IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 8, AUGUST 2014

5007

Recursive Robust PCA or Recursive Sparse
Recovery in Large but Structured Noise

Chenlu Qiu, Member, IEEE, Namrata Vaswani, Senior Member, IEEE,
Brian Lois, Graduate Student Member, IEEE, and Leslie Hogben

Abstract—This paper studies the recursive robust principal
components analysis problem. If the outlier is the signal-of-
interest, this problem can be interpreted as one of recursively
recovering a time sequence of sparse vectors, S¢, in the presence
of large but structured noise, L;. The structure that we assume
on L; is that L; is dense and lies in a low-dimensional subspace
that is either fixed or changes slowly enough. A key application
where this problem occurs is in video surveillance where the goal
is to separate a slowly changing background (L;) from moving
foreground objects (S;) on-the-fly. To solve the above problem,
in recent work, we introduced a novel solution called recursive
projected CS (ReProCS). In this paper, we develop a simple
modification of the original ReProCS idea and analyze it. This
modification assumes knowledge of a subspace change model on
the L;’s. Under mild assumptions and a denseness assumption
on the unestimated part of the subspace of L; at various times,
we show that, with high probability, the proposed approach
can exactly recover the support set of S; at all times, and the
reconstruction errors of both S; and L; are upper bounded by
a time-invariant and small value. In simulation experiments, we
observe that the last assumption holds as long as there is some
support change of S; every few frames.

Index Terms—Robust PCA, sparse recovery, compressive
sensing, robust matrix completion.

I. INTRODUCTION

RINCIPAL Components Analysis (PCA) is a widely used

dimension reduction technique that finds a small num-
ber of orthogonal basis vectors, called principal components
(PCs), along which most of the variability of the dataset
lies. It is well known that PCA is sensitive to outliers.
Accurately computing the PCs in the presence of outliers is
called robust PCA [4]-[7]. Often, for time series data, the
PCs space changes gradually over time. Updating it on-the-fly
(recursively) in the presence of outliers, as more data comes
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in is referred to as online or recursive robust PCA [8]-[10].
“Outlier” is a loosely defined term that refers to any corruption
that is not small compared to the true data vector and that
occurs occasionally. As suggested in [6] and [11], an outlier
can be nicely modeled as a sparse vector whose nonzero values
can have any magnitude.

A key application where the robust PCA problem occurs
is in video analysis where the goal is to separate a slowly
changing background from moving foreground objects [5], [6].
If we stack each frame as a column vector, the background
is well modeled as being dense and lying in a low dimen-
sional subspace that may gradually change over time, while
the moving foreground objects constitute the sparse outliers
[6], [11]. Other applications include detection of brain acti-
vation patterns from functional MRI (fMRI) sequences (the
“active” part of the brain can be interpreted as a sparse outlier),
detection of anomalous behavior in dynamic social networks
and sensor networks based detection and tracking of abnormal
events such as forest fires or oil spills. Clearly, in all these
applications, an online solution is desirable.

The moving objects or the active regions of the brain or the
oil spill region may be “outliers” for the PCA problem, but in
most cases, these are actually the signals-of-interest whereas
the background image is the noise. Also, all the above signals-
of-interest are sparse vectors. Thus, this problem can also be
interpreted as one of recursively recovering a time sequence
of sparse signals, S;, from measurements M, := S; + L, that
are corrupted by (potentially) large magnitude but dense and
structured noise, L;. The structure that we require is that L;
be dense and lie in a low dimensional subspace that is either
fixed or changes “slowly enough” in the sense quantified in
Sec III-B.

A. Related Work

There has been a large amount of work on robust
PCA, see [4]-[7], [12]—-[14], and recursive robust PCA see
[8]-[10]. In most of these works, either the locations of the
missing/corruped data points are assumed known [8] (not a
practical assumption); or they first detect the corrupted data
points and then replace their values using nearby values [9]; or
weight each data point in proportion to its reliability (thus soft-
detecting and down-weighting the likely outliers) [5], [10]; or
just remove the entire outlier vector [13], [14]. Detecting or
soft-detecting outliers (S;) as in [5], [9], [10] is easy when the
outlier magnitude is large, but not otherwise. When the signal
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of interest is S;, the most difficult situation is when nonzero
elements of S; have small magnitude compared to those of L;
and in this case, these approaches do not work.

In recent works [6] and [7], a new and elegant solution to
robust PCA called Principal Components’ Pursuit (PCP) has
been proposed, that does not require a two step outlier location
detection/correction process and also does not throw out the
entire vector. It redefines batch robust PCA as a problem
of separating a low rank matrix, £; := [Ly,..., L], from
a sparse matrix, S := [S1,..., S], using the measurement
matrix, M; := [M,, ..., M;] = L; + S;. Other recent works
that also study batch algorithms for recovering a sparse S; and
a low-rank £, from M; := £; + &; or from undersampled
measurements include [15]-[24].

Let ||A]l« be the nuclear norm of A (sum of singular values
of A) while ||A]|; is the £; norm of A seen as a long vector.
It was shown in [6] that, with high probability (w.h.p.), one
can recover £; and S; exactly by solving PCP:

rgigllﬁﬂ* + A||S|l1 subjectto L+ S =M, 1

provided that (a) the left and right singular vectors of £, are
dense; (b) any element of the matrix S; is nonzero w.p. g, and
zero w.p. 1 — p, independent of all others; and (c) the rank of
L, is bounded by a small enough value.

As described earlier, many applications where robust PCA
is required, such as video surveillance, require an online
(recursive) solution. Even for offline applications, a recursive
solution is typically faster than a batch one. In recent
work [1], [25], and [26], we introduced a novel solution
approach, called Recursive Projected Compressive Sensing
(ReProCS), that recursively recovered S; and L; at each
time ¢. In simulation and real data experiments (see [26] and
http://www.ece.iastate.edu/~chenlu/ReProCS/ReProCS_main.
htm), it was faster than batch methods such as PCP and
also significantly outperformed them in situations where
the support changes were correlated over time (as long as
there was some support change every few frames) or when
the background subspace dimension was large (for a given
support size). In this work we develop a simple modification
of the original ReProCS idea and analyze it. This modification
assumes knowledge of the subspace change model on the L;’s.

B. Our Contributions

We show that (i) if an estimate of the subspace of L; at the
initial time is available; (ii) if L;, lies in a slowly changing
low dimensional subspace as defined in Sec III-B, (iii) if this
subspace is dense, if (iv) the unestimated part of the changed
subspace is dense at all times, and (v) if the subspace change
model is known to the algorithm, then, w.h.p., ReProCS can
exactly recover the support set of S; at all times; and the
reconstruction errors of both S; and L; are upper bounded
by a time invariant and small value. Moreover, after every
subspace change time, w.h.p., the subspace error decays to a
small enough value within a finite delay. Because (iv) depends
on an algorithm estimate, our result, in its current form, cannot
be interpreted as a correctness result but only a useful step
towards it. From simulation experiments, we have observed
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that (iv) holds for correlated support changes as long as the
support changes every few frames. This connection is being
quantified in ongoing work. Assumption (v) is also restrictive
and we explain in Sec IV-D how it can possibly be removed
in future work.

We also develop and analyze a generalization of ReProCS
called ReProCS with cluster-PCA (ReProCS-cPCA) that is
designed for a more general subspace change model, and that
needs an extra clustering assumption. Its main advantage is
that it does not require a bound on the number of subspace
changes, J, as long as the separation between the change
points is allowed to grow logarithmically with J. Equivalently,
it does not need a bound on the rank of £;.

If L, is the signal of interest, then ReProCS is a solution
to recursive robust PCA in the presence of sparse outliers.
To the best of our knowledge, this is the first analysis of
any recursive (online) robust PCA approach. If S; is the
signal of interest, then ReProCS is a solution to recursive
sparse recovery in large but low-dimensional noise. To our
knowledge, this work is also the first to analyze any recursive
(online) sparse plus low-rank recovery algorithm. Another
online algorithm that addresses this problem is given in [27],
however, it does not contain any performance analysis. Our
results directly apply to the recursive version of the matrix
completion problem [28], [29] as well since it is a simpler
special case of the current problem (the support set of S; is
the set of indices of the missing entries and is thus known) [6].

The proof techniques used in our work are very differ-
ent from those used to analyze other recent batch robust
PCA works [6], [7], [12]-[16], [20]-[24]. The works of
[13] and [14] also study a different case: that where an
entire vector is either an outlier or an inlier. Our proof
utilizes (a) sparse recovery results [30]; (b) results from matrix
perturbation theory that bound the estimation error in com-
puting the eigenvectors of a perturbed Hermitian matrix with
respect to eigenvectors of the original Hermitian matrix (the
famous sin 6 theorem of Davis and Kahan [31]) and (c) high
probability bounds on eigenvalues of sums of independent
random matrices (matrix Hoeffding inequality [32]).

A key difference of our approach to analyzing the subspace
estimation step compared with most existing work analyzing
finite sample PCA, see [33] and references therein, is that it
needs to provably work in the presence of error/noise that is
correlated with L. Most existing works, including [33] and the
references it discusses, assume that the noise is independent of
(or at least uncorrelated with) the data. However, in our case,
because of how the estimate i, is computed, the error ¢, :=
L, — i, is correlated with L;. As a result, the tools developed
in these earlier works cannot be used for our problem. This is
also the reason why simple PCA cannot be used and we need
to develop and analyze projection-PCA based approaches for
subspace estimation (see Appendix B for details).

The ReProCS approach is related to that of [34]-[36] in
that all of these first try to nullify the low dimensional
signal by projecting the measurement vector into a subspace
perpendicular to that of the low dimensional signal, and then
solve for the sparse “error” vector (outlier). However, the
big difference is that in all of these works the basis for the
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subspace of the low dimensional signal is perfectly known.
Our work studies the case where the subspace is not known.
We have an initial approximate estimate of the subspace, but
over time it can change significantly. In this work, to keep
things simple, we use ¢; minimization done separately for
each time instant (also referred to as basis pursuit denoising
(BPDN)) [30], [37]. However, this can be replaced by any
other sparse recovery algorithm, either recursive or batch,
as long as the batch algorithm is applied to a frames at a
time, e.g. one can replace BPDN by modified-CS or support-
predicted modified-CS [38].

C. Paper Organization

The rest of the paper is organized as follows. We give the
notation and background required for the rest of the paper
in Sec II. The problem definition and the model assumptions
are given in Sec III. We explain the ReProCS algorithm and
give its performance guarantees (Theorem 4.2) in Sec IV. The
terms used in the proof are defined in Sec V. The proof is
given in Sec VI. A more general subspace change model and
ReProCS-cPCA which is designed to handle this model are
given in Sec. VII. We also give the main result for ReProCS-
cPCA in this section and discuss it. A discussion with respect
to the result for PCP [6] is also provided here. Section VIII
contains the proof of this theorem. In Sec IX-A, we show that
our slow subspace change model indeed holds for real videos.
In Sec IX-B, we show numerical experiments demonstrating
Theorem 4.2, as well as comparisons of ReProCS with PCP.
Conclusions and future work are given in Sec X.

II. NOTATION AND BACKGROUND
A. Notation

For a set T C {1,2,...,n}, we use |T| to denote its
cardinality, i.e., the number of elements in 7. We use T¢
to denote its complement w.r.t. {1,2,...n}, i.e. T ;= {i €
{1,2,...n}:i ¢ T}.

We use the interval notation, [#1, #;], to denote the set of all
integers between and including # to 1, i.e. [t1, 2] := {t1, 11 +
1,...,}. For a vector v, v; denotes the ith entry of v and o7
denotes a vector consisting of the entries of » indexed by 7.
We use [[v]|, to denote the £, norm of ». The support of v,
supp(v), is the set of indices at which v is nonzero, supp(v) :=
{i - v; # 0}. We say that v is s-sparse if [supp(v)| < s.

For a matrix B, B’ denotes its transpose, and B its pseudo-
inverse. For a matrix with linearly independent columns,
BY = (B'B)"'B'. We use |[Bll2 := max,o | Bx|l2/|lx]l2 to
denote the induced 2-norm of the matrix. Also, ||B]« is the
nuclear norm (sum of singular values) and || B|lmax denotes the
maximum over the absolute values of all its entries. We let
0i(B) denotes the ith largest singular value of B. For a

Hermitian matrix, B, we use the notation B EVD UAU’
to denote the eigenvalue decomposition of B. Here U is an
orthonormal matrix and A is a diagonal matrix with entries
arranged in decreasing order. Also, we use 4;(B) to denote
the ith largest eigenvalue of a Hermitian matrix B and we

use Amax (B) and Apin(B) denote its maximum and minimum
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eigenvalues. If B is Hermitian positive semi-definite (p.s.d.),
then A;(B) = o;(B). For Hermitian matrices B; and Bj, the
notation B; < B, means that By — By is p.s.d. Similarly,
By > B, means that B; — Bj is p.s.d.

For a Hermitian matrix B, 1Bll2 =
\/max(/lzmax(B),/lrznin(B)) and thus, ||Bllz < b implies

that —b < jvmin(B) = jvmax(B) <b.

We use I to denote an identity matrix of appropriate size.
For an index set T and a matrix B, By is the sub-matrix of
B containing columns with indices in the set 7. Notice that
Br = BIr. Given a matrix B of size m x n and By of size
m X nz, [B B;] constructs a new matrix by concatenating
matrices B and B in the horizontal direction. Let Bem be a
matrix containing some columns of B. Then B \ Byep, is the
matrix B with columns in B, removed.

For a tall matrix P, span(P) denotes the subspace spanned
by the column vectors of P.

The notation [.] denotes an empty matrix.

Definition 2.1: We refer to a tall matrix P as a basis matrix
if it satisfies P'P = I.

Definition 2.2: We use the notation Q = basis(B) to mean
that Q is a basis matrix and span(Q) = span(B). In other
words, the columns of Q form an orthonormal basis for the
range of B.

Definition 2.3: The  s-restricted  isometry  constant
(RIC) [34], Js, for an n x m matrix ¥ is the smallest real
number satisfying (1 — 61213 < 1¥7x]3 < (1+ 8)[x[3
forall sets T C {1,2,...n} with |T| <s and all real vectors
x of length |T|.

It is easy to see that maxr. r|<s ||(‘I’T"I’T)_1 L <
= (341

Definition 2.4: We give some notation for random variables
in this definition.

1) We let E[Z] denote the expectation of a random variable
(rv.) Z and E[Z|X] denote its conditional expectation
given another r.v. X.

2) Let B be a set of values that a rv. Z can take. We use
B¢ to denote the event Z € B, i.e. B¢ :={Z € B}.

3) The probability of any event B¢ can be expressed
as [39],

P(B°) := E[Iz(Z)].

where

1 ifZeB
0 otherwise

15(2) .= [

is the indicator function on the set B.

4) For two events B¢, B¢, P(13¢|B¢) refers to the condi-
tional probability of B¢ given Be, i.e. P(B¢|B¢) =
P(B¢, Be)/P(B¢).

5) For a rv. X, and a set B of values that the rv. Z can
take, the notation P(B¢|X) is defined as

P(B°|X) := E[Ig(2)|X].

Notice that P(B¢|X) is a r.v. (it is a function of the r.v.
X) that always lies between zero and one.
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Finally, RHS refers to the right hand side of an equation or
inequality; w.p. means “with probability”’; and w.h.p. means
“with high probability”.

B. Compressive Sensing Result

The error bound for noisy compressive sensing (CS) based
on the RIC is as follows [30].
Theorem 2.5 ([30]): Suppose we observe

y:=%Yx+4z
where 7 is the noise. Let X be the solution to following problem

)

Assume that x is s-sparse, ||z|2 < &, and 6r5(¥) < b(v/2—1)
for some O < b < 1. Then the solution of (2) obeys

X —xll2 < Ci&

WTF0F) 414621
1— (V2 + Do (W) ~ 1-b

Remark 2.6: Notice that if b is small enough, C1 is a small
constant but C1 > 1. For example, if drs(¥Y) < 0.15, then
Cy < 7. If Ci¢ > |xll2, the normalized reconstruction error
bound would be greater than 1, making the result useless.
Hence, (2) gives a small reconstruction error bound only for
the small noise case, i.e., the case where ||z]l2 < & < ||x]|2.

min [ x|y subject to ||y — ¥xll2 < ¢
X

with C1 =

C. Results From Linear Algebra

Davis and Kahan’s sind Theorem [31] studies the rotation
of eigenvectors by perturbation.

Theorem 2.7 (sin @ theorem [31]): Given two Hermitian
matrices A and H satisfying

A0

steeft 2]£)

el

where [E E ] is an orthonormal matrix. The two ways of
representing A+ H are

A+H B E
A+H:[EE¢]|: B AL+HL:||:Ei/i|

-irei[3 2][2)

where [F F|] is another orthonormal matrix. Let R =
A+ H)E — AE = HE. If Anin(A) > Amax (A1), then

, IRl
I —FF)E|>, <
I VEl = 7 ) — hmn(AL)

The above result bounds the amount by which the two sub-
spaces span(E) and span(F) differ as a function of the norm
of the perturbation || R||2 and of the gap between the minimum
eigenvalue of A and the maximum eigenvalue of A . Next,
we state Weyl’s theorem which bounds the eigenvalues of a
perturbed Hermitian matrix, followed by Ostrowski’s theorem.

Theorem 2.8 (Weyl [40]): Let A and H be two n X n
Hermitian matrices. For each i = 1,2,...,n we have

/Ii(A) + Amin(H) = /11'(“4 + H) = /11'(“4) + /Imax(H)

3)
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Theorem 2.9 (Ostrowski [40]): Let H and W be n x n
matrices, with H Hermitian and W nonsingular. For each
i =1,2...n, there exists a positive real number 0; such that
Amin(WW') < 0; < Amax(WW') and 2;(WHW') = 6;2;(H).
Therefore,

j~min(VV[-IVV/) = j~min(VVVV/)j«min([-I)

The following lemma proves some simple linear algebra
facts.

Lemma 2.10: Suppose that P, P and Q are three basis
matrices. Also, P and P are of the same size, Q'P = 0 and
(I — PP')P|ly = (s Then,

D) |(I=PPYPP'lp = (I = PPYPP'|y = ||(I - PP

Pla=I( —PP)Plh=¢

2) |PP'=PP'll2 <2|(I = PP)Pl2 =2

3) 120l < ¢ -

4 V1= <oi((I-PP)O) <1
Further, if P is an n x r| basis matrix and P is an n x
ro basis matrix with ry > ry, then |(I — ﬁﬁ’)PP/||2 <
(I—PP)PP'|,

The proof is in the Appendix.

D. High Probability Tail Bounds for Sums of
Independent Random Matrices

The following lemma follows easily using Definition 2.4.
We will use this at various places in the paper.

Lemma 2.11: Suppose that B is the set of values that the
rv.s X, Y can take. Suppose that C is a set of values that the
rv. X can take. For a 0 < p < 1, if P(B¢|X) > p for all
X € C, then P(B¢|C¢) > p as long as P(C¢) > 0.

The proof is in the Appendix.

The following lemma is an easy consequence of the chain
rule of probability applied to a contracting sequence of events.

Lemma 2.12: For a sequence of events E§, EY, ... Ey, that
satisfy Eg D E{ D ES--- 2 E;, the following holds

m
P(ELIES) = [ [ P(EFIES ).

k=1
Proof:  P(E,|EG) = P(E;,E;_,,...EjlE}) =
[T PCELIEL, BY .- EQ) = [[im P(ERIEL ). =

Next, we state the matrix Hoeffding inequality [32, Th. 1.3]
which gives tail bounds for sums of independent random
matrices.

Theorem 2.13 (Matrix Hoeffding for a Zero Mean
Hermitian Matrix [32]): Consider a finite sequence {Z;} of
independent, random, Hermitian matrices of size n x n, and
let {A;} be a sequence of fixed Hermitian matrices. Assume
that each random matrix satisfies (i) P(Z,2 =< A,z)zl and (ii)
E(Z;)=0. Then, for all € > 0,

2
P(/lmax (z Z,) < e) >1—nexp (g&z) s
t

where 6% = H >, A2
The following two corollaries of Theorem 2.13 are easy to
prove. The proofs are given in Appendix A.
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Corollary 2.14 (Matrix Hoeffding Conditioned on Another
Random Variable for a Nonzero Mean Hermitian Matrix):
Given an a-length sequence of random matrices {Z;} of size
nxn, arv. X, and a set C of values that X can take. Assume
that, for all X € C, (i) Z;’s are conditionally independent
given X; (ii) P(b1l = Z; <X brI|X) = 1 and (iii) b3l <
15" E(Z1X) < bsl. Then for all € > 0,

1
P(/lmax (E E Zz) < by + E’X)
t

> 1 —ae? forall X e C
— nex S EE—— or a
= TP\, — by )2
]
P(imin(gzzt)zln—e‘)()
>1 —ae? forall X e C
— nex —_— or a
= PA\8G, —01)2

The proof is in Appendix A.

Corollary 2.15 (Matrix Hoeffding Conditioned on Another
Random Variable for an Arbitrary Nonzero Mean Matrix):
Given an o-length sequence {Z;} of random Hermitian matri-
ces of size n x n, a rv. X, and a set C of values that
X can take. Assume that, for all X € C, (i) Z,’s are
conditionally independent given X; (ii) P(|Z;]l» < b11X) =1
and (iii) ||% > E(Zi|X) |2 < ba. Then, for all € > 0,

P(Hézzt i sz—l—e‘X)

o€
>1— (1 +ny)ex forall X e C
= ( 1 2) p(32b%)

The proof is in Appendix A.

III. PROBLEM DEFINITION AND MODEL ASSUMPTIONS

We give the problem definition below followed by the model
and then describe the two key assumptions.

A. Problem Definition

The measurement vector at time ¢, M;, is an n dimensional
vector which can be decomposed as

M, =L, +S 4

Here S; is a sparse vector with support set size at most s and
minimum magnitude of nonzero values at least Spin. L; i
a dense but low dimensional vector, i.e. L; = Py)a, where
Py is an n x r(; basis matrix with r) < n, that changes
every so often according to the model given below. We are
given an accurate estimate of the subspace in which the initial
twain L¢’s lie, i.e. we are given a basis matrix 130 so that
Na — ﬁoﬁé)Pouz is small. Here Py is a basis matrix for
span(Ly,,, ), i.e. span(Po) = span(Ly,,;,). Also, for the first
Irain time instants, S; is zero. The goal is
1) to estimate both S; and L; at each time ¢ > fy,in, and
2) to estimate span(L;) every so often, i.e. compute
ﬁ(t) S0 theit the subspace estimation error, SE() =
(I — P(I)P(/,))P(I)HZ is small.

5011

Py =Py Prey =Py = [Po Pnewl Pty = Py = [Pey Pnew]

Fig. 1. The subspace change model explained in Sec III-A. Here
to =0 and 0 < firain < t1-

We assume a subspace change model that allows the
subspace to change at certain change times ¢; rather than
continuously at each time. It should be noted that this is
only a model for reality. In practice there will typically be
some changes at every time ¢; however this is difficult to
model in a simple fashion. Moreover the analysis for such
a model will be a lot more complicated. However, we do
allow the variance of the projection of L; along the subspace
directions to change continuously. The projection along the
new directions is assumed to be small initially and allowed to
gradually increase to a large value (see Sec III-B).

Signal Model 3.1 (Model on L;):

1) We assume that L; = Pyya; with Py = Pj for all
tj <t <tjy1, j=0,1,2---J. Here Pj isann xr;
basis matrix with rj < min(n, (tj 11 —t;)) that changes
as

Pj = [ijl Pj,new]

where Pjnew 1S a n X Cjnew basis matrix with
P! .. Pi—1=0. Thus

J,new
rj =rank(P;) = rj_1 + ¢} new-

We let to = 0. Also tj41 can be the length of the

sequence or tjy1 = o0. This model is illustrated in

Figure 1.

2) The vector of coefficients, a; = P(,)’L,, is a zero
mean random variable (r.v.) with mutually uncorrelated
entries, i.e. Ela;] = 0 and E[(a;)i(a;)j1 =0 for i # j.

Definition 3.2: Define the covariance matrix of a; to be

the diagonal matrix

A, = Covla;] = E(aa)).

Define For t; <t < tjy1, a; is an r;j length vector which can
be split as

a
a=P/L =] ""F
at new

where a; 5 := Pj_1'L; and a; new := Pjnew' Li. Thus, for this
interval, L; can be rewritten as

at,x

at new

L, = [Pj—l Pj,new] [ i| = Pj—lat,* + Pj,newat,new

Also, Ay can be split as

[ 0
A"[ 0 (AAW}
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where (A;)x = Covlas«] and (Ay)new = Covla;newl are
diagonal matrices. Define

A7 = inf Amin(A1), AT = sup Amax(Ar),
t

and
Apew = iItlf Amin ((Ar)new)s i;:éw := sup Amax ((Ar)new)-
t
Also let,
i+
f= -

and

R

Anew

The above simple model only allows new additions to
the subspace and hence the rank of P; can only grow over
time. The ReProCS algorithm designed for this model can be
interpreted as a recursive algorithm for solving the robust PCA
problem studied in [6] and other batch robust PCA works.
At time ¢ we estimate the subspace spanned by L1, Lo, ... L;.
For the above model, the subspace dimension is bounded by
ro+ J cmax- Thus a bound on J is needed to keep the subspace
dimension small at all times. We remove this limitation in
Sec VII where we also allow for subspace deletions and
correspondingly design a ReProCS algorithm that does the
same thing. For that algorithm, as we will see, we will not
need a bound on the number of changes, J, as long as
the separation between the subspace change times is allowed
to grow logarithmically with J and a clustering assumption
holds.

Define the following quantities for the sparse part.

Definition 3.3: Let T; := {i : (S)i # 0} denote the
support of S;. Define

Smin := min min [(S;);], and s := max |T;|.
1> lrain 1€Ty t

B. Slow Subspace Change

By slow subspace change we mean all of the following.
First, the delay between consecutive subspace change times
is large enough, i.e., for a d large enough,

tjiv1—tj>d

(5)

Second, the magnitude of the projection of L, along the newly
added directions, a; pew, is initially small but can increase
gradually. We model this as follows. Assume that for an
a > 0! the following holds

(6)

when t € [tj,1;41 — 1] for a v > 1 but not too large and with
Ynew < V% and Ypew < Smin. Clearly, the above assumption
implies that

—t;
. L
”at,neW”oo < min (U “ Ynew> )’*)

. . k—1
||at,new||oo = Vnew,k ‘= mm(v Vnew V*)

for all t € [t; + (k — 1)a, t; + ka — 1]. This assumption is
verified for real video data in Sec. IX-A.

TAs we will see in the algorithm o is the number of previous frames used
to get a new estimate of Pj pey-
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Third, the number of newly added directions is small, i.e.
Cjnew < Cmax < ro. This is also verified in Sec. IX-A.

Remark 3.4 (Large f): Since our problem definition allows
large noise, L;, but assumes slow subspace change, thus the
maximum condition number of Cov[L;], which is bounded
by f, cannot be bounded by a small value. The reason is
as follows. Slow subspace change implies that the projection
of L; along the new directions is initially small, i.e. ynew is
small. Since A~ < ynew, this means that 1~ is small. Since
E[||L,||2] < rmaxAT and rmax is small (low-dimensional),
thus, large L; means that A needs to be large. As a result
f =A% /A~ cannot be upper bounded by a small value.

C. Measuring Denseness of a Matrix and
Its Relation With RIC

Before we can state the denseness assumption, we need to
define the denseness coefficient.

Definition 3.5 (Denseness Coefficient): For a matrix or a
vector B, define

ks (B) = ks (span(B)) := max |l17"basis(B) |2 (7
S
where ||.||2 is the vector or matrix €2-norm.
Clearly, xs(B) < 1. First consider an n-length vector B.
Then x; measures the denseness (non-compressibility) of B.
A small value indicates that the entries in B are spread out,
i.e. it is a dense vector. A large value indicates that it is
compressible (approximately or exactly sparse). The worst
case (largest possible value) is x;(B) = 1 which indicates
that B is an s-sparse vector. The best case is x;(B) = /s/n
and this will occur if each entry of B has the same magnitude.
Similarly, for an n x r matrix B, a small x; means that most
(or all) of its columns are dense vectors.
Remark 3.6: The following facts should be noted about
ks ():
1) For a given matrix B, ks(B) is an non-decreasing
function of s.

2) xs([B1]) < ks([B1 B2)]) ie. adding columns cannot
decrease k.

3) A bound on xs(B) is ks(B) < /sk1(B). This follows
because ||Bll2 < ||[Ib1ll2 .- Ibrll2] |, where b; is the
i™ column of B.

The lemma below relates the denseness coefficient of a basis
matrix P to the RIC of I — P P’. The proof is in the Appendix.

Lemma 3.7: For an n X r basis matrix P (i.e P satisfying
P'P=1I)

d(I — PPy =x2(P).
In other words, if P is dense enough (small «;), then the RIC
of I — PP’ is small.
In this work, we assume an upper bound on >, (P;) for all
J, and a tighter upper bound on x4 (P} new), i.€., there exist

+ + +
Kygx < 1 and a Ks new < Kos x such that
+
max 25 (Pj—1) < Ky, , (8)
i .
max KZS(Pj,new) = KZt,new 9
j
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Additionally, we also assume denseness of another matrix,
Dj new,k,» whose columns span the currently unestimated part
of span(P; new) (see Theorem 4.2).

The denseness coefficient x;(B) is related to the denseness
assumption required by PCP [6]. That work uses x;(B) to
quantify denseness.

IV. RECURSIVE PROJECTED CS (REPROCS) AND
ITS PERFORMANCE GUARANTEES

In this section we introduce the ReProCS algorithm and
state the performance guarantee for it. We begin by first stating
the result in IV-A, and then describe and explain the algorithm
in Section IV-C. In Section IV-B we describe the projection-
PCA algorithm that is used in the ReProCS algorithm. The
assumptions used by the result are discussed in Section IV-D.

A. Performance Guarantees

We state the main result here and then discuss it in
Section IV-D. Definitions needed for the proof are given in
Section V and the actual proof is given in Section VL.

Definition 4.1: We define here the parameters that will be
used in Theorem 4.2.

1) Let ¢ :=cmax and r :=ro+ (J — 1)c.

2) Define K = K(¢) := Polgo(gg_?)

3) Define &(¢) = /Cynew + VT (V1 4 /<€)
4) Define

8 - 247
£207)?
16
max (min(1.24Kyfew, Vf), o

0add(0) 1 = ’7(log6KJ + 111logn)

4(0.18672, + 0.0034 7w + 2.3)2ﬂ

We note that o444 is the number of data points, a, used
for one projection PCA step and is chosen to ensure that
the conclusions of Theorem 4.2 hold with probability
at least (1 —n='9). If y, is large enough (y* > 16),
a simpler but larger value for 0444(¢) is
8242y
taaa(¢) = ’7(log 6KJ + 11 logn)T_))};
Theorem 4.2: Consider Algorithm 2. Pick a ¢ that satisfies

. 1074 1.5x107% 1
min

Assume that the initial subspace estimate is accurate enough,
ie ||(I— ﬁoﬁé)Po|| < rol. If the following conditions hold:
1) The algorithm parameters are set as & = &y(¢), 7& <
® =< Smin—7¢, K = K(C), o = aadd(c)
2) L; satisfies Signal Model 3.1 with
a) 0 < Cjnew < Cmax for all j (thus rj < rmax =

ro + Jcmax),
b) the a;’s mutually independent over t,
¢) llatlleo < y« for all t (a;’s bounded);,
d) 0<i” <At <oo, and

e) g <gt =2

ry?
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Algorithm 1 Projection-PCA: Q < proj-PCA(D, P, r)
1) Projection: compute Dproj < (I — PP")D
2) PCA:
A O o
feoio ][ &

basis matrix and a is the number of columns in D.

EVD

1 Do v
compute 2 Dproj Dproj =

where Q is an n X r

3) slow subspace change holds: (5) holds with d = Ka;
(6) holds with v = 1.2; and ¢ and ynew are small enough
so that 14&5(¢) < Smin-

4) denseness holds: equation (8) holds with K;; ., =03
and equation (9) holds with K;;jnew =0.15

5) the matrices

A

) A , A A,
Dj,new,k - = (1 - Pj_1Pj71 - Pj,new,kPj,newjk)Pj,new

and
Qj,new,k L= (I - Pj,neij,new/)Pj,new,k
satisfy

max
Jj 1

~+
max max K i <k, :=0.15
i 1Skek 2S(Q],new,k) = g

g}canK Ks(Dj new,k) < xs+ :=0.152

then, with probability at least (1 —n~10), at all times, t, all
of the following hold:

1) at all times, t,
f, =T; and
leclla = I1Le = Lilla = 118, = Sill2
< 0.18+/C new + 1.2/ (V7 + 0.06,/7).
2) the subspace error SE () 1= ||(1—13(,)13(/t))P(,)||2 satisfies

(ro+ (j — De)¢ + 0.4ec +0.6K1

SE() < if teZjy, k=1,2...K
(ro+ jo) if teljkqi
10727 4+ 0.6-!
< if teT k=12...K
10_2\/2 if teljks

3) the error e; = S’, -8 =L; — I:, satisfies the following
at various times

0.18/c0.725 1y ew+
1.2(y/r +0.064/c)(ro + (j — 1)) 7«

lerll2 = if telip, k=1,2...K
1.2(r0 + jo)orys if t €Tk

0.184/c0.725 L ypen + 1.2(3/7 + 0.06,/¢) /T

< if teip, k=1,2...K

12\/;\/4_’ if l‘GIj’[(Jr]

Remark 4.3: Consider the last assumption. We actually
also need a similar denseness of 13(D; new) Where D new =
Djnewo = (I — ﬁj—lﬁ;,l)Pj,new- Conditioned on the fact
that span(P;_1) has been accurately estimated, this follows
easily from the denseness of Pjnew (see Lemma 6.10).

The above result says the following. Consider Algorithm 2.
Assume that the initial subspace error is small enough. If the
algorithm parameters are appropriately set, if slow subspace
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Algorithm 2 Recursive Projected CS (ReProCS)

Parameters:
(set as in Theorem 4. 2 )
Input: My, Output: S,, L,, P(t)
Initialization: Compute }30 <~ pI‘O]—PCA([L], Ly, ---,
Set Pyy < Po, j < 1,k < 1.
For t > tiain, do the following:

1) Estimate 7; and S; via Projected CS:

Ltinls [, ro) where ro = rank([Lq, Ly, - - -

algorithm parameters: &, w, a, K, model parameters: ¢;, ¢;j new

> Lttrain ])

a) Nullify most of L;: compute @y < I — 13@ 1)EA’(’I 1)» compute y, <= DM,

b) Sparse Recovery: compute S, ¢s as the solution of miny ||x|1 s.z. ||y —
1Sr.co)il > o)

c) Support Estimate: compute T, = {i:

Opxll2 <¢

d) LS Estimate of S;: compute (S’,)ﬁ = (((Df)T,) Vi, (S[)fl(: =0

2) EstimateAL,: i, =M, — 3‘,.
3) Update P(;): K Projection PCA steps.
a) If t =tj +ka—1,

i) P] new,k < Proj- PCA([I:I‘+(k—1)aa .

Else
1) set ﬁ(,) <« }A)(t_l).
b) If t=1t; + Ka —
4) Increment ¢t <t 4+ 1 and go to step 1.

I:t‘+ka71] ﬁjfl,cj,new)'
ii) set P(,) <« [Pj 1 Pj new.k]; increment k <k 4 1.

1, then set ﬁj <« [ﬁj,l ﬁj,new,,(]. Increment j < j + 1. Reset k < 1.

change holds, if the subspaces are dense, if the condition
number of Cov|[a; new] is small enough, and if the currently
unestimated part of the newly added subspace is dense enough
(this is an assumption on the algorithm estimates), then, w.h.p.,
we will get exact support recovery at all times. Moreover, the
sparse recovery error will always be bounded by 0.18./cynew
plus a constant times JZ Since ¢ is very small, ypew < Smin,
and c¢ is also small, the normalized reconstruction error for
recovering S; will be small at all times. In the second conclu-
sion, we bound the subspace estimation error, SE(;). When a
subspace change occurs, this error is initially bounded by one.
The above result shows that, w.h.p., with each projection PCA
step, this error decays exponentially and falls below 0.01./¢
within K projection PCA steps. The third conclusion shows
that, with each projection PCA step, w.h.p., the sparse recovery
error as well as the error in recovering L; also decay in a
similar fashion.

As we explain in Section IV-D, the most important limita-
tion of our result is that it requires an assumption on Dpew k
and Qpew,x Which depend on algorithm estimates. Moreover,
it studies an algorithm that requires knowledge of model
parameters.

B. Projection-PCA Algorithm for ReProCS

Given a data matrix D, a basis matrix P and an inte-
ger r, projection-PCA (proj-PCA) applies PCA on D) =
(I — PP)D, i.e., it computes the top r eigenvectors (the
eigenvectors with the largest r eigenvalues) of éDproijroj’ .
Here a is the number of column vectors in D. This is
summarized in Algorithm 1.

If P = [.], then projection-PCA reduces to standard PCA,
i.e. it computes the top r eigenvectors of éDD’.

The reason we need projection PCA algorithm in step 3 of
Algorithm 2 is because the error ¢, = i,, — L, =5 — 3‘,
is correlated with L;; and the maximum condition number
of Cov(L;), which is bounded by f, cannot be bounded by
a small value (see Remark 3.4). This issue is explained in
detail in Appendix X. Most other works that analyze standard
PCA, see [33] and references therein, do not face this issue
because they assume uncorrelated-ness of the noise/error and
the true data vector. With this assumption, one only needs
to increase the PCA data length a to deal with the larger
condition number.

We should mention that the idea of projecting perpendicular
to a partly estimated subspace has been used in other different
contexts in past work [14] and [41].

C. Recursive Projected CS (ReProCS)

We summarize the Recursive Projected CS (ReProCS) algo-
rithm in Algorithm 2. It uses the following definition.

Definition 4.4: Define the time interval I, = [t; +
(k — Da,tj + ka — 1] for k = 1,...K and T; g41 =
[l‘j + Ka, ljit1 — 1].

The key idea of ReProCS is as follows. First, consider a time
t when the current basis matrix Py = P(;_1) and this has been
accurately predicted using past estimates of L;, i.e. we have
P(t 1 with |( — P(t 1)P(t 1))P(t)||2 small. We prOJect the
measurement vector, M;, into the space perpendicular to P(t 1)
to get the prOJected measurement vector y; := ®()M; where
Oy =1~ P(, 1)P(z 1 (step la). Since the n x n projection
matrix, @) has rank n—r, where ry, = rank(P(t,l y), therefore
y; has only n — r, “effective” measurements?, even though its

2j.e. some ry entries of y; are linear combinations of the other n—ry entries.
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Py=pF= [Pj-i Pinew] for § St <ty

/

t] (Subspace change time) tj+q tj+2a

\
tj+(K-1)a t;+Ka ti+1

\ A J
Y Y

Py=Fa Py = [F21 Plrewal T

First Projection PCA

Second Projection PCA

\ J\ J
Y

Y
P = (B Pomes] T P = 1P Pl B

Update P] when the last Projection PCA Is done

J

v

K times Projection PCA

Fig. 2. The K projection PCA steps.
length is n. Notice that y; can be rewrltten as y; = DSt + pr
where f; = ®()L,. Since [|[(I — P(t 1)P(t 1))P(, pll2 is
small, the projection nullifies most of the contribution of
L; and so the projected noise f; is small. Recovering the
n dimensional sparse vector S; from y, now becomes a
traditional sparse recovery or CS problem in small noise [34],
[37], [42]-[45]. We use ¢; minimization to recover it (step
1b). If the current basis matrix P(;), and hence its estimate,
ﬁ(,_l), is dense enough, then, by Lemma 3.7, the RIC of @)
is small enough. Using Theorem 2.5, this ensures that S; can be
accurately recovered from y;. By thresholding on the recovered
S¢, one gets an estimate of its support (step 1c¢). By computing
a least squares (LS) estimate of S; on the estimated support
and setting it to zero everywhere else (step 1d), we can get a
more accurate final estimate, S,, as ﬁrst suggested in [46]. This
S, is used to estimate L, as L, = S, As we explain in the
proof of Lemma 6.4, if Smin is large enough and the support
estimation threshold, , is chosen appropriately, we can get
exact support recovery, ie. 7} = T;. In this case, the error
e = St =L;— Lt has the following simple expression:
er = I (D)1, Br = In,[( @), (P )11 I, Dy L (10)
The second equality follows because ((D(t))T’ D)
(O I7) ©) = It D) for any set T.

Now consider a time  when Py = P; = [Pj_1, Pjnew] and
—1 has been accurately estimated but Pj new has not been
estlmated i.e. considerat € Ij 1. At this time, P(t n=Pj-1

and so @) = @9 :=1— P ,1P . Letry i =ro+(j —
)cmax (We remove subscript j for ease of notation.) , and
¢ = Ccmax- Assume that the delay between change times is
large enough so that by 1 = ¢;, 13]-_ 1 is an accurate enough
estimate of P; 1, ie. [[®joPj_1ll2 < r«f < 1. It is easy
to see using Lemma 2.10 that xs (Pg Prew) < ks(Pnew) + 7+
i.e. @ Ppew 1s dense because Ppew 1s dense and because 13]-_1
is an accurate estimate of P;_; (which is perpendicular to
Prew). Moreover, using Lemma 3.7, 1t can be shown that do :
maxiri<s |[(®0)r (@)7] ' I < =555 = TwmE el
The error e; still satisfies (10) although its magnitude is not
as small. Using the above facts in (10), we get that

’Cs(Pnew)\/EVnew + ’"*C(\/E)’* + \/Eynew)
1 — (kg(Pj—1) +1¢)?

llell2 <

If \/C < 1/y4, all terms containing ¢ can be ignored and
we get that the above is approximately upper bounded by

%‘;";W—«/— Ynew- Using the denseness assumption, this quan-

tity is a small constant times 1/Cypew, €.g. With the numbers
assumed in Theorem 4.2 we get a bound of 0.18./cynew.
Since Ypew <K Smin and c is assumed to be small, thus,
lletll2 = IIS: — 3;”2 is small compared with | $;]2, i.e. S;
is recovered accurately. With each projection PCA step, as we
explain below, the error ¢; becomes even smaller.

Since L, = M, — S, (step 2), e; also satisfies e, =
L, — i,. Thus, a small e; means that L, is also recovered
accurately. The estimated L,’s are used to obtain new estimates
of Pjnew every o frames for a total of Ka frames via a
modification of the standard PCA procedure, which we call
projection PCA (step 3). We illustrate the projection PCA
algorithm in Figure 2. In the first projection PCA step, we
get the first estimate of P;, new P] new, 1. For the next a frame
1nterval P(t = [P] 1,P] new,1] and so @y = @ =
I—Pj_ 1P/_1 — new,aneW,l Using this in the projected CS
step reduces the projection noise, f;, and hence the recon-
struction etrror, e;, for this interval, as long as ynew,k increases
slowly enough. Smaller e; makes the perturbation seen by the
second projection PCA step even smaller, thus resulting in
an improved second estimate }A’j,newjz. Within K updates (K
chosen as given in Theorem 4.2), it can be shown that both
lle:|l2 and the subspace error drop down to a constant times
/C. At this time, we update P as P = [P] 1, P] new, K |-

D. Discussion

First consider the choices of a and of K. Notice that
K = K(¢) is larger if ¢ is smaller. Also, a,qq is inversely
proportional to ¢. Thus, if we want to achieve a smaller
lowest error level, ¢, we need to compute projection PCA over
larger durations a and we need more number of projection
PCA steps K. This means that we also require a larger delay
between subspace change times, i.e. larger ;11 — t;.

Now consider the assumptions used in the result. We assume
slow subspace change, i.e. the delay between change times is
large enough, ||a; newllco 1s initially below ynew and increases
gradually, and 14&y) < Smin Which holds if cmax and ypew
are small enough. Small cyax, small initial a; pew (i.e. small
Ynew) and its gradual increase are verified for real video data
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in Section IX-A. As explained there, one cannot estimate
the delay between change times unless one has access to
an ensemble of videos of a given type and hence the first
assumption cannot be verified.

We also assume denseness of Pj_; and Pjjew. This is a
subset of the denseness assumptions used in earlier work [6].
As explained there, this is valid for the video application
because typically the changes of the background sequence are
global, e.g. due to illumination variation affecting the entire
image or due to textural changes such as water motion or
tree leaves’ motion etc. We quantify this denseness using the
parameter xs. The way it is defined, bounds on x; simultane-
ously place restrictions on denseness of L;, r = rank(Py),
and s (the maximum sparsity of any S;). To compare our
assumptions with those of Candes et. al. in [6], we could

ur .
assume x1(Py) < ./ _tt where u is any value between 1

and %. Using the bound x;(P) < /sx(P), we see that if
zfl—’ < ,LFI(O.3)2, then our assumption of xz;(Py) < 0.3
will be satisfied. Up to differences in the constants, this is
the same requirement found in [47], even though [47] studies
a batch approach (PCP) while we study an online algorithm.
From this we can see that if s grows linearly with n, then r
must be constant. Similarly, if » grows linearly with n, then s
must be constant. This is a stronger assumption than required
by [6] where s is allowed to grow linearly with n, and r
is simultaneously allowed to grow as log#)?' However, the
comparison with [6] is not direct because we do not need
denseness of the right singular vectors or a bound on the vector
infinity norm of U V’. The reason for the stronger requirement
on the product sr is because we study an online algorithm that
recovers the sparse vector S; at each time ¢ rather than in a
batch or a piecewise batch fashion. Because of this the sparse
recovery step does not use the low dimensional structure of
the new (and still unestimated) subspace.

We assume the independence of a;’s, and hence of L;’s,
over time. This is typically not valid in practice; however, it
allows us to simplify the problem and hence the derivation of
the performance guarantees. In particular it allows us to use the
matrix Hoeffding inequality to bound the terms in the subspace
error bound. In ongoing work by Zhan and Vaswani [48], we
are seeing that, with some more work, this can be replaced by
a more realistic assumption: an autoregressive model on the
a;’s, i.e. assume a; = ba,_1 + v; where v,’s are independent
over time and b < 1. We can work with this model in two
ways. If we assume b is known, then a simple change to the
algorithm (in the subspace update step, replace L by L, —
bI:,,l everywhere) allows us to get a result that is almost
the same as the current one using exactly the same approach.
Alternatively if b is unknown, as long as b is bounded by a
by < 1, we can use the matrix Azuma inequality to still get
a result similar to the current one. It will require a larger a
though and some other changes.

The most limiting assumption is the assumption on D; new,k
and Q) new,x because these are functions of algorithm esti-
mates. The denseness assumption on Q; new, is actually not
essential, it is possible to prove a slightly more complicated
version of Theorem 4.2 without it. We use this assumption
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only in Lemma 6.6. However, if we use tighter bounds on
other quantities such as g and x;(Pj new), and if we analyze
the first projection-PCA step differently from the others, we
can get a tighter bound on ¢ 1 (and hence ¢ x for kK > 1) and
then we will not need this assumption.

Consider denseness of Djpewk. Our proof actually
only needs smallness of max;er; d; where di =
”17]/Dj,new,k||2/||Dj,new,k||2 fort € Zjpq1 fork=1,2...K.
Since this quantity is upper bounded by #;(D; new,k), we have
just assumed a bound on this for simplicity. Note also that
densenss of D new,0 does not need to be assumed, this follows
from denseness of P; pew conditioned on the fact that P;_;
has been accurately estimated. We attempted to verify the
smallness of d; in simulations done with a dense P; and P; pew
and involving correlated support change of S;’s. We observed
that, as long as there was a support change every few frames,
this quantity was small. For example, with n = 2048, s = 20,
ro = 36, cpew = 1, support change by one index every 2 frames
was sufficient to ensure a small d; at all times (see Sec IX-B).
Even one index change every 50 frames was enough to ensure
that the errors decayed down to small enough values, although
in this case d; was large at certain times and the decay of
the subspace error was not exponential. It should be possible
to use a similar idea to modify our result as well. The first
thing to point out is that the max of d; can be replaced by
its average over t € Z;; with a minor change to the proof
of Lemma 6.11. Moreover, if we try to show linear decay of
the subspace error (instead of exponential decay), and if we
analyze the first projection-PCA interval differently from the
others, we will need a looser bound on the d;’s, which will be
easier to obtain under a certain support change assumption.
In the first interval, the subspace error is large since Phew
has not been estimated but Dpeyw,o is dense (see Remark 4.3).
In the later intervals, the subspace error is lower but Dpew i
may not be as dense.

Finally, Algorithm 2 assumes knowledge of certain model
parameters and these may not always be available. It needs
to know ¢; new, which is the number of new directions added
at subspace change time j, and it needs knowledge of ypew
(in order to set ¢ and w), which is the bound on the infinity
norm of the projection of a; along the new directions for the
first a frames. It also needs to know the subspace change
times ¢;, and this is the most restrictive.

A practical version of Algorithm 2 (that provides reasonable
heuristics for setting its parameters without model knowledge)
is given in [26]. As explained there, 7; +a — 1 can be estimated
by taking the last set of a estimates Ly, projecting them
perpendicular to IA’j,l and checking if any of the singular

values of the resulting matrix is above \/;1_* . It should be
possible to prove in future work that this happens only after
an actual change and within a short delay of it.

Lastly, note that, because the subspace change model only
allows new additions to the subspace, the rank of the subspace
basis matrix P; can only grow over time. The same is true for
its ReProCS estimate. Thus, max; x2,(P;) = x2,(Py) and a
bound on this imposes a bound on the number of allowed
subspace change times, J, or equivalently on the maximum
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rank of £, for any ¢. A similar bound is also needed by PCP [6]
and all batch approaches. In Sec VII, we explain how we can
remove the bound on J and hence on the rank of £; if an
extra clustering assumption holds.

V. DEFINITIONS NEEDED FOR PROVING THEOREM 4.2

A few quantities are already defined in the model
(Section III-A), Definition 4.4, Algorithm 2, and Theorem 4.2.
Here we define more quantities needed for the proofs.

Definition 5.1: In the sequel, we let

1) 7 :=rmax =70 + JCmax and ¢ := Cmax = MaX; Cj new:

2) Ksx = max; ’CS(Pj—l); Ksnew = mMaxXj KS(Pj,neW),
Ksk = mMax; Ks(Djnewk), Ksk = max;rs((I] —
Pj,neij,new/)Pj,new,k)y

3) K3y, = 0.3, K5, Lo = 0.15, kF :=0.152, & :=0.15
and gt = /2 are the upper bounds assumed in
Theorem 4.2 on max;ks(P;), max;xos(Pjnew),
max ; maxy ks (D new,k), max; k2s(Qjnew,k) and g
respectively.

4) ¢t :=1.1735

5) Vnewk = min(1.2k*1 Ynews V) (recall that this is defined

in Sec III-B).
Definition 5.2: Define the following:

D ¢ =00+ G = Do)

2) Define the sequence {(j,kJr}k:o,l,z,__,K recursively as

follows:
(;fo =1
o= b+ 0.125¢¢
PR = ()P = ()R —0.025¢ — b

(1)

where
b:= Cicj'g+§;’rk71 + C‘(K;_)zg+(51:1)2 + C/f(C;f*)z
+ o+
C:= 2T + ¢t
1= ()2
2
T4 kP + K@ )
N R s
Kt (9>

Ji-@ )

As we will see, (:* and g“;:k are the high probability upper
bounds on [« and ;1 (defined in Definition 5.4) under the
assumptions of Theorem 4.2.

Definition 5.3: We define the noise seen by the sparse
recovery step at time t as

Bri=U - ﬁ(tfl)ﬁ(/,_l))Lp

Also define the reconstruction error of S; as

C':i= (M) + +1+

C:=("+

ey 1= S{ — St.

fork > 1,
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Here §; is the final estimate of S; after the LS step in
Algorithm 2. Notice that e; also satisfies e; = L; — I:;.

Definition 5.4: We define the subspace estimation errors
as follows. Recall that ﬁj,new,o = [.] (empty matrix).

SE() : = It = Py Ply)) Poy 2

Ciwt = I = Pi-1P_)Pj-1l2
Cjk:= ”(1 - ﬁj—lﬁ]/p] - ﬁj,new,kﬁj/"new’k)Pj,new||2

Remark 5.5: Recall from the model given in Sec III-A and
from Algorithm 2 that

1) Pjnew,k is orthogonal to Pj_y, i.e. P]’-,new,kij =0
2) Pj_y = [Po, Pinew,K> - Pj—1,new, k] and Pi_y =

[PO; Pl,new; ce f:j—l,newl .
3) fort € Ijx+1, Pyy =[Pj-1, Pjnew] and Pyy = P; =
[ijl, Pj,new,]\' .
4) Q¢ :=1—Py-1P,_
Then it is easy to see that

D i S G-+ ik =G+ Zj;ll (i K

2) SBuy < e + Gk S G+ S Gk + Gk
for t € Zj 4.

Definition 5.6: Define the following

1) D Djo and @

a) O =1 — Pj,lP]/-_1 - j:new,kpj/',new,k is the
CS matrix for t € L jy1, i.e. Oy = @ for this
duration.

b) ;o := 1—1’3]-_116]’.71 is the CS matrix fort € I; 1,
i.e. ©yy = Dj g for this duration. ®; ¢ is also the
projection matrix used in all of the projection PCA
steps for t € [tj,tj41 — 1].

¢) ¢x = max;maxrri<s | (@07 (®j0)7) " 2.
It is easy to see that ¢y < m [34].

2) Dj,new,k, Dj,neW, Dj,*,k and Dj,*

a) Djnewk = @ ik Pjnew. Span(D; new.k) is the unes-
timated part of the newly added subspace for any
t e Ij’kJr].

b) Djnew := Djnew,0 = @;,0Pj new- Span(Dj,new) is
interpreted similarly for any t € T ;.

¢) Djsix = D@;Pj_1. span(D;j ) is the unes-
timated part of the existing subspace for any
t e Ij,k

d) Djs = Djso = DjoPj_1. span(Dj k) is
interpreted similarly for any t € T}

e) Notice that (5,0 = I1Djnewll2, Cjk = 1D new,kll2,
Ciw = D) «ll2. Also, clearly, ||Dj s ill2 <

Definition 5.7:
R

1) Let Djpnew U EjnewRjnew denote its reduced QR
decomposition, i.e. let Ejnew be a basis matrix for
span(Dj new) and let Rj new = E},neij,new

2) Let Ejnew,1 be a basis matrix for the orthogonal com-
plement of span(Ej new) = span(D; new). To be precise,
E;new,1 Is a n x (n—cjnew) basis matrix that satisfies
E. . Ejnew=0.

j.new, L
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3) Using Ejnew and Ejnew,1, define Ajr, Ajr 1, Hjr
Hj1 and Bjy as

1
Aj,k = E Z Ej,new/q)j,OLtLt/q)j,OEj,new

tEIj’k
. 1 / /
Ajg L = — Z Ejnew, . @joLiL; ®joE;jnew, L

a
telj

1 /

Hj = - D Ejnew'®j0

telj

/ / /
(erer’ — Liey —e/Ly )(Dj,OEj,new
1 /
Hjk1 =~ Z Ejnew, 1 ®j,0
tEIj’k
/ / /
(eres’ — Lie/’ — et Ly )(Dj,OEj,neW,J_
1 ~ A
. !/ !
Bjk:=— > Ejnew, ' ®j0LLi®;0E; new
telj i

1
= ; Z Ej,new,l/(Dj,O(Lt _et)
telj

(Lt/ - et/)(Dj,OEj,new

4) Define
Air O Ej new'
A‘ = E; E; /> S
j.k [ Jj,new ],new,l] |: 0 Aj,k,li| I:Ej,new,L/
Hj Bjjk/

E; !
Hj,k = [Ej,new Ej,new,l] [ Jonew i|

Bj i Hj,k,J [Ej,new,i/

Remark 5.8: 1) From the above, it is easy to see that

1 A
Ajk+ M=~ > oLl
tEIj’k
2) Recall from Algorithm 2 that

EVD

Air+Hjix =

D/
5. 5. A 0 P} new,k
[Pj,neW,k Pj new.k, L ] 0 A P’
k, L j.new,k, L

is the EVD of Ajx + Hj k.
3) Using the above, A; ;+H; i can be decomposed in two
ways as follows:

Ajr+Hjk

5 5 A 0 P
= [Pj,new,k Pj,new,k,J_] [ 0 A :| ﬁ/],new,k
k, L j,new,k, L
= [ Ej,new Ej,new,J_ ]
Ajr+Hjy B},k Ejnew'
Bix  Ajri+Hjky || Ejnewt
Definition 5.9: Define the random variable X;; :=
{ai,az, -+, ar+ka—1}-
Recall that the a,’s are mutually independent over ¢, hence
Xjk and {as; 1ka> - - - a,j+(k+1)a,1}vare mutually independent.
Definition 5.10: Define the set I'j ;. as follows:
Uik:={Xjx:¢ju<¢ and T, =T, for all 1 € Z; 4}
fj,K+1 c={Xjt1,0: f} =T forallt €Zj g1}
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Definition 5.11: Recursively define the sets T'j; as
follows:

Fos=1{X0: G =r¢
and T; = T; for all ¢ € [firain + 1 : 11 — 1]}
Cio:={Xj0:«=< C;,* forall j/=1,2,...,j
and 7; =T, for all t <t;_1}
Fik:=Tjx1Nljrk=1,2,...K+1

Remark 5.12: Whenever T; = T; we have an exact expres-
sion for e;:

er = I, (P17, (@) 7,17 I, (1 Ly

Recall that Ly = Pja; = Pj_1a; « + Pj newr new-
Definition 5.13: Define Pj . = Pj_1 and 131-,>k = Aj_l.
Remark 5.14: Notice that the subscript j always appears
as the first subscript, while k is the last one. At many places in
the rest of the paper, we remove the subscript j for simplicity,
e.g., Oy refers to @, ﬁnew,k refers to ﬁj,new,k, P, refers to
Pjy := Pj_1 and so on.

(12)

VI. PROOF OF THEOREM 4.2
A. Two Main Lemmas and Proof of Theorem 4.2

The proof of Theorem 4.2 essentially follows from two main
lemmas that we state below. Lemma 6.1 gives an exponentially
decaying upper bound on {,:r defined in Definition 5.2. (k+ will
be shown to be a high probability upper bound for ¢} under the
assumptions of the Theorem. Lemma 6.2 says that conditioned
on Xjx—1€Tjr_1, Xjr will be in I'j x w.h.p.. In words this
says that if, during the time interval Z; x_1, the algorithm has
worked well (recovered the support of S; exactly and recovered
the background subspace with subspace recovery error below
&b+ ¢, then it will also work well in Z; ¢ w.h.p..

Lemma 6.1 (Exponential Decay of k+ ): Assume that the
bounds on ¢ from Theorem 4.2 hold. Define the sequence Ck+
as in Definition 5.2. Then

) ¢f =land gt <0.6K4+04c¢ forallk =1,2,..., K,

2) the denominator of Ck+ is positive for all k =

1,2,..., K.

We prove this lemma in Section VI-B.

Lemma 6.2: Assume that all the conditions of Theorem 4.2
hold. Also assume that P(F;’kfl) > 0. Then

P(r;,klr;,k_l) Z pk(a9 C) 2 pK(a9 C)
forallk =1,2,...,K, and
P(F§5K+1|F;’K) =1

where pi(a, ) is defined in equation (13).

We prove this lemma in Section VI-C.

Remark 6.3: Using Lemma 6.1 and Remark 5.5 and the
value of K given in the theorem, it is easy to see that, under
the assumptions of Theorem 4.2,

TjoN (T 0 STy

IT¢0) =PI,

v

Thus P(T'¢ TG e nIT ).

j+1,0
Proof of Theorem 4.2:
The theorem is a direct consequence of Lemmas 6.1,
6.2, and Lemma 2.12. From Remark 6.3, P(I'S_, (II' ) =
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!
P(Fj 1oe-- F] K+1|F 0)— K+ P(rek|1"jk 1) Also, since
[j+1,0 S Tjo, using Lemma 2.12, P(T%, IT5,) =

J
[T/_y P(T%, | 4IT¢ o). Thus,
J K+l
PTG, 0lT ) = [ [T PSS )
j=1 k=1

Using Lemma 6.2, and the fact that pi(a, ) > pk(a, ) (see
their respective definitions in Lemma 6.11 and equation (13)
and observe that pi(a, ¢) is decreasing in k), we get

P(T5, 0IT10) = pi (e, O

Also, P(T'{ .0) = L. This follows by the assumption on Py and
Lemma 6.4. Thus, P(I”JJrl 0) = Pk (a, o)k,
Using the definition of ayqq4, and a > a,qq, We get that

P(I'9410) = pr(a, ) >1-n71°

The event 1"3 41,0 implies that f, = T; and e, satisfies (10)
for all # < 7741 Using Remarks 5.5 and 6.3, I'7 | , implies
that all the bounds on the subspace error hold. Using these,
las newllz < «/Eynew,k» and |la;|l2 < \/;V*» F3+1,0 implies
that all the bounds on ||e;||2 hold (the bounds are obtained in
Lemma 6.4).

Thus, all conclusions of the the result hold w.p. at least
1—n10

B. Proof of Lemma 6.1

Proof: First recall the definition of Ck+ (Definition 5.2).
Recall from Definition 5.1 that x;" := 0.15 , ¢+ := 1.1735,
and gt := /2. So we can make these substitutions directly.
Notice that Ck+ is an increasing function of ¢;f, ¢, ¢, and f.
Therefore we can use upper bounds on each of these quantities
to get an upper bound on (,:“ . From the definition of ¢ in
Theorem 4.2 and {;; = (ro+ (j — )¢ we get

. (* <107*

« (L f=15x107

e cc <1074

o _ 04 G=DOC _ o+ —=De _ 7

cl cl o c c

<r

(Without loss of generality we can assume that ¢ =
cmax > 1 because if ¢ = 0 then there is no subspace
estimation problem to be solved. ¢ = 0 is the trivial case
where all conclusions of Theorem 4.2 will hold just using
Lemma 6.4.)

o L fr=rife<15x107*

First we prove by induction that Ck+ < th | < 0.6 for all
k > 1. Notice that ¢ = 1 by definition.

« Base case (k = 1): Using the above bounds we get that
o <0.5985 < 1=¢4.

o For the induction step, assume that {,:r_ 1 = g“,:r_ ,- Then
because Ck+ is increasing in th | (denote the increasing
function by fi,c) we get that (,:“ finc({,:r_ D =<
finc((k-tz) = thl-
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1) To prove the first claim, first rewrite {,:r as

Citet + CeHe™ ()

a=q-

R @ - @hH2F —0.125¢c — b
N CE N + 125
T~ CHEf —0125cc —b

where C, C‘, and b are as in Definition 5.2. Using the
above bounds including (,:r_ | < .6 we get that

& <t 10.6) +c¢(0.16)
k—1
= ¢ 0.6 +"(0.6)(0.16)c¢
i=0

< ¢ (0.6 +°(0.6)(0.16)c¢
i=0
< 0.6" +0.4cr

2) To see that the denominator is positive, observe that
the denominator is decreasing in all of its arguments:
[:*, 4“;"* f> ¢, and b. Using the same upper bounds as
before, we get that the denominator is greater than or
equal to 0.78 > 0. [ ]

C. Proof of Lemma 6.2

The proof of Lemma 6.2 follows from two lemmas. The
first, Lemma 6.4, is the final conclusion for the projected
CS step for t € Zj. Its proof follows using Lemmas 6.1,
3.7, 2.10, the CS error bound (Theorem 2.5) and some
straightforward steps. The second, Lemma 6.5, is the final
conclusion for one projection PCA step, i.e. for 1 € Zj.
Its proof is much longer. It first uses a lemma based on
the sinf and Weyl theorems (Theorems 2.7 and 2.8) to
get a bound on (. This is Lemma 6.9. Next we bound
Ks(Dpew) in Lemma 6.10. Finally in Lemma 6.11, we use
the expression for e; from Lemma 6.4, the matrix Hoeffding
inequalities (Corollaries 2.14 and 2.15) and the bound from
Lemma 6.10 to bound each of the terms in the bound on (%
to finally show that, conditioned on F;’kfl, G < Ck+ w.h.p..
We state the two lemmas first and then proceed to prove them
in order.

Lemma 6.4 (Projected CS Lemma): Assume that all condi-
tions of Theorem 4.2 hold.

1) Forall't € Ty, for any k = 1,2, ...
Tjk—1,

K, if Xjr1 €

a) the projection noise f; satisfies |filla <
thlx/zynew,k + C:\/’TV* = «/50-72k71)’new +
1.06/7 < &.

b) the CS error satisfies ||3’,,cs — St < 7&.

c) YA} =T

d) e satisfies (10) and llecll2 <

PG Vernews + GHVrysl < 018 -
0.725 1\ /cynew + 1.17 - 1.064/C. Recall that (10)
is

I, (@)1, B = I[P, (1)1, 1 7, @ Ly
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2) For all &k = 1,2,...K, P, =
T; and e; satisfies (10) for all t € L ;| X x—1) =1 for
all Xjr—1€Tji1.

Lemma 6.5 (Projection PCA Lemma): Assume that all the

conditions of Theorem 4.2 hold. Then, for allk =1,2,...K

P < Ck |rek D= pia, o)

where Ck+ is defined in Definition 5.2 and py(a, () is defined
in (13).

Proof of Lemma 6.2: Observe that P(I'jx|I'jx—1) =
P(lv"j’k|1"j,k,1). The lemma then follows by combining
Lemma 6.5 and item 2 of Lemma 64 and
Lemma 2.11. |

D. Proof of Lemma 6.4

We begin by first bounding the RIC of the CS matrix ®y.
Lemma 6.6 (Bounding the RIC of ®y): Recall that ¢ =
(I — PyP!)Py|. The following hold.

1) Suppose that a basis matrix P can be split as P =

[P1, P2] where Py and P> are also basis matrices. Then
K (P) = maxrr|<g 17 P13 < k3 (P1) + 5] (P2).

2) 13 (P) < i, + 20

3) KS(PneW,k) = Ks,new + ks,k(k + Cx

4) 65(®o) = k}(Py) < k2, + 20

5) 0s(Dy) = ’Csz([ﬁ* ﬁnew,k]) = ng(ﬁ*) + ng(ﬁnew,k) =<
ng,* + 2{* + (’Cs,new + ks,k(k + C*)z fork > 1

Proof:

1) Since P is a basis matrix, x2(P) = maxr|<s || I7' P||3.
Also, |lIr'Pll; = |lr'[P1, PP Pal Tl =
I Ir'(P1P{ + PP)Irl2 < |If'PiPIrll2 +
7' P> P;Ir||2. Thus, the inequality follows.

2) For any set T with Tl =< s, ||1T/13*||% =
||IT/P*P Irlla = |7/ (PP, — P.P. + PP, )1T||2 <
|IT (P*P P*P*/)IT||2+||IT/P*P*/IT||2 <2C*+K
The last inequality follows using Lemma 2.10 w1th
P =P, and P= P

3) By Lemma 2.10 with P = P, P = ﬁ*
and Q = Prew, |[Poew’Psll2 = G By Lemma
2.10 with P = Ppw and P = PneW e I —

PnewP ew)Pnew Kl = ”(I - Pnew kPneWk)Pnew”Z
For any set T with |T| < s, |[I7'Prewilz <
”IT/(I - PneWPI;eW)PIleW,k”Z + ||1T/PneaneWPnew,k”2 =
’%\s,k”(l,\_ Pneanew/)PneW,k||2 + ||IT/PneW||2 = ’Zs,k”(l -
Pnew,kPI;eW,k)Pnew”Z + ||IT/ newll2 < k‘s,k”Dnew,kHZ +
’zs,k”ﬁ*ﬁ;Pnewh + ||IT/PneW||2 = ks,k(k + ks,k(* +
Ks.new < Ks k(k + Cx + Ksnew. Taking max over |T| <'s
the claim follows.

4) This follows using Lemma 3.7 and the second claim of

this lemma.
5) This follows using Lemma 3.7 and the first three claims
of this lemma. ]

Corollary 6.7: If the conditions of Theorem 4.2 are satis-
fied, and Xjx—1 € T'jy_1, then

1) 65(Po) < d25(Po) < 15, , ‘4 24“* < 0.1 <0.1479

2) 5((Dk 1) =< 52s((12)k 1) = Kzs* +2C* + (K25n6W+
R 1Cioy +4H? < 0.1479
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3) -1 < ey < ¢
Proof: This follows using Lemma 6.6, the definition of
I'j k—1, and the bound on thl from Lemma 6.1. |
The following are straightforward bounds that will be useful
for the proof of Lemma 6.4 and later.
Fact 6.8: Under the assumptions of Theorem 4.2:

D CV*EWEJE

+ 10~ 4
2) Cji* 52 GorTo = =107
P 605 = Tz =
+
4) Cialx = m <VC

1.5x10~* —4
5) C] *f — r0+E<J e = L5x 10

6) (k | <0651 +0.4¢7 (from Lemma6 1)

7 Ck_lynew,k < (0.6 - 1. 2) ynew + 0dclye =<
k—1 _ 04z k-1
012 ) Vnew + Jro+(J—1e 520k712 Inew + 0.44/C
8) Ck—lynew,k = (O 6 1.2 ) ynew + 0406)’* =

0.864~1 <0.864k1y2 +0.4

View + Gori D7 =
Proof of Lemma 6.4: Recall that X jx—1 € I'jx_1 implies
that {j« < C,-J,r* and G < &y
1) a) For t € Ij,k, ﬂ[ = (1 - P(t I)P(I 1))L1 =
Dy g—10at,% + Dnew,k—10: new- Thus, using Fact 6.8
”,Bt”Z =< Cj,*«/;y* + Ckflﬁynew,k
< VIV 072 ey + 4VOVE
= /€0.72  ynew + VE(Vr +0.440) < &.
b) By Corollary 6.7, drs(Pr_1) < 0.15 < /2 — 1.
Given |T;| < s, |Bill2 < o = ¢, by Theorem 2.5,
the CS error satisfies

4./1 + 025 (Dr—1)

[1St.cs — Stll2 < . 1)52s(®k71)§0 < 7.
c) Using the above, [[Siecs — Sille =< 7o
Since minjer, [(Sy)il > Smin and (S)7e = 0,
minieT, |(Slt,cs)i| > Smin — 70 and

minjeze [(Stes)il < 70 If @ < Smin — 70,
then f", D T;. On the other hand, if o > 7&, then
T, C T,. Since Smin > 14& (condition 3 of the
theorem) and w satisfies 7&) < o < Smin — 7%
(condition 1 of the theorem), then the support of
S; is exactly recovered, i.e. f, =T;.

d) GAiven f", = T;, the LS estimate of S; satisfies
o1, = [ @x-)71, 1"y = (Pp-1)7,1"(Pg—1S +
®y_1L;) and (St)th = 0 for t € Ij;. Also,
((Dkfl)rt/q)kfl = IT,/(Dkfl (this follows since
(Dr-1)1, = Qi—117, and O} _ D = Dy_1).
Using this, the LS error ¢; := S} — §; satisfies
(10). Thus, using Fact 6.8 and condition 2 of the

theorem,
llella < ¢+(CJJ;\/;V* + Ks,kflck_k_l\/gynew,k)
<12 (J?JZ + /20.15(0.72)F!
+ JE0.06\/E)

= 0.18/c0.72" 1y pew +
1.2/ (Jr +0.064/¢).
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2) The second claim is just a restatement of the first. H

E. Proof of Lemma 6.5

The proof of Lemma 6.5 will use the next three lemmas
Lemma 6.9: If Amin(Ar) — [|Ak, 1 ll2 — [Hkll2 > 0O, then

IRl

Amin(Ak) — 1Ak, 112 — IIHk |2
1Mkl

T Amin(Ax) = 1Ak, Lll2 — IHkll2

Gk =

where Ry = HiEnew and Ay, A1, Hi are defined in
Definition 5.7.
Proof:  Since Amin(Ax) — Ak, oll2 — IHel2 > 0,

$O Amin(Ak) > [lAgk,1ll2. Since Ag is of size cpew X Cpew
and Amin(Ax) > Ax1l2, Acpews1(Ak) = [[Ag,Lll2. By
definition of EVD, and since Ay 1S a Cpew X Cnew Mmatrix,
Amax(Ak, 1) = Acpen+1(Ax + Hi). By Weyl’s theorem (The-
orem 2.8), Acew+1(Ax + Hi) < Aepew+1(AR) + IHill2 =
| Ak, 1 ll2+ Hkll2. Therefore, Amax (A, 1) < Ak, L ll2+ IHkll2
and hence Amin(Ax) — /lmax(Ak,J_) > Amin(Ag) — ||Ak,J_||2 -
Hkll2 > 0. Apply the sinf theorem (Theorem 2.7) with
Amin(Ag) — imax(Ak,L) > 0, we get

o IRell
I = Poew k Poew 1) Enewll2 <
II( new,k Prew i) Enewll2 = Amin(Ak) — Amax (Ak, 1)
IHk ll2

T Amin(Ax) = 1A, L ll2 — Hkll2

Since Ck = || (I — ﬁnew,k ﬁr:ew,k)DneWHZ = ”(1 -

ﬁnew,kﬁéew,k)Eneanewh < Id - ﬁnew,kﬁéew,k)Enew”L the
result follows. The last inequality follows because || Ryewll2 =
||EI/1eWDneW||2 <L n

Lemma 6.10: Assume that the assumptions of Theorem 4.2

hold. Conditioned on F; —1s

s (Prew) + C:r
vi-gf
K35 new + 0.0015
= /100015
Proof: Recall that Dpew = Dpewo = (I — 131-_113]/.71)

QR _
Prew. Also Dyew = EnewRuew. By lemma 2.10 || Rpew !z <

ﬁ~ K5 (Dnew) = Ks(Enew) = max|ri<s ||I§~Dneanew_1||2
—Cx

ks (Pnew) +Cx
==

Ks (Dnew) =

~0.1516 < x".

= max|r|<s ||I}Dnew||2||Rnew_1||2 =< . The event

F;’kfl implies that ¢, < ¢F < 0.0015. Tﬁus, the lemma
follows. [ |

Lemma 6.11 (High Probability Bounds for Each of the
Terms in the (x Bound (6.9)): Assume the conditions of
Theorem 4.2 hold. Also assume that P(Fe-,k_l) > 0 for all

J
1<k<K+1. Then, forall 1 <k <K

P (/lmin(Ak) = ’erew,k (1 - (Cj_t—*)z - %) |F;,k71) >
1 — pai(a, ) where

207—)2
- 260
pesten0): = con (i)

—056‘2(2(}.7)2
+ cexp (78 S YC R )
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2) P (Tmax (A1) = Fy (2L + %) IT0)) >
1 — pp(a, ) where
—aczc(ﬂ‘)z)

pb<a,c>:=(n—c>exp( —5

3) P g”HkHZ < G 01250) 15, ) =1 -
pcla, &) where b is as defined in Definition 5.2 and

pe(a, $)

, ( —al*()? )
‘= nexp
8 -242(.0324y %, + .0072ypew + -0004)2
—ag?(")? )
32-242(.06y 2, + .00067new + .4)?
—0({2(17)262
32-242(.186y .2, + 00034 ypew + 2.3)2) '
Proof: The proof is quite long and hence is given in
Appendix C. The first two claims are obtained by simplifying
the terms and then appropriately applying the Hoeffding
corollaries. The third claim first uses Lemma 6.4 to argue
that conditioned on X x—1 € I'j x—1, ¢ satisfies (10). It then
simplifies the resulting expressions and eventually uses the
Hoeffding corollaries. The simplification also uses the bound
on kg (Dpew) from Lemma 6.10. [ |
Proof of Lemma 6.5: Lemma 6.5 now follows by combining
Lemmas 6.9 and 6.11 and defining

+nexp(

+nexp(

pk(a» C) =1- Pa,k(a» C) - pb(a’ g) - pC(a’ g) (13)

VII. ReProCS WITH CLUSTER PCA

The ReProCS approach studied so far is designed under the
assumption that the subspace in which L; lies can only grow
over time. In practice, usually, the dimension of this subspace
typically remains roughly constant. A simple way to model
this is to assume that at every change time, ¢;, some new
directions can get added and some directions from the existing
subspace can get deleted and to assume an upper bound on
the difference between the total number of added and deleted
directions. We specify this model next.

Signal Model 7.1: Assume that L; = Pyya; where Py =
Pj foralltj <t <tjy1, j=0,1,2---J, Pjisan n xr;j
basis matrix with rj < min(n, (tj41 —t;)). We let to = 0 and
tj+1 equal the sequence length. This can be infinity also.

1) At the change times, tj, P; changes as

Pj =[(Pj—1R; \ Pjoid) Pjnewl

Here, R; is a rotation matrix, Pjnew IS an n X Cj new
basis matrix with P;,neWPj_l = 0 and Pj o contains
Cjold columns of Pj_1Rj. Thus rj = rj_1 + Cjnew —
Cj,old- Also, 0 < tygin < t1. This model is illustrated in
Figure 3.

2) There exist constants cmax and cgiy such that 0 <

j .
Cjnew = Cmax and Zi=1 (Ci,new - Ci,old) = Cdiffor all j.

Thus, rj = rO“FZ,{:l (ci,new _ci,old) < Fmax ‘= 70+ Cdif,
i.e., the rank of P; is upper bounded by rmax.
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t, tj L1
| e | |

B
Py = Py = [P_aR)\ Py o, Pinewl

ty Lirain tll ty+a

—
Py =Py Py =Pr=[PoR:\P1o1d, Pinewl

Fig. 3. The subspace change model given in Signal Model 7.1. Here 1y = 0.

The ReProCS algorithm (Algorithm 2) still applies for the
above more general model. We can conclude the following for
1t.

Corollary 7.2: Consider Algorithm 2 for the model given
above. The result of Theorem 4.2 applies with the following
change: we also need k25([ Py, P1 news - - -» P7—1,new]) < 0.3.
Because Algorithm 2 never deletes directions, the rank of
ﬁ(,) keeps increasing with every subspace change time (even
though the rank of P is now bounded by ro + caif). As a
result, the performance guarantee above still requires a bound
on J that is imposed by the denseness assumption. In this
section, we address this limitation by re-estimating the current
subspace after the newly added directions have been accu-
rately estimated. This helps to “delete” span(Pyq) from the
subspaces estimate. For the resulting algorithm, as we will
see, we do not need a bound on the number of changes, J, as
long as the separation between the subspace change times is
allowed to grow logarithmically with J.

One simple way to re-estimate the current subspace would
be by standard PCA: at t = 7; + & — 1, compute P; <«
proj-PCA([i,; fj,l], [.I1, 7;) and let 13(,) <« f’j. Using the sin 8
theorem [31] and the matrix Hoeffding inequality [32], and
using the procedure used earlier to analyze projection PCA, it
can be shown that, as long as f, a bound on the maximum
condition number of Cov[L,], is small enough, doing this is
guaranteed to give an accurate estimate of span(P;). However
as explained in Remark 3.4, f cannot be small because our
problem definition allows large noise, L;, but assumes slow
subspace change. In other works that analyze standard PCA,
see [33] and references therein, the large condition number
does not cause a problem because they assume that the error
(e; in our case) in the observed data vector (i,) is uncorrelated
with the true data vector (L;). Under this assumption, one
only needs to increase the PCA data length a to deal with
larger condition numbers. However, in our case, because e; is
correlated with L, this strategy does not work. This issue is
explained in detail in Appendix B.

In this section, we introduce a generalization of the above
strategy called cluster-PCA that removes the requirement that
f be small, but instead only requires that the eigenvalues of
Cov(L;) be clustered for the times when the changed subspace
has stabilized. Under this assumption, cluster-PCA recovers
one cluster of entries of P; at a time by using an approach that
generalizes the projection PCA step developed earlier. We first
explain the clustering assumption in Sec VII-A below and then
give the cluster-PCA algorithm.

A. Clustering Assumption

For positive integers K and a, let 7; := 7; + Ka. We set
their values in, Theorem 7.7. Recall from the model on L;
and the slow subspace change assumption that new directions,
Pj new, get added at t = ¢; and initially, for the first & frames,
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the projection of L; along these directions is small (and thus
their variances are small), but can increase gradually. It is fair
to assume that within Ko frames, i.e. by t =7 j» the variances
along these new directions have stabilized and do not change
much for ¢t € [fj, tj+1 — 1]. It is also fair to assume that the
same is true for the variances along the existing directions,
Pj_1. In other words, we assume that the matrix A, is either
constant or does not change much during this period. Under
this assumption, we assume that we can cluster its eigenvalues
(diagonal entries) into a few clusters such that the distance
between consecutive clusters is large and the distance between
the smallest and largest element of each cluster is small.
We make this precise below.

Assumption 7.3: Assume the following.

1) Either A; = A;j for all telij,tjiz1—1] or A,
changes very little during this period so that for
each L2, rjy minggg o di(A) =
MaX; ez ri1-1] Ai1(Ag).

2) Let Gj1y,Gj,2, " Qj,(lgj) be a partition of the
index set {1,2,...r;} so that min;eg; min,e[;j,,jﬂ_l]
Ai(Ar) > MaXieg, o) MaXeff, 1) 4i(Ar), e the
first group/cluster contains the largest set of eigenvalues,
the second one the next smallest set and so on (see
Figure 4). Let

a) Gj,k = (Pj)g_/,(k) be the
cluster of eigenvectors, then
span([G.1, G2, -, Gju,]);

b) ¢j ik :=1Gj )| be the number of elements in G; (),
then Z;{’zl Cik=rj;

Cmin = MiN; MiNg=12,....9; Cjk

c) Ajx = miniegj’(k) minte[tf,,t_,-ﬂ—l]'li(/\t)’
Aixt o= max;eg; i, Max; (7, 1 4i(As) and
Ajgiati=0;

d) gjx:=Ajx"/Ajx (notice that gj > 1);

e) l;j’k = ij’k+1+/ij’k7 (notice that fljjk <1);

f) gmax := max; maxg=1.2,...0; &k
hmax = max; maxi=1,2,..9; hjk

2) Umax = max; v;

i =

corresponding
span(P;) =

tj+1-1

We assume that gmax is small enough (the distance
between the smallest and largest eigenvalues of a cluster
is small) and ﬁmax is small enough (distance between
consecutive clusters is large). We quantify this in
Theorem 7.7.

Remark 7.4: In order to address a reviewer’s concern, we
should clarify the following point. The above assumption still
allows the newly added eigenvalues to become large and
hence still allows the subspace of L; to change significantly
over time. The above requires the covariance matrix of L;
to be constant or nearly constant only for the time between
ij == tj + Ka and the next change time, tj1\ and not for
the first Ko frames. Slow subspace change assumes that the
projection of L; along the new directions is initially small
for the first o frames but then can increase gradually over the
next K —1 intervals of duration o. The variance along the new
directions can increase by as much as 1.2*X times the initial
variance. Thus by t = t; = tj + Ka, the variances along the
new directions can have already increased to large enough
values.
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Fig. 4. We illustrate the clustering assumption. Assume A; = Af,"

We can allow the variances to increase for even longer with
the following simple change: re-define t; as tj := tj41 — ¥ ja
in both the clustering assumption and the algorithm. With this
redefinition, we will be doing cluster-PCA at the very end of
the current subspace interval.

Lastly, note that the projection along the new directions
can further increase in the later subspace change periods
also.

B. The ReProCS With Cluster PCA Algorithm

ReProCS-cPCA is summarized in Algorithm 3. It uses the
following definition.

Definition 7.5: Let t; = t;+ K a. Define the following time
intervals

D Zijk:=[tj+k—1Da,tj+ka—1]fork=1,2,--- , K.

2) iy = ij+k—Da,ij+ka—1]fork=1,2,---,9;.

3) Ijﬂgﬁ_l = [f] +19j5!,tj+1 —1].

Steps 1, 2, 3a and 3b of ReProCS-cPCA are the same as
Algorithm 2. As shown earlier, within K proj-PCA updates
(K chosen as given in Theorem 7.7) |le/||2 and the subspace
error, SE(;), drop down to a constant times {. In particular, if
att =1t; —1,SEy) <r{, thenatt =1; :=1t; + Ka, we can
show that SE¢;) < (r + cmax)¢- Here r := rmax = ro + cdif-
To bring SE(;y down to r{ before 71, we proceed as follows.
The main idea is to recover one cluster of entries of P;
at a time. For each batch we use a new set of a frames.
The entire procedure is done at t = 7; + ¥ja — 1 (since
we cannot update ﬁ(,) until all clusters are recovered). We
proceed as follows. In the first iteration, we use standard
PCA to estimate the first cluster, span(G; ). In the k't
iteration, we apply proj-PCA on [I:;j+(k_1)&, cees I:;j+k&_1]
with P <« [éj,l, Gj,z, . Gj,k_l] to estimate span(G  x). By
modifying the approach used to prove Theorem 4.2, we can
show that since g; x and h j,k are small enough span(G jk) will
be accurately recovered, i.e. ||(I — Z 1 G, lG )G, k2 <

c] k. We do this +J; times and finally we set P <«
[G,],G,z qug]andP(,)<—P Thus, att—t]—H?]a

9
SE() < Zk=1 I — Zz 1G] zG] l)G] kll2 < Zk 16kl =
r;j¢ < r¢. Under the assumption that #;41 —¢; > Ko +9maxa,
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this means that before the next subspace change time, #;41,
SE(;) is below r¢.

We illustrate the ideas of subspace estimation by addition
proj-PCA and cluster-PCA in Fig. 5. The connection between
proj-PCA done in the addition step and for the cluster-PCA
(in deletion) step is given in Table I.

C. Performance Guarantees

Definition 7.6: We need the following definitions for stating
the main result.

1) We define age(¢) as

adel(() L= ’7(10g 6UmaxJ + 111logn)

8- 102
()

where by := (T« + ¢t VO)? and ¢ = 1.1732. We
choose ag, so that if , a > age, then the conclu-
sions of the theorem will hold wth probability at least
(1 —2n710),

2) Define

max (4.2? 4b7)—‘

‘finc(g;ﬁaxje9}€:_l)) = (r +C)

x(|:max(31cs o D¢+g, Ky e¢+h)

22
[+ (1 + 26— i

2 N
e el 120+ (4 e
1
r+c:|’
Jaee@ bl et p) i=1—h—02¢ —
_finc(gah;’cs,e, s,D)

+0.2

P22 — 22

Notice that fine() is an increasing function of g, h and
faec() is a decreasing function of g, h

Theorem 7.7: Consider Algorithm 3. Let ¢
1= rmax = 70 + cair. Pick a { that satisfies

‘= Cmax and

1074 1.5x 1074 1

r2 7 r2f o T3y

Assume that the initial subspace estimate is accurate enough,

ie. |[(I — PoPy)Poll < ro¢. If the following conditions hold:
1) All of the conditions of Theorem 4.2 hold with L;

satisfying Signal model 7.1,

2) a > agel((),
3) minj(tj+1 —tj) > Kgc +19maX5!A
4) algorithm estimates P;j_1 and Pjnew x satisfy

(fmin(

maXKS((I — P —1 Pj,new,KP ,new, K)P ) = K+
J

5) (clustered eigenvalues) —Assumption 7.3 holds with

8max, hmax, Cmin Saflsfymg Saee(8max, hmax» s+ea Ks+* +
_ Sine (@max, hmax KA oKy, *+rC)

re) e > 0.

then, with probability at least 1 — 2n

=10 at all times, t,
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Algorithm 3 Recursive Projected CS With Cluster-PCA (ReProCS-cPCA)

Parameters:
Input:

algorithm parameters: &, o, a, a, K, model parameters: ¢, c;, new vy and Cji
n x 1 vector, M;, and n x rg basis matrix Po Output: n x 1 vectors S, and L,, and n x r(; basis matrix P(,)

Initialization: Let P(,lmm) <« Py. Let j <1,k < 1. For 1 > tigin, do the following:

1) Estimate 7; and S; via Projected CS:

a) Nullify most of L;: compute @) < [ — ﬁ(, 1)I3(’t 1y Vi < DM,

b) Sparse Recovery: compute S, ¢s as the solution of miny ||x|1 s.z. ||y —
1(St,cs)i | > w}

¢) Support Estimate: compute T, = {i:

Opxll2 <¢

d) LS Estimate of S;: compute (gf)f, = (((D’)T,) Vi (S[)f-lc =0

2) Estimate L,. L, = M, —§,.
3) Update P):
a) If t #¢tj +gqa—1forany g =1,2,...
i) set Py < Py_1)

b) Addition: Estimate span(P] new) iteratively using proj-PCA:

i) Pj new,k < prOJ PCA( L,/+(k Das - - -
i) set P(,) <« [Pj 1 PJ new, k-

K andt #1t; + Ka +9Jja — 1,

Ift:tj—i—ka—l

s Li;+ka—11, Pj—1, Cjnew)

iii) If k = K, reset k < 1; else increment k < k + 1.
c) Deletion: Estimate span(P;) by cluster-PCA: If t =¢; + Ka 4+ 9;a — 1

i) set Gj,o <~ [.]
ii) Fori =1,2,---,7;,
o Gji < proj-PCA([L; 4 i-1a>---» Li;
End for
i) set P; < [Gj1,---
iv) increment j < j + 1.

yia—1L1Gj1,Gja, ...

,CA}j,gj] and set }3(,) <~ ﬁj.

Gji-1l,¢ji)

Py = Py = [P—a\Prota Pinewl for ¢; =t < ;4,4

Addition is done Deletion is done
Subspace First Second
change proj-PCA proj-PCA
time
t; ty+e t+2a GHK-1)a  § =t4Ka F+d  H+2W L+ (91 9w tyea
=] | | oo | | | e | | =
| \—Y—’\

Po=Ffy-n « Prey = [Py—1) Brnowxc—11
Peey = [Py-13 Prnowa

\ J
Y

Estimate Pj,.w by K times projection-PCA

Fig. 5. A diagram illustrating subspace estimation by ReProCS-cPCA.

) T, =T and |lefll2 = 1Ly — Lell2 = IS — Silla <

0.18/Cynew + 1.24/7.
2) the subspace error, SE(;y satisfies

SE(;)

0.6 +re +04c¢ ifteZjp, k=1,2,--- K
<1 +ox ifreljp, k=129,
re ifteZjp i

3) the error e; = §; — —L, satisfies the following

at various times
1.17[0.15 - 0.7251 /ey new+
0.15-0.4c¢ /cys + ¢yl
ifreZjy, k=1,2,--- K
L17(r + )y«
if teljy, ~/’c: 1,2,--,9;
1.17}”(\/;))* if tEIj,ﬁj_H

S[:Lt

llerll2 <

Y
Prey = [Py—1) Pnow,x 1 l Py =5

Estimate .FJ by cluster-PCA
[Gre G Grep 12> B

D. Special Case When f is Small

If in a problem, L; has small magnitude for all times ¢ or
if its subspace does not change, then f can be small. In this
case, the clustering assumption is not needed, or in fact it
trivially holds with ¥; =1, ¢; 1 = rj, gmax = &j,1 = f and
Rmax = hj1 = 0. Thus, 9max = 1. With this, the following
corollary holds.

Corollary 7.8: Assume that all conditions of Theorem
7.7 hold except the last one (clustering assumption). If
[ is small enough so that finc(f,0,5f,,6f, +ro) <
Sfaee(f, 0, Kj:e, Kj'* + r)rj¢, then, all conclusions of Theo-
rem 7.7 hold.

E. Discussion

Notice from Definition 4.1 that K = K(¢) is larger if
¢ is smaller. Also, both aagq(¢) and age(¢) are inversely



QIU ef al.: RECURSIVE ROBUST PCA OR RECURSIVE SPARSE RECOVERY 5025
TABLE I
COMPARING AND CONTRASTING THE ADDITION PROJ-PCA STEP AND PROJ-PCA USED IN THE DELETION STEP (CLUSTER-PCA)
k™ iteration of addition proj-PCA k™ iteration of cluster-PCA in the deletion step
done at t =t; + ka — 1 done at t =t; + Kao+9;0 — 1
goal: keep improving estimates of span(Pj new) goal: re-estimate span(P;) and thus “delete” span(P; o14)
compute Pj’new,k by proj-PCA on [L¢ : t € T k) compute (A}j’k by proj-PCA on [Lt : t € T k]
with P = P;_1 WithP:doel,k: [Gj,1,~~~ ,G]' k—1)
start with H(I — ijlpj{fl)Pj*IHQ < 7’{ and Cj,kfl < Clj—l < 0.6k71 =+ 0.48( start with H(I — Gj,del,k'G;' dctik)G.iadelkaQ < 7‘{ and Cj,K < Cg
need small g which is the need small gmax Which is the
maximum condition number of COV(P]f now Lt) maximum of the maximum condition number of COV(G} wLt)
no undetected subspace extra issue: ensure perturbation due to span(Gj undet,k) is small;
need small h; ;. to ensure the above
¢j.k is the subspace error in estimating span(P;j new) after the Eth step Cj.k is the subspace error in estimating span(G) 1) after the kM step
end with {; . < C: < 0.6% +0.4¢¢ w.h.p. end with {; x < &;x¢ w.hop.
stop when k = K with K chosen so that {; x < c( stop when k =9, and (jp < ¢ forall k=1,2,---,9;
after K" iteration: Py « [Pj—1 Pjnew, k] and SE) < (r+c¢)¢ after ﬁ;h iteration: P(yy < [Gj1,- - 7Gj,19]] and SE(;y < ¢

proportional to ¢. Thus, if we want to achieve a smaller lowest
error level, ¢, we need to compute both addition proj-PCA and
cluster-PCA’s over larger durations, o and a respectively, and
we will need more number of addition proj-PCA steps K. This
means that we also require a larger delay between subspace
change times, i.e. larger ;41 —¢;.

Let us first compare the above result with that for ReProCS
for the same subspace change model, i.e. the result from
Corollary 7.2. The most important difference is that ReProCS
requires 25 ([ Po, P1,new> - - - PJnew]) < 0.3 whereas ReProCS-
cPCA only requires max; x2,(P;) < 0.3. Moreover in case of
ReProCS, the denominator in the bound on ¢ also depends
on J whereas in case of ReProCS-cPCA, it only depends on
Tmax + Cmax. Because of this, in Theorem 7.7 for ReProCS-
cPCA, the only place where J appears is in the definitions
of aagq and age;. These govern the delay between subspace
change times, tj41 — t;. Thus, with ReProCS-cPCA, J can
keep increasing, as long as min;(¢;11 — ¢;) also increases
accordingly. Moreover, notice that the dependence of ayqq and
adel on J is only logarithmic and thus min; (¢;41—¢;) needs to
only increase in proportion to log J. The main extra assump-
tions that ReProCS-cPCA needs are the clustering assump-
tion; a longer delay between subspace change times; and a
denseness assumption similar to that on D; new,x. We verify
the clustering assumption in Sec IX-A. The ReProCS-cPCA
algorithm also needs to know the cluster sizes of the eigen-
values. These can, however, be estimated by computing the
eigenvalues of the estimated covariance matrix at t = 7; + a
and clustering them.

Comparison With the PCP Result From [6]: Our results
need many more assumptions compared with the PCP
result [6] which only assumes independent support change of
the sparse part and a denseness assumption on the low-rank
part. The most important limitation of our work is that both
our results need an assumption on the algorithm estimates, thus
neither can be called a correctness result. Moreover, both the
results assume that the algorithms know the model parameters
while the result for PCP does not. The key limiting aspect
here is the knowledge of the subspace change times. The
advantages of our results w.r.t. that for PCP are as follows.
(a) Both results are for online algorithms; and (b) both need
weaker denseness assumptions on the singular vectors of L,

as compared to PCP. PCP [6] requires denseness of both the
left and right singular vectors of £; and it requires a bound
on ||[UV'||s where U and V denote the left and right singular
vectors. Denseness of only the left singular vectors is needed
in our case (notice that U = [P;_1, P} new]). (c) Finally, the
most important advantage of the ReProCS-cPCA result is that
it does not need a bound on J (number of subspace change
times) as long as min;(f; | — ¢;) increases in proportion to
log J, and equivalently, does not need a bound on the rank of
L;. However PCP needs a tight bound on the rank of £;.

VIII. PROOF OF THEOREM 7.7

We first give some new definitions next. We then give the
key lemmas leading to the proof of the theorem and the proof
itself. Finally we prove these lemmas.

A. Some New Definitions

Unless redefined here, all previous definitions still apply.

Definition 8.1: Define the following:

1) r = rmax = ro+cdir (Note that this is a redefinition from
Definition 5.1)

2) (;,“* 1= r{ (Note that this is a redefinition from Defini-
tion 5.2)

3) define the sequence {E,;L}k:hz,...,ﬁj as follows

éj+ . finc(gk; ﬁk» K;:e» K;:* + rC)
= —
fdec(gka hk’ Ks-t_e, K;:* + rC)
where fine(\) and fgec(.) are defined in Definition 7.6.
Definition 8.2: Define
. k&6
D Wjr:=1- Zi:O Gj,iG/j',i’ R
2) Gjderk = [Gj1---,Gjr-1] and Gjger =
[Gj1---,Gjr-1]. Notice that ¥ = I —
G jdetk+1G'} oy p11-
3) Gjundetk == [Gjk+1--,Gj0;l
4) Djr = Yji1Gjr Djgerk = Yjr-1Gjderk and
Dj,undet,k = le,k*lGj,undet,k'
Definition 8.3:
R
1) Let Djy U E; «R; i denote its reduced QR decompo-
sition, i.e. let E i be a basis matrix for span(D; ) and
let Rj = E; Dk
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2) Let Eji 1 be a basis matrix for the orthogonal com-
plement of span(E; ) = span(Djx). To be precise,
Eji1 is a n x (n — Cjk) basis matrix that satisfies

/
Ejr1'Ejr=0. _ _ _ _
3) UsingN Ej’k and Ej,k,L define Aj,kr Aj,k,L Hj,k: Hj,k,L
and Bj as
~ 1
Ajp = 5 Z Ej,k/\Pj,k—lLtLt/\Pj,k—lEj,k
tEINj,k
1
Ajpr == 2 Ejpd Wiaa Ll k1 Ejg 1
tEINj,k
~ 1
Hjj = z Z Eji'¥jk-1
tEi_,‘,k
(ere/ — Lie)' — et L' )¥j k—1Ejk
~ 1
Hjy1:= Z Z Eji1'¥ji-1
tEINj,k
(etet/ - Ltet/ - etLt/)\Pj,k—lEj,k,J_
- 1 A A
Bji == Z Z Ejx, ' Vik—1LiLy¥Yjk—1Ejx
tEi_,‘,k
1
== Z Eji1'¥jr—1(Li —¢)
tEINj,k
(L — e )¥jk—1Ejk
4) Define
- A 0 Ei
A‘ L E’k E.’k’l [ } [ 0 }
Js [ J J ] O Aj kol Ej,k,L/

- H: k B E:
H',k =|Ejx Ej.1 Js [ J>
J [ J J ] Bj k H] k n Ej,k,J_/

5) From the above, it is easy to see that

T T/
D Wik Ll
reZj

6) Recall from Algorithm 3 that

~ - 1
A Hir=—
jok T Hjk z

~ - 1 A A
Ajx+Hjk = Z Z Wik—1LiL;Y) 51
tef_/,k
EYD Ak 0 G’»k
G G Js e
[ J.k ij_]|: 0 Aj,k,i:||:G/j,k,J_

is the EVD of ./ij,k + ﬂj,k- Here Ay is a Cjx X Cjx
diagonal matrix.
Definition 8.4: For k =1,2,---

Ein = H I—ZG], )G,k

This is the error in estimating span(G j i) after the k' I iteration
of the cluster-PCA step.
Remark 8.5:
1) Notice that {jo = [IDjnewll2, ik = I1Djnewkll2 and
Cik = Il = GkGYDjkll2 = 1V kG klla-

, U}, define
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2) Notice from the algorithm that (i) ﬁj,new,k is perpendic-
ular to 13]-,* = Aj_l; and (ii) Gj,k is perpendicular to
[G] 1, 612,- é]k 1l

3) Fort € Ij > P(,) = P; = [(Pj—1R; \ Pjold),
P(t) = [P] 1 Pjnewk] and

Pj,new],

A

SEq@ = (I - A,- 1P P-newkﬁfnewk)P-uz

= ”(1 - P —1 — L'j,new, kP ,new, k)
[Pj—l P],new]”Z
< {jxt Gk
for k =1,2...K. The last inequality uses the first item

of this remark.
4) ForteI]k, Py = Pj, P(z)—[ j—1 PjnewK] and

SE@) = SE@j+ka—1) = {jx + (K

5) For t € ZIj941. Py = Pj, span(Pj) =
span((Gj1,--+,Gjg ), Poy = P =
[Gj,la Ut Gj,ﬁ_,‘]’ and

19_/
SEw) = (jt1,x = ZCj,k
k=1
The last inequality uses the first item of this remark.

Definition 8.6: Recall the of @i

Definition 5.6. Define @) as

definition from

Djp1 teljy, k=1,2...K
Dy =1 Pjkx te%j,k, k=1,2...19j
@jy10 t€Ljy+1

Definition 8.7: Define the random variable

Xjk=Aar, a2, , a4+ Ka+ka—1}

Definition 8.8: Define the sets

lv"]k —{X]k §]k<c]k(,andT, T,forallteI]k}
k=1,2,...9;, j=1,2,3,...J

lV“,',z9_,-+1 ={Xjt1,0: T, =T, forallt e jj,i?_ﬁrl}a
i=1,2,3,...J

Define the sets
fj,O = Fj’[(
fj,k = fj,k—l ﬁf‘j,k, k= 1,2,...19]‘, j=12,3,...J

Definition 8.9: Define ks p := max; maxy ks (D 1)
Remark 8.10: Conditioned on F; k_1» it is easy to see that
Ks,p 1 = mMax In]le ks(Dj k)
J
max m]?x(xs (Gjx)+r0)
J
) + .t
maxxs(Pj) +r{ <K' pi=kK,+rf.
J ’ ’

IA

IA

In the above we have used ks(Gj i) < ks(P;) and the same
idea as in Lemma 6.10.
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B. Two Main Lemmas

In this and the following subsections we remove the
subscript j at most places. Also recall from earlier that
Py = Pj_y.

The theorem is a direct consequence of Lemmas 8.11 and
8.12 given below. Lemma 8.11 is a restatement of Lemmas 6.1
and 6.2 with using the new definition of ¢ and the new bound
on ¢ from Theorem 7.7. It summarizes the final conclusions
of the addition step for ReProCS-cPCA.

Lemma 8.11 (Final Lemma for Addition Step): Assume
that all the conditions in Theorem 7.7 holds. Also assume
that P(Fik_l) > 0. Then

D ¢ =1 ¢ <0.68+04c forall k=1,2,...K;

2) P, T, ) = pel@ &) = px(a.¢) for all k =

1,2,...K.
where Ck+ is defined in Definition 5.2 and py(a, () is defined
in equation (13).

The lemma below summarizes the final conclusions for the

cluster-PCA step.

Lemma 8.12 (Final Lemma for Deletion (Cluster-PCA) Step):

Assume that all the conditions in Theorem 7.7 hold. Also
assume that P(Fj-,k_l) > 0. Then,
) for all k = 1,2,...9;, P(CS, | T%,_) > p@0)
where p(a, () is defined in Lemma 8.19.
2) P(l";?H,0 | Fj‘,ﬁj) =1

Proof:  Notice that P(I¢, | T¢, ) = PG <
&¢ and T, = T, forall 1 e Zjx | f; «—1) and
P(l”j.Jrlj0 | F;’ﬁi) = P(T; = T, forall t € Zjy,+1). The

first claim of the lemma follows by combining Lemma 8.16

and the last claim of Lemma 6.4. The second claim follows

using the last claim of Lemma 6.4. ]
Remark 8.13: Under the assumptions of Theorem 7.7,

v 9, =
TioN (O T0N L0 S Tso

This follows easily using Remark 8.5 and the fact that ), ¢i =
rji =r.
Remark 8.14: Under the assumptions of Theorem 7.7, the
following hold.
1) Forany k=1,2...9; +1, T implies (i) ¢j x < c(,
(ii) | @k Pjll2 < (r +¢)¢.

o (i) follows from the first claim of Lemma 8.11 and
the definition of K, (ii) follows using ||®; g Pjll2 <
1D k [Py, Prewlllz < Gtk < GF4CE < (rto)c

2) T4, implies (i) (i < G for all j, (i) ¢jx < 0.6+
0.4c forall k =1,---,K and all j, (iii) {j x < ¢
for all j.

C. Proof of Theorem 7.7
Proof: From Remark 8.13,

v <

P(F;+150|F;’O) = P(Fe s F;j[{’ F;’] ) F;jﬂj Irj,o)

j,l’ ce
19_/

K ~
= [[P@4rs,_p [ PASL T )
k=1 k=1
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Also, since TI'ji10 C I'jo using Lemma 2.12,
J
P9, 1017 0) = [1j=1 PS4 IT5 o). Thus

J
P54 0IT70) = H
j=1

K 9 B
| [P, 0rs_p [P, IT )
k=1 k=1

Using Lemmas 8.11 and 8.12, and the fact that pi(a, ) >
px(a,0), we get BT, (IT1.0) = p (o XY i@, o)
Also, P(I'{ j) = 1. This follows by the assumption on Py and
Lemma 6.4. Thus, P(Fjﬂ,o) > pi(a, O pa, o)lmnt,

Using the definitions of a,4d(¢) and age1(¢) and a > aqdq
and G > ogel,

P(T5,,0) = pi (e, O pl@, o)’
> (1 —n""02>1-2171

\%

The event F$+1,0 implies that f} = T; for all t < tj41.
Using Remark 8.5 and the last claim of Remark 8.14, F? 41,0
implies that all the bounds on the subspace error hold. Using
these, Remark 5.12, |la; newll2 < «/Eynew,k and a2 < x/;)’*,
re +1.0 implies that all the bounds on ||e;||> hold (the bounds
are obtained in Lemma 6.4).

Thus, all conclusions of the the result hold w.p. at least

1—2n"10, n

D. A Lemma Needed for Getting High Probability
Bounds on the Subspace Error

The following lemma is needed for bounding the subspace
error, (y

Lemma 8.15: Assume that 5,(/ <cplfork =1, - k—1.
Then

D) 1Ddgetkll2 = II'Wk-1Gdekll2 < ¢
2) GaetkGdetk' — Gaetk G i ll2 < 2r¢.

3) 0 < V1—r22 < 0;(Dy) = 0i(Ry) < 1. Thus,

IDl2 = IRl < 1 and D' = IR 2 <
11— r22.
2.2
4) || Dundetk Ekll2 = |Gundetk Exll2 < \/—:_4%?
Proof: The proof is given in Appendix D. [ ]

E. Bounding the Subspace Error, 4:k
Lemma 8.16 (High Probability Bound on g:k): Assume that
the conditions of Theorem 7.7 hold. Then,
P(Ek <l |f;,k71) > p(a,{)

where p(.) is defined in Lemma 8.19.
Proof: This follows by combining Lemma 8.17 and the
last claim of Lemma 8.19, both of which are given below. B
Lemma 8.17 (Bounding g:kJr): If

Jdec(8maxs> Pimax, K;:ea Kstk +rd)
fine (&max> Amax, Kie, K;jr* +7r{) -
Emin{

then fuee(8k hk, k0 15t + 1) > 0 and §F < &g

0
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Proof Recall

Sine @hic i gt 4r0)
T %, . Notice that is an increasing func-
Jaee@liresie resAre)” Sine() i g

tion of g, A, and fuec()) is a decreasing function. Using the
definition of gmax,ﬁmax,émin given in Assumption 7.3, the
result follows. n

Lemma 8.18 (Bounding Ek): If imin(ﬁk) — imax(fik,l) —
Hkll2 > O, then

from Definition 8.1 that é:k =

G < IHx 12 (14)
B /lmin(Ak) - imax(Ak,J_) - ||Hk||2

Proof: The proof is the same as that of Lemma 6.9.

| |
Lemma 8.19 (High Probability Bounds for Each of the
Terms in the ¢ Bound and for (i ): Assume ~that the conditions
of Theorem 7.7 hold. Also, assume that P(F;’kfl) > 0. Then,
forall 1 <k <49,
D PCmin(Ar) = 2 (1 = r?¢? = 0.10)|T¢,
pi(a, ) with pi(a, {) glven m (28).
2) PQmax(Ax,1) < A (i +1r2C2 f +0. IC)IFek D> 1=
pz(a ¢) with pa(a, ) glven in (30).
3) P([Hkll2 < A% fine 8o hie, Ktk +10) Ir h—1)
1-— pg(a 0) w1th p3(a, () given in (35).

_1)> 1 —

v

4) P(lmm(Ak) - max(Ak L) - ||Hk||2 >
A faee(@is hics el ey 4+ 10) Ire ) = pa, ) =
1—1?1(05 ) —p2a,¢) — p3a, C)

5) If faec(8ks hk) > 0, then P(Ck =< Ck k 1) > p(a,{)

Proof: Recall that fi,c(.), faec(.) and (k are defined in
Definition 8.1. The proof of the first three claims is given
in Appendix X-B. This proof uses Lemmas 8.15 and 6.4,
Remark 8.10, and the Hoeffing corollaries. The fourth claim
follows directly from the first three using the union bound on
probabilities. The fifth claim follows from the fourth using
Lemma 8.18. u

IX. MODEL VERIFICATION AND
SIMULATION EXPERIMENTS

We first discuss model verification for real data in Sec IX-A.
We then describe simulation experiments in Sec IX-B.

A. Model Verification for Real Data

We experimented with two background image sequence
datasets. The first was a video of lake water motion.
The second was a video of window curtains moving
due to the wind. The curtain sequence is available at

http://home.engineering.iastate.edu/chenlu/ReProCS/Fig2.mp4.

For this sequence, the image size was n = 5120 and the num-
ber of images, fmax = 1755. The lake sequence is available at
http://home.engineering.iastate.edu/chenlu/ReProCS/ReProCS.
htm (sequence 3). For this sequence, n = 6480 and the
number of images, fmax = 1500. Any given background
image sequence will never be exactly low rank, but only
approximately so. Let the data matrix with its empirical
mean subtracted be Lr,y. Thus Ly, is a n X tmax matrix.
We first “low-rankified” this dataset by computing the EVD of
(1/tmax) L f”ll‘c/full; retaining the 90% eigenvectors’ set (i.e.
sorting eigenvalues in non-increasing order and retaining all
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eigenvectors until the sum of the corresponding eigenvalues
exceeded 90% of the sum of all eigenvalues); and projecting
the dataset into this subspace. To be precise, we computed
Pry as the matrix containing these eigenvectors and we
computed the low-rank matrix £ = Pyruy full’cf"‘” Thus
L is a n X tpax matrix with rank(£) < min(n, fpax). The
curtains dataset is of size 5120 x 1755, but 90% of the energy
is contained in only 34 directions, i.e. rank(£) = 34. The
lake dataset is of size 6480 x 1500 but 90% of the energy
is contained in only 14 directions, i.e. rank(£) = 14. This
indicates that both datasets are indeed approximately low
rank.

In practical data, the subspace does not just change as
simply as in the model given in Sec. III-A. There are also
rotations of the new and existing eigen-directions at each
time which have not been modeled there. Moreover, with just
one training sequence of a given type, it is not possible to
compute Cov(L,) at each time 7. Thus it is not possible to
compute the delay between subspace change times. The only
thing we can do is to assume that there may be a change
every d frames, and that during these d frames the data is
stationary and ergodic, and then estimate Cov(L;) for this
period using a time average. We proceeded as follows. We took
the first set of d frames, L. :=[L1, Ly ... Lg4], estimated its
covariance matrix as (1/d)L.qL] .¢ and computed Py as the
99.99% eigenvectors’ set. Also, we stored the lowest retained
eigenvalue and called it A~. It is assumed that all directions
with eigenvalues below A~ are due to noise. Next, we picked
the next set of d frames, Lgt1:24 := [Lg+1, La+2, ... Lagl;
projected them perpendicular to Py, i.e. computed £, =
(I—PoPy) L1245 and computed Py pey as the eigenvectors of
(1/d)Ly, pﬁ’l, » with eigenvalues equal to or above A7 . Then,

= [Py, Pj newl. For the third set of d frames, we repeated
the above procedure, but with Py replaced by P; and obtained
P>. A similar approach was repeated for each batch.

We used d = 150 for both the datasets. In each case, we
computed rp := rank(Pp), and cmax := max; rank(P; pew). For
each batch of d frames, we also computed a; new = PJ/ new Lt
a5 = Pj’._lLt and y, := max; ||as|lco. We got cmax = 3 and
ro = 8 for the lake sequence and cpmax = 5 and rg = 29 for the
curtain sequence. Thus the ratio cpax /1o is sufficiently small in
both cases. In Fig 6, we plot ||a; newlloo/s for one 150-frame
period of the curtain sequence and for three 150-frame change
periods of the lake sequence. If we take a = 40, we observe
that ynew := max; maxy; < <¢;+a |1as,newlloo = 0.125y, for the
curtain sequence and ypew = 0.067, for the lake sequence, i.e.
the projection along the new directions is small for the initial o
frames. Also, clearly, it increases slowly. In fact [|a; newlloo <
max(z)k’1 Ynew V«) for all t € T ; also holds with v = 1.5 for
the curtain sequence and v = 1.8 for the lake sequence.

Verifying the Clustering Assumption: We verified the clus-
tering assumption for the lake video as follows. We first “low-
rankified” it to 90% energy as explained above. Note that, with
one sequence, it is not possible to estimate A; (this would
require an ensemble of sequences) and thus it is not possible to
check if all A;’s in [fj, tj+1— 1] are similar enough. However,
by assuming that A; is the same for a long enough sequence,
one can estimate it using a time average and then verify if its
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Fig. 6.
Sec IX-A.

Verification of slow subspace change. The figure is discussed in

eigenvalues are sufficiently clustered. When this was done, we
gbserved that the clustering assumption holds with gmax = 7.2,
hmax = 0.34 and Vpax = 7.

B. Simulation Experiments

The simulated data is generated as follows. The measure-
ment matrix M; := [M, My, --- , M,] is of size 2048 x 4200.
It can be decomposed as a sparse matrix S; := [S1, S2, - -+, S¢]
plus a low rank matrix £; := [Ly, L, -+, L;].

The sparse matrix &; := [S1, $2,..., 5] is generated as
follows.

1) For 1 <t < tyrain = 200, S; = 0.

2) For tian < t < 5200, S; has s nonzero elements. The
initial support Tp = {1, 2, ...s}. Every A time instants
we increment the support indices by 1. For example,
for t € [tyain + 1, tyrain + A — 1], T; = Ty, for t €
[ttrain + A, firain +2A — 1. T, = {2,3,...5 + 1} and so
on. Thus, the support set changes in a highly correlated
fashion over time and this results in the matrix S; being
low rank. The larger the value of A, the smaller will be
the rank of S; (for ¢ > fyain + A).

3) The signs of the nonzero elements of S; are £1 with
equal probability and the magnitudes are uniformly
distributed between 2 and 3. Thus, Spin = 2.

The low rank matrix £, := [Ly, Ly, ..., L;] where L; :=

P a, is generated as follows:

1) There are a total of J = 2 subspace change times,
301 and r» = 2701. Let U be an 2048 x
(o + ¢1,new + €2.new) orthonormalized random Gaussian
matrix.

n =

a) For 1 <t <t —1, Py = Py has rank r¢ with
Po = Up,2,...r1-

b) Foryy <t <6 —1, Py = Pi = [Py Pl newl
has rank r; = ro 4+ Clnew With Pljpew =
(j["O‘F1 ----- ro+C1,newl

¢c) For 1 > n, Py =
has rank r, =

P = [Pl P2,new]

rt + €2 new with P2,new =
U[r0+cl,new+l:~--:r0+cl,new+02,new]’

2) a; is independent over ¢. The various (a;);’s are also
mutually independent for different i.
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a) For 1 <t < t, we let (@); be uniformly
distributed between —y;; and y;;, where

Vit
400 ifi=1,2,...,r9/4,Vt,
30 if i =ro/4+1,r9/44+2,...,10/2, Vt.
2 ifi =rg/24+1,r9/24+2,...,3r0/4,Vt.
1 if i =3rg/441,3r9/44+2,...,r0, VL.

b) For t{ < t < t, a;« is an ro length vector,
A new 1S a 1 new length vector and L; := Pyya; =
Pia; = Poay s« + Pinewts new- (ar,5)i is uniformly
distributed between —y;, and y;; and a; pew 1S
uniformly distributed between —y,, ; and 7, ;,

where
L1 ity 4+ (k—Da <t
<t +ka—1
Yrit = k=1,2.3.4

1141 =1.331 ifr > 1 + 4a.

c) Fort > 15, as « is an r; = ro+c1 new length vector,
At new 1S @ €2 new length vector and L, := Pya; =
Pya; = [Py Py newlar,«+ P2 news new- Also, (at,*)i
is uniformly distributed between —y;; and y;;
fori = 1,2,---,rp and is uniformly distributed
between —y,,; and y, , fori = ro+1,...r1.
as new 1s uniformly distributed between —y,, ; and

Yry,1» Where
LI ifn 4+ (k—Da <t
<t +ka-—1,
Vrat =
k=1,2,---,7

1171 =1.7716 ift > 1 + 7a.

Thus for the above model, y, = 400, ypew = 1, At = 53333,
A7 =0.3333 and f := j—f = 1.6 x 10°. Also, Spin = 2.

We used Ly, + N, as the training sequence to estimate
Py. Here NMyain = [N1, Nay - -+, Ny i1 is 1.4.d. random noise
with each (N;); uniformly distributed between —1073 and
1073, This is done to ensure that span(ﬁo) # span(Py) but
only approximates it.

Figure 7 shows the results of applying Algorithm 2
(ReProCS) to data generated according to the above model.
The model parameters used were s = 20, rp = 36 and
Clonew = C2new = 1, and each subfigure corresponds to
a different value of A. Because of the correlated support
change, the 2048 x ¢t sparse matrix S; = [S1, S2, -+, 5] is
rank deficient in either case, e.g. for Fig. 7(a), S; has rank
69, 119, 169, 1219 at t = 300, 400, 500, 2600; for Fig. 7(b), S;
has rank 29, 39,49, 259 at r = 300, 400, 500, 2600. We plot

the subspace error SE(;) and the normalized error for S,
115 =S: ll2

18112
. M1’ Dj newill2 .
plot the ratio d; := D aniln This serves as a proxy for
j.new,

s (Dj new,k) (wWhich has exponential computational complex-
ity). In fact, in our proofs, we only need this ratio to be small.

As can be seen from Figs. 7(a) and 7(b), the subspace error
SE(;) of ReProCS decreased exponentially and stabilized

averaged over 100 Monte Carlo simulations. We also
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after about 4 projection PCA update steps. The averaged
normalized error for S; followed a similar trend. In Fig. 7(b)
where A = 10, the subspace error SE(;) also decreased but
the decrease was a bit slower as compared to Fig. 7(a) where
A=2.

In Fig. 7(d) we set A = 100. In this case S; is very low
rank. The rank of S; at r = 300, 1000, 2600 is 20, 27, 43.
We can see here that the subspace error decays rather
slowly and does not return all the way to .01 within the
Ko frames. ,

Finally, if we set A = oo, the ratio W was
1 always. As a result, the subspace error aﬂﬁewhence the
reconstruction error of ReProCS did not decrease from its
initial value at the subspace change time.

We also did one experiment in which we generated T;
of size s = 100 uniformly at random from all possible
s-size subsets of {1,2,...n}. T; at different times ¢ was also
generated independently. In this case, the reconstruction error

o 1505200 18,—S; —4
of ReProCS is syp5 Sr200; L2 = 2.8472 x 107%. The

error for PCP was 3.5 x 10~3 which is also quite small.

The data for figure 8§ was generated the same as above
except that we use the more general subspace model that
allows for deletion of directions. Here, for 1 <t < 1 — 1,
Py = Py has rank ro with Py = Uj12,... 36). For t1 <
t < th—1 Py = Pi = [P\ Prod Pinew] has rank
rt = ro + Cinew — Clod = 34 with Pjpew = Upz7) and
Pio1d = Up,18,36). For t > 12, Pyy = P2 = [P1\ P2,01d P2, new]
has rank rp = r14¢2,new — €2,0ld = 32 with P pew = U|3g] and
Piolda = Ups,17,35)- Again, we average over 100 Monte Carlo
simulations.

Ascanbe seen from Figure 8, the normalized sparse recovery
error of ReProCS and ReProCS-cPCA decreased exponentially
and stabilized. Furthermore, ReProCS-cPCA outperforms
over ReProCS greatly when deletion steps are done.
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PCP with ReProCS and ReProCS-cPCA.

We also compared against PCP [6]. At every t = t; + 4ka,
we solved (1) with 4 = 1/{/max(n,t) as suggested in [6]
to recover S; and £;. We used the estimates of S; for the
last 40 frames as the final estimates of S’,. So, the S} for
t =tj+1,...t;+4a is obtained from PCP done at ¢ = ¢t;+4a,
the 3‘, fort =t;j +4a +1,...t; + 8a is obtained from PCP
done at t = t; + 8a and so on. Because of the correlated
support change, the error of PCP was larger in both cases.

X. CONCLUSIONS AND FUTURE WORK

In this work, we studied the recursive (online) robust
PCA problem, which can also be interpreted as a problem
of recursive sparse recovery in the presence of large but
structured noise (noise that is dense and lies in a “slowly
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changing” low dimensional subspace). We analyzed a novel
solution approach called Recursive Projected CS or ReProCS
that was introduced in our earlier work [1], [25], and [26].
The ReProCS algorithm that we analyze assumes knowledge
of the subspace change model on the L;’s. We showed
that, under mild assumptions and a denseness assumption
on the currently unestimated subspace, span(D; new,x) (this
assumption depends on algorithm estimates), w.h.p., ReProCS
can exactly recover the support set of S, at all times; the
reconstruction errors of both S; and L; are upper bounded
by a time-invariant and small value; and after every subspace
change time, w.h.p., the subspace recovery error decays to a
small enough value within a finite delay. The most important
open question that is being addressed in ongoing work is how
to make our result a correctness result, i.e. how to remove
the denseness assumption on Djpewr (see a forthcoming
paper). Two other issues being studied are (i) how to get
a result for the correlated L;’s case [48], and (ii) how to
analyze the ReProCS algorithm when subspace change times
are not known. Finally, an open question is how to to bound
the sparse recovery error even when the support set is not
exactly recovered. The undersampled measurements’ case is
also being studied [49].

APPENDIX A
PROOFS OF PRELIMINARY LEMMAS

Proof of Lemma 2.10: BAecz}use P, O and P are basis matrix,
PP=1,0'Q=1and PPP=1.

1) Using PP = I and |M|3 = |[MM]s,

I — PPYPPI, = U - PP

P|l2. Similarly, l|(1 — PP)PP'||, = (I — PP’)13|L2.

Let Dy =( — PP)PP andlet D, =( — PP)PP.

Notice that [Dill = \/Amw(D{D1) = \/ID{ D12

and D22 = \/Amax(D5D2) = /1Dy Dalla. So. in
order to show ||Di]|2 = ||D2]|2, it suffices to show that
ID|Dilla = |IDyDslla. Let P'P *Y USV’. Then,
DDy = P(I — P'PP'P)P' = PU(I — £*)U’'P' and
DyDy = P(I — P'PP'P)P' = PV(I — 2)V'P’ are
the compact SVD’s of D{D; and D)D, respectively.
Therefore, ||D/D1|| = |D)Dz|> = ||I — 32|, and
hence ||(I — PP YPP'||=||(I - PP )PP Jl2.

2) |PP' — PP'|, = |PP' — PP'PP' + PP'PP' —

PP < |(I-PP)PP lo+1(I—PP’ )PP'|l> = 2{s.
3) Since Q'P = 0, then ||Q/P||2 = |0’ - PP’ )P||2 <
I(I = PPl = ¢

4) Let M = (I — PP)Q). Then M'M oI —
BP0 and so 0y (1~ P P') ) = Ja' - BB o).
Clearly, max(Q - PP )Q) = 1. By Weyl’s Theorem,
mln(Q(I PP)Q) . 1_lmax(QPPQ) =1-
IQ'PII3 > 1 — ¢2. Therefore, /1—¢2 < a;((I —
PPHQ) < 1.

For the case when P and P are not the same size, the
proof of 1 is used, but X2 becomes X’ for D and X'% for
D5. Since X is of size r; x rp, T X’ will be of size r| x r
and X'T will be of size r; x rp. Because r; < rp, every
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singular value of DiDl will be a singualr value of DéDz
(using the SVD as in the proof of 1 above ). Using the char-
acterization of the matrix 2-norm as the largest singluar value,
|D{Dill2 < 1D4Dl. n

Proof of Lemma 2.11: 1t is easy to see that P(B¢,C¢) =
E[lz(X, V) (X)]. If E[Ig(X,Y)|X] = p for all X € C,
this means that E[Ig(X, Y)|X]l¢(X) > pl¢(X). This, in turn,
implies that

P(B%,C%) = E[Ig(X, Y)I¢(X)] = E[E[Ig(X, Y)|X]lc(X)]

> pE[c(X)].

Recall from Definition 2.4 that P(5¢|X) = E[Ig(X, Y)|X] and
P(C% = E[l¢(X)]. Thus, we conclude that if P(B¢|X) > p
for all X € C, then P(BB¢,C¢) > pP(C¢). Using the definition
of P(B¢|C?), the claim follows. [ |

Proof of Corollary 2.14:

1) Since, for any X € C, conditioned on X, the Z;’s are
independent, the same is also true for Z;, — g(X) for any
function of X. Let ¥; := Z;, — E(Z;|X). Thus, for any
X e C, conditioned on X, the Y;’s are independent. Also,
clearly E(Y;|X) = 0. Since forall X € C, P(b1I <X Z; <
brI|X) = 1 and since Amax(.) is a convex function, and
Amin(.) is a concave function, of a Hermitian matrix,
thus b11 < E(Z;|X) < byl w.p. one for all X € C.
Therefore, P(Yt2 < (by —b)?11X) =1 for all X € C.
Thus, for Theorem 2.13, o2 = || > (b2 — b2, =
a(by —by)?. For any X € C, applying Theorem 2.13 for
{Y:}’s conditioned on X, we get that, for any € > 0,

(=(2)-)

—ae?
> 1— nexp (

8(by — b1)?

By Weyl’s theorem, /Imax( > Y,
Amax(f% 52— BZIX) = A3, 2)
jvmin(g ZI —E(Z;|X)). Since j~mm( Z, E(ZIIX))
_/Imax(é Z; E(Z/1X)) > —ba, thus imax(é Z; Y1)
imax(é >, Z;) — by. Therefore,

1
P(imax (gZZt) = b4+€‘X)
2
> l—nexp(

—a€
8(b2 — b1)?

2) Let Y; = E(Z;|X) — Z;. As before, E(Y;|X) = 0 and
conditioned on any X € C, the Y,’s are independent
and P(Y? < (by — b1)?1|1X) = 1. As before, applying
Theorem 2.13, we get that for any € > 0,

P(Amax(é ZY,) < e}x) 2

—OE€
> l—nexp m

/Imax(l Z; Yt) =
Imin(L >, E(Z,|X)) +

) forall X e C

VoI +

)forallXeC

)forallXeC

By Weyl’s theorem,
imax(é ZI(E(ZAX) - ZI)) =
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max( Z, Zt) =
mm( tht) =

for any € > O,

(=(e5)on)

2
zl—nexp(

mm( ZtE(ZIIX)) -
by — imm( Zt Z;) Therefore,

—o€

m) forallXEC
2 — D1

Proof of Corollary 2.15: Define the dilation of an n; X np
0 M’ Notice that this is an
M 0 |

(n1 + n2) x (n1 + n2) Hermitian matrix [32]. As shown in
[32, eq. 2.12],

matrix M as dilation(M) :=

Amax (dilation(M)) = ||dilation(M)]l2 = ||[M||2 (15)
Thus, the corollary

P(|dilation(Z)[l> < b1]X)
P(—biI = dilation(Z;) =

assumptions imply that

1 for all X € C. Thus,

=< biI1X) = 1 for all X € C.

Using (15), the corollary assumptions also imply that

13, E(dilation(Z;)|X) = dilation(L >, E(Z|X)) < b>! for

all X € C. Finally, Z,’s conditionally independent given X,

for any X € C, implies that the same thing also holds for

dilation(Z;)’s. Thus, applying Corollary 2.14 for the sequence
{dilation(Z;)}, we get that,

1
P (imax (; > dilation(Z,)) <b)+ e‘x)
t

2

>1-—(nm +n2)exp(3;; ) forall X e C

1

Using (15), /Imax(é > dilation(Z;)) = Amax(dilation
(é > Zy) = ||é > Zt|l2 and this gives the final result. M

Proof of Lemma 3.7: Let A = I — PP’. By definition,
ds(A) = max{max\T\fs(imax(A/TAT) — 1), maxj7|<s(1 —
Jmin(ATA7)))}. Notice that A7 Ay = I — I PP'Ir. Since
I.PP'I is p.s.d., by Weyl’s theorem, Amax(A7AT) 1.
Since Amax(A7 A7) — 1 < 0 while 1 — Anin(A7AT) 0,
thus,

VA

0,(1 = PP') = max (1 — D (I — I/TPP/IT)) (16)

. 1P
By Definition, x;(P) = maxr|<s I HPH b _ = max|r|<s [ 1} P|l2.

Notice that |7} P||2 = dmax(IpPP'I7) = 1 — Amin(I —
I,PP'I) 3, and so

k2(P) = max (1= zmin(l = [;PP'ID)) (D)

IT|<s

From (16) and (17), we get 5;(I — PP’) = x2(P). [

3This follows because B = I PP'IT is a Hermitian matrix. Let B
USU’ be its EVD. Since UU’ = I, Amin(I — B) = Amin(U(I — £)U’)
Jmin(I — I)=1- Amax(Z) = 1 — Amax(B).
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APPENDIX B
THE NEED FOR PROJECTION PCA

A. Projection-PCA vs Standard PCA

The reason that we cannot use standard PCA for subspace
update in our work is because, in our case, the error ¢; =
L, L, in the observed data vector L, is correlated with the
true data vector L;; and the condition number of Cov[L,] is
large (see Remark 3.4). In other works that study finite sample
PCA, see [33] and references therein, the large condition
number does not cause a problem because they assume that
the error/noise (e;) is uncorrelated with the true data vector
(L;). Moreover, ¢; or L; or both are zero mean (which we
have too). Thus, the dominant term in the perturbation of
the estimated covariance matrix, (1/a) >, I:,I:; w.r.t. the true
one is (1/a) >, ese,. For a large enough, the other two terms
(1/a) >, Lse; and its transpose are close to zero w.h.p. due to
law or large numbers. Thus, the subspace error bound obtained
using the siné theorem and the matrix Hoeffding inequal-
ity, will depend, w.h.p., only on the ratio of the maximum
eigenvalue of Cov[e;] to the smallest eigenvalue of Cov[L;].
The probability with which this bound holds depends on f,
however the probability can be made large by increasing the
number of data points a. However, in our case, because e; and
L; are correlated, this strategy does not work. We explain this
below.

In this discussion, we remove the subscript j. Also, let
Py = Pj_y, P, = Aj_l, r« = rank(P,). Consider t =
tj+ko—1 when the k" projection PCA or PCA is done. Since
the error ¢, = L; — i, is correlated with L;, the dominant
terms in the perturbation matrix seen by PCA are (1/(¢t; +

ka)) Zt’+ka Lse; and its transpose, while for projection
PCA, they are (1/a)®g ZIEI k Lie,®g and its transpose. The
magnitude of L; can be large The magnitude of e, is smaller
than a constant times that of L;. The constant is less than one
but, at # = t; +a —1, it is not negligible. Thus, the norm of the
perturbation seen by PCA at this time may not be small. As
a result, the bound on the subspace error, SE(;), obtained by
applying the sin 8 theorem may be more than one (and hence
meaningless since by definition SE() < 1). For projection
PCA, because of ®p, the perturbation is much smaller and
hence so is the bound on SE.

Let SEx := SE(;+ka—1) = SE(;) denote the subspace error
for t € Zj ;. Consider k = 1 first. For PCA, we can show
that SE; < Cxjtgt + C'f¢t for constants C,C' that are
more than one but not too large. Here g% is the upper bound
on the condition number of Cov(a, new)) and it is valid to
assume that g* is small so that Cx}tgt < 1. However, f
is a bound on the maximum COIldlthIl number of Cov(a;) =
Cov(L;) and this can be large. When it is, the second term
may not be less than one. On the other hand, for projection
PCA, we have SE; < (& + ¢ < & + ¢ with ¢ = r¢,
and ¢F ~ Crtgt e +C f(5;H)? and ¢ = 1. Thus SE; <
Cijtgt + C'f(cH)? + ¢ The first term in this bound is
similar to that of PCA, but the second term is much smaller.
The third term is negligibly small. Thus, in this case, it is
easier to ensure that the bound is less than one.
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Moreover, our goal is to show that within a finite delay after
a subspace change time, the subspace error decays down from
one to a value proportional to (. For projection PCA, this
can be done because we can separately bound the subspace
error of the existing subspace, (%, and of the newly added
one, (x, and then bound the total subspace error, SE(;), by
(s + ¢k for t € Tj k. Assuming that, by t = t;, {, is small
enough, i.e. x < r with ¢ < 0.000IS/rzf, we can show
that within K iterations, (% also becomes small enough so
that SE(y < (r« 4+ ¢)¢. However, for PCA, it is not possible
to separate the subspace error in this fashion. For & > 1, all
we can claim is that SE; < Cv’x;rf SE;_1. Since f can be
large (larger than 1/x;"), this cannot be used to show that SEy
decreases with k.

B. Why Not Use All ko Frames att =tj +ka — 1

Another possible way to implement projection PCA is to
use the past ka estimates L, at the k™ projection PCA time,
t = tj + ka — 1. This may actually result in an improved
algorithm. We believe that it can also be analyzed using the
approaches developed in this paper. However, the analysis
will be more complicated. We briefly try to explain why. The
perturbation seen at t = t; + ka — 1, Hy, will now satisfy

~ (1/(ka)) Zk/ 1ZteI » Do(— Lte; etL/ + eze§)®0
1nstead of just being appr0x1mately equal to the last (k' = k)
term. Bounds on each of these terms will hold with a different
probability. Thus, proving a lemma similar to Lemma 6.11 will
be more complicated.

APPENDIX C
PROOF OF LEMMA 6.11

For convenience, we will use 1> to denote éZteIM’
The proof follows using the following key facts and the
Hoeffding corollaries.

Fact 10.1: Under the assumptions of Theorem 4.2 the
following are true.

1) The matrices Dyew, Rnew, Enew, Ds, Dnew k-1, Pk—1 are
Sfunctions of the rv. X x_1. Since X j x—1 is independent
of any a, for t € Ljy the same is true for the matrices
Dhew, Rnew, Enew, Dx, Dnew,k—ly .

All terms that we bound for the first two claims of
the lemma are of the form ZteI B Z; where Z; =
[ Xjk—0)Y: o(Xjx=1), Yr is a sub-matrix of a;a; and
f1() and f>(.) are functions of X x—1. Thus, condi-
tioned on X i_1, the Z;’s are mutually independent.
(Recall that we assume independence of the a;’s.

All the terms that we bound for the third claim contain
e;. Using Lemma 6.4, conditioned on X j 1, e; satisfies
(10) w.p. one whenever X1 € I'jx—1. Using (10), it
is easy to see that all these terms are also of the above
Sform whenever X1 € I'j 1.

Thus, conditioned on X j 1, the Z;’s for all the above
terms are mutually independent, whenever X1 €
Ljr-1.

2) It is easy to see that ||®x—1Pylln < &» 0 =

[Dnewlz <= 1, @oDnew = ®6Dnew = Drew
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||Rnew|| = 1: ||(Rnew)7l|| = 1/ 1 _C*, Enew,i/Dnew =
O’ and ”El’leW/CDOel‘ || = ||(R ew) new(DOef” =
I(Rnew) ™' Dpoerl < (Rhey) ™ Doy 17, e 5
£ e, . The bounds on || Roewl| and || (Rnew)™!
Sfollow using Lemma 2.10 and the fact that o;(Rpew) =
] (Dnew)~
3) Xjk—1 €l'ji_1 implies that
a) (j« < (& (By definition of Tji—1 (Definition
5.11))
b) (k-1 <y < 0.6 +0.4¢¢ (This follows by the
definition of I'j x—1 and Lemma 6.1.)
4) Item 3 implies that conditioned on X1 € I'j 1

a) Ks (Dnew) < k5 (follows by Lemma 6.10),
b) Zmin (RneaneW ) > 1—(c; )2 (follows from Lemma
2.10 and the fact that omin(Rpew) = amm(DneW) ),
) Mz @1 Pill2 < [@—1 Pill2 < Cjw < &y
d) ||IT, Dnewk 2 < KS(Dnewk I)Ck 1= ’C+Ck 1
5) By Weyl’s theorem (Theorem 2.8), for a sequence
of matrices B, Amin(>, B;) = >, Amin(B:) and
max(zt Bt) = Zt max(Bt)

Proof: Consider Ay = - z, new @oLs Ly’ @ Epey.
Notice that Epew’ ®oL; = Rnewa,,new—}— Enew' Dy 5. Let Z, =
Rnewat,newat,new/RneW/ andlet Y, = Rnewat,newat,*/D*/Enew/"‘
Enew/D*at,*at,new/Rnew/, then

1 1
Akigzzt-l-gzyt

Consider >, Z; = 3", Rnewdr newts,new' Riey
1) Using item 1 of Fact 10.1, the Z,’s are conditionally
independent given X 1.

(18)

2) Using item 1, Ostrowoski’s theorem (The-
orem 2.9), and item 4, for all X;; €
Tji-1, Amin (B2 3, Zi1Xj1-1)) =
Amin (Rnew Z, E(as newds new ") Rnew ) .
Amin (RneaneW ) Amin (a Zt E(at,newat,new/)) =

(1— (C]'J,r*)z)j‘rjew,k’

3) Finally, using items 2 and the bound on |a;|o
from the model, conditioned on X1, 0 < Z, =
cynzew’kl =< cmax ((1. 2)2ky2 y*) I holds w.p. one for
all Xjr1€lj1.

Thus, applying Corollary 2.14 with € = —ng, we get

-
P( mm( Zzt)>(1_(5j) )inewk 24 ‘Xj,kl)

—ac2(27)?
8242 -min(1.2%y4  y3)

>1—cexp ( (19)
forall X1 €ljx1.
Consider ¥; = Rnewat,newat,*/D*/Enew+Enew/D*at,*at,new/
Rnew/-
1) Using item 1, the Y,’s are conditionally independent
given X r_1.
2) Using item 1 and the fact that a;pnew and a; . are
mutually uncorrelated, E (1 3, ¥|X;x—1) = 0 for all
Xjk—1 €Tk
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3) Using the bound on ||a;|lc0, items 2, 4, and Fact 6.8,

conditioned on Xji—1, 1Yl < 2/eret vevnews <

2 /ergfy} <2 holds w.p. one for all X x—1 € Tjx—1.

Thus, under the same conditioning, —bI < Y; < bl with
b =2 w.p. one.

Thus, applying Corollary 2.14 with € =

24 , we get

A~
( mm( ZYI) CC ‘Xj,kl)
—ac** (A )2
zl—cexp (STW for all Xj,k_l € Fj,k_l (20)

Combining (18), (19) and (20) and using the union bound,
PUmin(A0) = 2oy, (1 — D) — S 1Xjum) = 1 —
pala, ) forall X1 €T'jr 1. The ﬁrst claim of the lemma
follows by using 4., , = 4~ and then applying Lemma 2.11
with X =X 1 and C =T ;1.

Now consider Ay | := éz, Enew, 1 ®oL; L, ®oEnew, | -
Using item 2, Epew,1 ' ®oL; = Enew, 1 Dxay . Thus, Ag 1 =
%Zt Z; with Z; = Enew,1'Dxay «ar 5’ Dy Enew, 1 Which is
of size (n — ¢) x (n — ¢). Using the same ideas as above
we can show that 0 < Z, < r(cH?y2I =< ¢I and

E(1>, Zi| X - 1) < (H22*T1. Thus by Corollary 2.14
with € = &2 5 and Lemma 2.11 the second claim follows.

Using the expression for Hy given in Definition 5.7, it is
easy to see that

IHell2 < max{[|Hgll2, | H, 1112} + [ Bkll2

1 /
=|—= E eer
@

, T max(IT 22, 1T4112) + 1| B2
21

where T2 = - z, new @o(Lre, + e, L )DyEnew and
T4 :=1 = 2 Enew, L '@ (Lie,’ + e’ L)@y Enew, 1 - The second
inequahty follows by using the facts that (i) Hy = T1 —
T2 where T1 := %Z, Enew' @oere;’ @ Enew, (i) Hi1 =
T3 — T4 where T3 := 1 z, new, L @oere; o Enew. 1, and
(iii) max(||T 1|2, ||T3||2) < || > ered[l2. Next, we obtain
high probability bounds on each of the terms on the RHS of
(21) using the Hoeffding corollaries.
Consider ||é > eer. Let Z, = ese’.
1) Using item 1, conditioned on X x—1, the various Z;’s in
the summation are independent, for all X; 1 € I'j x_1.
2) Using item 4, and the bound on ||a;||0, conditioned on
Xjk-1,0=xZ; byl wp.oneforall X;z 1€l 1.
Here by := (K+§k 1¢+\/_Vnewk + ot rys )2
3) Also using item 4, 0 < 1 z,E(zt|X,k 1) < bal, with
by = (PG DXV AE  + (2@ for all
Xjk—1€Tjk-1.

. . .
Thus, applying Corollary 2.14 with € = %,

P (H é z 6[6[/
t
—a02(2(27)2

=1 _nexP( 8- 2422

Consider T2. Let Zt = Enew/(Do(Lte/ + e,L,/)(D()EneW
which is of size ¢ x ¢. Then T2 = ézt Z;.

cCA™
<b —’X-_
) S0t | Rk 1)

) forall X1 €,
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1) Using item 1, conditioned on Xj; 1, the vari-
ous Z;’s used in the summation are mutually inde-
pendent, for all X;;1 € Tjx—1. Using item
2, Enew/'®oL, = Rnewas new + Enew/D*at,* and
Enew/(DOet = (Rnew/)_anew/eb

2) Thus, using items 2, 4, and the bound on |a;| o,
follows that conditioned on X1, [|Z/]2 < 253
2b3 wp one for all X;,_1 € T'js_1. Here, 53 :

«/—¢+( +Ck 1\/_Vnewk +«/—C* 7*)(«/—Vnewlc

1-(&H
2
«/—C* y«) and b3 = /—1 @) (¢+CK+ Ck 1ynewk
¢+\/_K Ck 15* Vnew,kVx + ¢+\/—K+C* Y Ynew, k
prrey ). i i
3) Also, [l 1 DUEZXjk—1)ll2 <2bs < 2b4 where by :=

+pt + /1+ + (-t 2/1+
T s m¢ ©
= m¢+ OBy newk +

Il IA =

_l’_
_l’_
_l’_

and by

WWr (&2t

. . e
Thus, applying Corollary 2.15 with € = %,

y)
(I|T2||2 < by + 4;—4 X 1)

—ac’?(A7)?
>1—cexpl —————5 ) forall X; 1€l ii_
= p(32-242-4b§ PSR

Consider T4. Let Z; := Enew, 1 ®o(Lie, +e,L; )P0 Enew, 1.
which is of size (n —c¢) x (n — ¢). Then T4 = ézt Z;.

1) Using item 1, conditioned on X1, the various Z,’s
used in the summation are mutually independent, for
all Xjx—1 € Tji—1. Using item 2, Epew,1'®oL; =
Enew,L/D*at,*'

2) Thus, conditioned on X1, [ Z:|l2 < 2bs w.p. one
for all Xjx—1 € Tjs_1. Here bs := ¢tr(cH)*y2 +
¢t ren oo vernewx This follows using items 4
and the bound on ||a;||co-

3) Also, L3, E(ZXjx-Dll2 < 2bs, bs =
$HEHAT.
Applying Corollary 2.15 with € = —424—_,

cCA
P (||T4||2 < 2be + a

C4 in’k‘)

2.2 A~ 2
L()) forall X1 €Tl'ji1

>1—(—c)ex
=1 )p(32.242.4b§
22)

Consider max(||T2]|2, ||T4]|l2). Since b3 > bs (follows

because thl < 1) and bs > bg, so 2bg + % “r o
o
2bs + 555

_ 2
and 1—(n—c)exp(%ﬁbg)) > 1 —
(n — c)exp (M) Therefore, for all X;;_1 €

8:242.4p2
Lji—1, P(I j,k—l) > 1 - (n -

—acz‘gz(/i’)z
©) eXp( 32242450 )
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By the union bound, for all X; ;1 € I'j x—1,

cCA
P ( max(IT2]. 1T4112) < 264 + =2

‘Xj,kl)

>1 —ac’(0)? o)
—nex _—
a P\32 242, 4b3
Consider | Bill2. Let Z; := Epew, 1 ®o(L; — e) (L, —
;") Enew which is of size (n —¢) x ¢. Then By = ézt Z;.

Using item 2, Enew,L/(DO(Lt — ) = Enew,L/(D*at,* -
Doe;), Enew (DO(LI —e) = Rnewat,new + Enew/D*at,* +
(R! Ip e,. Also, || Z;]l» < b7 w.p. one for all X1 €

neW) new
Tjk—1 and |13 E(Z|Xjx-1)l2 < bg for all Xy €

I'jr—1. Here
= (Vret T+ ¢ ys + O 6 Vernewr) -

1
+ ot
X («/Eynew,k + e, (1 + m’% ¢ ))’*

1
+ WKJZCIJ—1¢+\/E?U6WJ{)

and

1
R oy A —— )<¢+>) i
’ (K et - &) ! ¢

1
1+ o+ + 4t
+(C)(+¢> +m’%¢
1 + (412 At
+ ﬁ_(d);‘s@))

. e
Thus, applying Corollary 2.15 with € = %7—,

cCA™
Pl |B <b —‘X' _
(II kll2 < bg + a | Xik 1)

2-209—\2
—oac (A7)
> 1-— neXp(SZCZTb%) for all Xj’kfl € Fjjkfl

(24)

Using (21), (22), (23) and (24) and the union bound, for
any Xjr—1 € L'jr—1,

-

P (||Hk||2 < by + %}Xj,k_l) >1—nexp
—056‘2(2(17)2 _ac262(17)2
———— | nexp\ ———~
8 -242p% 32-242 . 4p?

—a02(2(27)2
—nexp\ ————=——
32-242p2
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where

bg : = by +2by + bg

2k )2t
= (% +rF oG+
K +2
() + (Jl)_(%)@k 1)2) o
+((¢+)2+L+1+¢+
1—(@h)?
K;r¢+ +(¢+)2 ) o
+ (P
NN
USlng inewk > A7 and f = At/A7, bo + Q{A__ <

new £ (0+0.125¢¢) where b is defined in Definition 5.2. Usmg
Fact 6.8 and substituting x;” = 0.15, T = 1.2, one can upper
bound by, b3 and b7 and show that the above probability is
lower bounded by 1— p.(a, ¢). Finally, applying Lemma 2.11,
the third claim of the lemma follows.

| ]
APPENDIX D
PROOF OF LEMMA 8.15

Proof of Lemma 8.15:

1) The first claim follows because ||Dgetillz =
||‘I’k lGdetk”2 = ||“Pk71[G1G12"‘Gk71]||2 <
Zkl | [ReS 1Gk1 ||2 < Zkf_l Wk, Giy 2 =
Zkl 1Ck1 Zkl 1 Ck¢ < r¢. The first inequality

follows by trlangle inequality. The second one follows
because G, - - (A;k,l ~are_mutually orthonormal and
so W = sz (I = G G-

2) By the first clalm, I = Gaetk Gl ) Gaterkllz =
I¥e—1Gdekll2 < r¢. By item 2) of Lemma 2.10 with
P = Getk and P = Ggevs the result || Gaer k Gaerk’ —
Gdet kGdet k 2 < 27‘( follows.

3) Recall that Dy or Ey Ry is a QR decomposition where
E} is orthonormal and Ry is upper triangular. Therefore,
0i(Dy) = o;(R). Since ||(I — Gdethdet k)Gdetk”Z =
Wi—1Gdetkllz < r¢ and G Gdetk =0, by item 4) of

Lemma 2.10 with P = Gdetk, Gdetk and Q =
Gy, we have /1 — r2§2 <o ((I — Gdet:kGdetk)Gk) =
o;i(Dy) < 1.
. OR
4) Since Dy = ExRy, so ||Dundet,k/Ek||21 =
| Dundetk’ Dk Ry "2 = |Gundetk V)| Pa—1Gi R, ' ll2 =

1 i

|Gundetk Pa-1Gk R, ' ll2 = ||Gundet,k’DkRk1||2 =

Gunder.k Exll2.  Since Ex = DyRy =
A" 1

(I — Gaetk G )G Ry

A A -1
||Gundet,k/Ek||2 = ”Gundet,k/(l - Gdet,kGélet’k)GkRk lI2
- ”Gundet,k/(l - Gdet,kGéet’k)Gk”2
B V1—r2?)
G undet k' Gdetk G e 1 Gill2

Niprre
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By item 3) of Lemma 2.10 with P = Gerx» P = Gaerk

and Q = Gundet,k’ we get ||G11ndet,k:édet,k”2 <r{. By
item 3) of Lemma 2.10 with P = Gger,x and Q = Gy,
we get ”Géet’kaHZ < r{. Therefore, ||Gundet,k/Ek||2 =

2.2
||Ek/Gundet,k||2 =< L . u

= 122

APPENDIX E
PROOF OF LEMMA 8.19

: 1 1 )
Proof: We use = >, to denote ~ ZIEIM.

For t € Ty, let arg == Gji'Li, araet = Gaerk'Li =
(Gji1,-- Gj,k—l]/Lt and @/ undet = Gundet,k/Lt =
[Gjk+1--- Gj,qyj]’L,. Then a; := P;L, can be split as a; =
[at/,det a;,k a;,undet]/’

This lemma follows using the following facts and the
Hoeffding corollaries, Corollary 2.14 and 2.15.

1) The matrices Dy, Ry, Ek, Ddet k> Dundet,k, Yk—1, P are
functions of the r.v. X j.k—1. All terms that we bound
for the first two claims of the lemma are of the form
1 ZteI B Z; where Z; = fi (Xj k— 1)Y,f2(X] k—1), Yz
is a sub-matrix of a;a; and fi(.) and f>(.) are functions
of X j,k—1. For instance, one of the terms while bounding
Amin (Ag) is %Z, Rias kar k' Ri. Xj,k—l is independent
of any a, fort € 7 j.k » and hence the same is true for the
matrices Dy, Rk, Ek, Ddet k> Dundet,k» Yr—1, Pk . Also,
a,’s for different t € 7 & are mutually independent.
Thus, conditioned on X j,k—1, the Z;’s defined above are
mutually independent.

2) All the terms that we bound for the third claim con-
tain ¢;. Using Lemma 6.4, conditioned on f(j,k,l, e;
satisfies (10) w.p. one whenever Xj,k—l € fj,k_l.
Conditioned on X ; j,k—1, all these terms are also of the
form 1 o2 Tin Z; with Z; as defined above, whenever

Xjk 1 € F]k 1. Thus, conditioned on X]k 1, the
Z;’s for these terms are mutually independent, whenever
Xjk-1€Tljk1.

3) By Remark 8.14 and the deﬁnltlon of l"j k=1, Xjk—1 €
;41 implies that ¢ < r¢, Gy < cp¢, forall K/ =
1,2, k—1,¢k <¢F < ¢, (iv) ¢k < ¢ (by Lemma
6.4); (V) |@k Pjll2 < (r + c)¢; and (vi) all conclusions
of Lemma 8.15 hold.

4) By the clustering assumption, 2, < Amin (E(arrar i) <
j«max(l—ﬂ(at,kat,k/)) = j«]:r; imaX(E(at,detat,det/)) =
AT = A" and j~max(E(at,undetat,undet/)) = i]:r_i_l- Also,
jvmax(E(ata;)) =< At

5) By Weyl’s theorem, for a sequence of matrices By,
Amin(zt B) = Zt Amin(B;) and /Imax(zt By) <
Zt imax(Bt)

Consider Ay = éZz E/Yi_1L;L,/¥r_1Er. Notice that
El'Yk-1L: = Riarx + Ei'(Ddetkar,det + Dundet,kds,undet)-
Let Z; = Ryasrar 'Ry and let Y; = Rias i (ar ded Daerk” +
at,undet/Dundet,k/)Ek+E]/¢(Ddet,kat,det+Dundet,kat,undet)at,k/Rk/-

Then
- 1 1
Ap > — Z,+ — Y, 25
k_dZt‘i‘dZt:t (25)
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Consider % > Z = é > Rearka k'R
(a) As explained above, the Z;’s are conditionally
independent given X jk=1- (b) Using  Ostrowoski’s
theorem and Lemma 8.15, for all X jk—1 € F],k 1,

imm(E((x Zt Zt|Xj,k—1)) = /Imm(Rk& Zt E(at,kat,k/)Rk/) =
Amin (R R Amin (£ 2, Blarkar ) = (1 — rP¢h)i;.
(c) Finally, using [|R¢ll2 < 1 and larkllz < Vérys
conditioned on Xj k=1, 0 <X Z; < ¢y 2] holds w.p. one for
all X]’k,1 S F],kfl

Thus, applying Corollary 2.14 with ¢ = 0.1¢47,
¢k <r, for all Xj,k—l S fj,k—l,

and using

(mm( Zzt)_ (=22 —0.1¢4™ ’X,k 1)

—ae? ) (—a-(o.1gz—)2)
l—rexp|\ ——F5 71—

>]—c¢
=T (8( 172)> 817,
26)

Consider Y; = Rkat,k(at,det/Ddet,k/ + at,undet/Dundet,k/)Ek +
E;L(Ddet,kat,det + Dundet,kat,undet)at,k/Rk/- (a) As before,
the Y;’s are conditionally independent given X jk—1-
(b) Since E[a,] = 0 and Cov[a,] = A, is diagonal,
E( Z,Y,|Xjk 1) = 0 whenever Xjk 1 El"jk 1. (¢) Con-

dltloned on Xjk L 1Yilla < 24/¢r y*rg(l + \/_g__) <

2r2¢0y2(1 + W) < r(l—}- W) < 2.1 holds w.p.
one for all Xj k—1 € l"j k—1. This follows because Xj k—1 €
[jx_1 implies that |[Daeckllz < ¢, | Ex'Dundeckllz =
| Ex'Gundetkll2 < : 25:2 =. Thus, under the same condition-
ing, —bI < Y; < bl with b = 2.1 w.p. one. Thus, applying
Corollary 2.14 with € = 0.1747, we get

1 e
P(/lmm(g Ztly,) > —0.1¢2 ’x,-,k_l)
—a(0.1¢47)2
> 1 — rexp (M

8(4.2)2
Combining (25), (26) and (27) and using the union bound,
P(/lmm(Ak) = /1 a—-r Cz) = 02047 |Xjk D =1~
pi(a, ) for all X]k 1 € F]k | where

) for all X;—1 € ['jx—27)

—5:(0.14“/1‘)2)

L —a - (0.1¢27)?
pi(a, ) :=rexp (—Srzyf )+r exp ( 8(4.2)2

(28)

The first claim of the lemma follows by using l > A"
applying Lemma 2. 11 with X = Xj k-1 and C =T ;1.

Consider Ak,i E Zt Ex,1"Wr—1L;L,/¥x_1 Ek 1. Notice
that Ep 1"Px1L; = Ei 1'(Ddet,k@r,det + Dundet, k@ undet)-
Thus, %Z, Z; with Z; = Ei 1" (Ddetkar,det +
Duyndet, ka; undet) (Ddet k@r,det+ Dundet,k ¢ undet)/Ek 1 whichis of
size (n — ¢x) X (n — ¢x). (a) As before, given Xj k—1, the Z,
are independent. (b) Conditioned on X ; jk=1, 0= 7Z; = ry*
w.p. one for all Xjk | € F]k 1. (©) E( ZIZAXjk ) =<
(G + 7202001 forall Xj -y € Tjper.

Ap1 =
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Thus applying Corollary 2.14 with € = 0.1¢1~
Ck > Cmin, WE get

P(imax (Ax,1) < ’Ik+1 + 220 101027 1Xj am1)
> 1— pa(a, ) for all Xj,kfl € f‘j,kfl

and using

(29)

where

= -2
@(0.1727) ) 30)

pa(a, ) = (n— émin)exp( 8r2yf

The second claim follows using /Ik_ >, fi=A1/4", ﬁk =
Ax+17/A;~ in the above expression and applying Lemma 2.11.

Consider the third claim. Using the expression for H; given
in Definition 8.3, it is easy to see that

IHyll> < max{[|Hll2, | He, 112} + Il Bxll2

1 /
<|= E et
@

, T max(IT22, 1T42) + 1Bx 2
€19

where T2 := %Zz E/Yi_1(Liey/ + e;L/)¥Pr_1E; and
T4 .= % > Ex " Wk—1(Lie,/ + et/L[)\Pk_lEk,J_.~The second
inequality follows by using the facts that (i) Hy = T1 —
T2 where T1 := Zt Ek Wy _1ere)/ Y1 Ex, (ii) HkL =
T3 — T4 where T3 = Zt EkL Wi—1ere;'Vi—1Ek, 1, and
(iii) max(| 71|12, ||T3||2) S %> eved -

Next, we obtain high probability bounds on each of the
terms on the RHS of (21) using the Hoeffding corollaries.

Consider ||% > eel|la. Let Z, = ese;’. (a) As explained in
the beginning of the proof, conditioned on X x1, the various
Z, s in the summation are independent whenever X; jk=1 €
F] k—1- Also, by Lemma 6.4, under this conditioning, 7} =T
forallz € I; i,k and hence e, satisfies (10) in this interval. Recall
also that in this interval, ®(,) = @ k. Thus, using || Qg P> <
(r+o),

ledlz < ¢VC

(b) Conditioned on X] r—1, 0 < Zt < b1l w.p. one for all
Xjk-1 € [jx_1. Here by := ¢+ . (¢) Using || @k Pjl2 <
o0 = LS EZIXu) = bal, by = ¢+
C)2[2¢+2i+ for all f(j,kfl € f‘jjkfl.

Thus, applying Corollary 2.14 with € = 0.1¢17,

1
P( 5 Zt:e,e,/

—a(0.1¢17)2 . -
>1— nexp(M) forall X1 €1

L Sh+ 0.1gz’5<,-,k_1)

8- b?
(32)
Consider T2. Let Z, := E/¥i_1(Lie,/ + e, L, )¥Pr_1Ey
which is of size ¢ x ¢,. Then T2 = éZtZ,.

(a) Conditioned on X j,k—1, the various Z;’s used in
the summation are mutually independent whenever
Xjk-1 € Tji_1. (b) Notice that EJ/W_ L, =
Rkaz k + Ei' (Dget,kar, det + Dundet,k@,undet) and Ek Wi—1e; =
(R, Der = (R )/D/IT, (Qk)7, (P71~ 17,/ @ Pjay.
Thus conditioned on Xj,k_l, 1Z:ll2 < 2b3 w.p. one
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for all }N(j’k,1 € f‘jjkfl. Here, b3 := \/%qﬁ’y*_
This follows using [[(R;YIl <  1//1—-r%2

ledlz < ¢TV/C and |E;¥i—1Lillz < ILill2 < Vrys.

(© Also, |13 E(ZIXjx-1)l2 < 2bs  where
2,2
by = K D;cs Fo o+ c)(¢+(/1Jr + oAt + —r gz z’llirl)'

Here «, = x, + r¢ defined in Remark 8.10 is the bound
on max; maxg Ks (D],k)

_ Thus, applying Corollary 2.15 with € = 0.1747, for all
Xjk—1 €Tk,

P(IT2ll2 < 2b4 +0.1027|Xj41)
—a(0.1¢27)2
32 4b3

Consider T4. Let Z; := Ex 1" Wi—1(Lie/ +e: Ly ) ¥Yr—1Ex, 1
which is of size (n — &) x (n — ). Then T4 = 1> 7.
(a) conditioned on Xj,k—l, the various Z;’s used in the
summation are mutually independent whenever X jk—1 €
[j k1. (b) Notice that Ex " ¥x—1L; = Ex, 1'(Ddetk@rdet +
Dundet, k@,undet). Thus, conditioned on f(jjk,l, |Z:ll2 < 2bs
w.p. one for all )N(jk 1 € fjk 1- Here bs = NS
(c) Also, for all Xj -1 € Tyt 122, E(Zi|Xjh-1Dl2 <
2bs, be = K, (r +c)§gb+(/1k+1 —i—r(ﬁ‘). Applying Corollary
2.15 with € = 0.1¢ 4™, for all X 4—1 € [j 41,

P(|T4]l2 < 2b6 +0.1c27|Xj 1)
By —6(0.1727)?
> 11— — o
= (n Ck) exp( 37. 4b§
By —a(0.1747)2
> 1 — (n — émin s 7).
- (n—¢ )eXp( 32 - 4b?

Consider max(~||T2||2, ||~T4||2). By union bound and using
b3 > bs, forall X1 €T'ji-1,

A

2 max (b4, bg) + 0.14“/17|)~(j,k—1)
—a(0.1¢27)?
1— _— 33
nexp( 24 (33)

Consider ||Bi|2. Let Z; := Ek1"Pr—1(Ly — e,)(L,’ —
e;")¥x_1 Ex which is of size (n—&) x &. Then By = Z, Z;.
(a) conditioned on X; j,k—1, the various Z;’s used in the sum-
mation are mutually independent whenever X ] i1 €T jk—1-
(b) Notice that Ep |"Vi—1(L; — e;) = Ei 1 (Dgetktr,det +
Dundet,k@1,undet — Pr—1€7) and Ey'¥Wi_1(L; — e;) = Rrar i +
Ei'(Ddet, k@1 det + Dundet, k@1 undet — Pi—1€). Thus, conditioned
on X]k 1, I1Z¢ll2 < b7 w.p. one for all Xij 1€k k-1
Here b7 := (Vry«+¢T VO © I3 2, E(Zi| X ji-1)ll2 < bs
for all X]k | € ij 1 where

P(max(72[2, [IT4ll2)

v

by :=(r + o) x T AL

r2(2
= A

2,42
2KS-|:6¢+ +(r+c)2§2’€s+e ¢+ ]/1+

+ [(r +o)crt et + (r+ ok,

+ [rzg“2 +2(r+o)r¢
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Thus, applying Corollary 2.15 with e =0.1¢17,

P(||Bllo < bs +0.1027|Xjk—1) = 1 —nexp

—a(0.1717)2

forall X;4_1 € Tix_y (34
32b% J.k—1 J.k 1( )

Using (31),~(32), (33) and (34) and the union bound, for
any Xjr-1 €1,

P([Hrllz < bo + 02027 |Xjk—1) = 1 — p3(@, )

where bg := by + 2bs + bg and

52 0) —Ge? n —Ge?
a,0):=nexpl —= nexpl ——
p3(@. ¢ 32 P\32 a2
~ 2
—ae€
+nexp| —— 35
p 32-b% (35)

with by = ¢77¢, by i= ITtyus b7 = (Vrye + ¢t VD)2
Using Ay > A7, f = AT/A7, g = Af/2; and hy =
i,:jrl /4y » and then applying Lemma 2.11, the third claim of
the lemma follows. u
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