 0:08Nj

I Forn=2:5Nj

I CS works 0.2% times
I Mod-CS works, 99% times ifj¢ j - 0:20)Nj, j¢ ¢ - 0:24jNj

recall: n is number of measurements, ¢: unknown part of support, ¢ ¢: error in known part
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Simulation results

Simulation results: Probability of exact reconstruction

I xed m =256, jNj = 0:1m (typical 99%-support size)
I used a random Gaussiah
I variedn (number of measurements)¢ j andj¢ ¢j

I for each choice, averaged ovir, (X)n, ¢, ¢ ¢

I Forn = 1:6jNj,
I CS works 0% times
| Mod-CS works, 99% times ifj¢ j - 0:04]Nj, j¢ ¢j - 0:08Nj

I Forn=2:5Nj
I CS works 0.2% times
I Mod-CS works, 99% times ifj¢ j - 0:20)Nj, j¢ ¢ - 0:24jNj

I n=4jNj: CS works 98% of times

recall: n is number of measurements, ¢: unknown part of support, ¢ ¢: error in known part
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Simulation results

Modi ed-CS for a time sequence of signals

observ.
—

Yt

Modified-CS

arg ming || Ore||1 s.t. yi

&y modCS

= Af]

T:=Nt,1

[Compute Support]
N,

delay

t—t+ 1]

| Support computed a}; = fi 2 [1:m]: (&t)i2 >®g
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Simulation results

Simulated MRI: Reconstructing a cardiac image seque

=+=simple CS -+-simple CS
“¥ modified-CS -v- modified-CS
] 0.15¢ -0- modified-CS-compress |4
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time ® time ®

() n=0:16m, Sparsi ed sequence (d) n=0:19m, True sequence

I sparsity basis: 2-level 2D-DWT, Daubechies-4 wavelet
I m=1024 (32x32 image)jNtj ¥2 107 %2 0:1m

recall: n is number of measurements
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Simulation results

Simulated MRI: Reconstructing a larynx image sequenc

Original sequence

CS-reconstructed sequence

Modified CS reconstructed sequence

99%-energy suppoljtN;j ¥4 0:07m, j¢ j ¥ 0:00Im, m = 65536,
usedn=0:16m (for t > 0), n=0:5m (for t =0)
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Summary, Related work and Future work

Summary

I Introduced modi ed-CS for sparse reconstruction problems
with partially known support (known part may have error)

I Modi ed-CS solves
WNjj( )rejjrsty=A"
whereT is the known part of the support
I Exact reconstruction if¢ j -j Tj andfrj.pj¢j < 15

I Key app: recursive reconstruction of sparse signal segg®nc
e.g. real-time dynamic MRI, single-pixel video imaging,...
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Summary, Related work and Future work

Related work

I Similar problem to ours, do not study exact reconstruction
I Least squares and Kalman Ttered G@&swani, iciPos, IcASSP09]
I Recursive lasS@ngelosante,Giannakis'09]

I Di®erent problem than ours

I Warm start and homotopy methodgozell et aro7, Asit,Romberg09]
I use previous recon. and/or homotopy methods to speed up
the current optimization
I do not use the past to help reduce the number of
measurements required for reconstructing the current signal

I Reconstruct a single signal from sequentially arriving
measurementgvatioutov et ar0s, Ghaoui NIPS'08, Asif,Romberg'09]

I Batch or O2ine CS: (wakin et al (video), Gamper et al (MRI), Jung et al (MRI)]

Namrata Vaswani and Wei Lu (ISU) Modi ed-CS: modifying Compressive Sensing for problems wit



Summary, Related work and Future work

Ongoing and Future Work

I Modi ed-CS for noisy measurements (sparse KF) or
compressible sequences and connections with KF

min °jj(O)refis+2iO)r i Ge; D75+ jivei Ajj3

I Stability for signal sequence recon from noisy measurements

I for a given max. no. of additions per unit time, how slowly
should they occur s.t. the error remains bounded at all times?

I Open-ended issues

I handling deletions from support: currently only using heuristics
1 tight high probability bounds om needed for modi ed-CS
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