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Kalman Filter Introduction '

e Recursive LS (RLS) was for static data: estimate the sigriadtter and
better as more and more data comes in, e.g. estimating the mean
Intensity of an object from a video sequence

e RLS with forgetting factor assumes slowly time varying

e Kalman filter: if the signal is time varying, and we know (stacally)
the dynamical model followed by the signal: e.g. tracking a/img
object

Lo ~/ N(O,Ho)
v, = Faxi1+uvei, vei~N(0,Q;)

The observation model is as before:

v, = Hz;i+v;, v ~N(0,R;)
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The signal and observation noises are assumed uncorr@atbdach
other and over time). They are also uncorrelated with thelrgtatex.

DenoteY; = {y1,y2, .- ¥i}-

Goal: get the best (minimum mean square error) estimate &lom
Y; = {y1,y2,...y; } Where Mean square error is given by
J(#;) = El(zi — 2:)°|Yi]

Minimizer is the conditional mea; = E|x;|Y;]

Note: This is also the MAP estimate, i-&, also maximize®(x;|Y;)

(p(x;]Y;) is Gaussian (will be shown) and for Gaussian pdfs,
mean=MAP).
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Kalman filter '

At =0,2¢ = E[$Q] =0, Py = 1l andzg ~ N(JA?(), Ho) (given).

For any:, assume that we know;, | = F|x;_1|Y;_1] and
P,y =Var(x;_1|Y;—1) andx; _1|Y;_1 ~ N(Z;_1, P;,_1). Then using (1),
x;|Y;_1 = Fyx;_1|Y;_1 + v; is also Gaussian with

Elx;|Yic1] = Fifio1 2 i
Var(z;|Yi—1) E,P,_ F' +Q; = Py

This is theprediction step

Filtering or correction step: Let Z; = z;|Y;_; & let Z, = y;|Y;_1. Then
Z1 Is Gaussian (shown above) aad is a linear function ofZ; (follows
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from (2)). ThusZ; andZ, are jointly Gaussian with

7y 2 a;lYier ~ N(&i-1,Piji—1) (follows from (3))
ZQ|Zl £ y@'|ZCZ‘, Y;'_l = yz‘xz ~ N(hZCBZ, Rz) (fO”OWS from (2)) (4)

Using Bayes rule, one can compute the conditional disiobudf

Z1|Zy = xz;|Y; (which will also be Gaussian).

Applying the formulas from Pg 155 (equation 1V.B.49) of Podotsok (An
Introduction to Signal Detection and Estimation), we have

T = ElxYi] = @yjio1 + Ki(yi — Hidgji1)
P 2 Var(z|V;) = (I—K;H;)Pyji-1,
where K, = P, H (R;+ H;Py;_H)™" (5)
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Summarizing the Kalman Filter I

Tiji—1 Fit; 1
FiP 1 F +Q,
Py 1H! (R, + HiPy, 1H)™*
Tiji—1 + Ki(yi — HiZy)-1)
(I — K;H;)P;4

ForF; =1,Q; =0, h; = H;, get the Recursive LS algorithm.
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Example Applications: Kalman Filter v/s Recursive LSI

e Kalman filter: Track a moving object (estimate its locatiom aelocity
at each time), assuming that velocity at current time iscigiat
previous time plus Gaussian noise). Use a sequence ofdacati

observations coming in sequentially.

e Recursive LS: Keep updating estimate of location of an dlfext is
static. Use a sequence of location observations comingoueseially.

e Recursive LS with forgetting factor: object not static buftd very very
slowly.
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Extended Kalman Filter '

e State space model is nonlinear Gaussian, i.e.

o ~~ N(O, H())

i fi(ziz1) + a5, vei ~N(0,Q;)

zi = hi(xs) +vi, v ~ N(0, Ry)
wheref;(z), h;(z) can both be nonlinear.

e Most commonly used form of Extended KF: At each tiime

1. Linearize (6) about;_; and use the Kalman filter prediction step (J)
with F; £ 95 (3;_1), to computet;;;_; — fi(Zi—1).

2. Linearize (7) about;;_; and use the Kalman filter update step (4)
with H; = 2% (3, ) andy; = z; — h;(&;;_1) to computet;
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Summarizing the Extended KFI

ofi .
aj; (Zi-1)

fi(Zi—1)
FiP 1 F 4+ Q;

Oh; , .
Oz ($i|7j—1)

PZ-|Z-_1HZ~T(R7; + HiP7;|z'—1H7;T)_1
(I — K;H;) Py
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Material adapted from I

e Chapters 2, 3 & 9 of Linear Estimation, by Kailath, Sayed, $tlais

e Chapters 4 & 5 of An Introduction to Signal Detection and Bsiiion,
by Vincent Poor
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