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ABSTRACT

In this work, we propose algorithms to recursively and chyisa-
construct a sequence of natural images from a reduced nuofiber
linear projection measurements taken in a domain that ofier-
ent” with respect to the image’s sparsity basis (typicaligvelet)
and demonstrate their application in real-time MR imagemstruc-
tion. For a static version of the above problem, Compressss-S
ing (CS) provides a provably exact and computationally iefficso-
lution.  But most existing solutions for the actual problere &i-  Fig. 1. Slow change in sparsity pattern of the wavelet coefficigis
ther offline and non-causal or cannot compute an exact recens  |evel Daubechies-4 wavelets). The size of the 99% energgastip
tion (for truly sparse signal sequences), except using ay mea-  set varied between 4400 - 4600 (less than 7% of all coeffis)dat
surements as those needed for CS. The key idea of our proposetk larynx sequence and between 1400 - 1500 (less than 9% of al
solution (modified-CS) is to design a modification of CS when acoefficients) for the cardiac sequence. As can be seen, tkienuma

part of the support set is known (available from reconstngcthe  size of the change is 20 for larynx and 22 for cardiac, i.es than
previous image). We demonstrate the exact reconstructiop-p 2% of the minimum sparsity size in both cases.

erty of modified-CS on full-size image sequences using meakef ) ) .
measurements than those required for CS. Greatly improsgidrp ~ S€ries problem are non-causal or batch solutions with vigty¢om-
mance over existing work is demonstrated for approximatphrse plexity. The alternative solution - separately doing CSaathetime
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signals or noisy measurements. (simple CS) - is causal and low complexity, but requires manye
measurements for accurate reconstruction. In recent wigrk12],
Index Terms— Modified compressive sensing we studied the causal reconstruction problem from noisysamea

1. INTRODUCTION ments and proposed a solution called Kalman filtered CS(F-C

and its non-Bayesian version,least squares CS(LS-CS)rédson
LS-CS(KF-CS), significantly outperformed simple CS wag tha

signal minus its LS(KF) estimate (computed using the previsup-
port estimate) contains much fewer significantly nonzesmelnts
than the signal itself. But its exact sparsity size (totamber of

nonzero coefficients) is equal to or larger than that of tlymali
and the number of measurements required for exact recatistru
is governed by the exact sparsity size, one thing we werebtetta

achieve was exact reconstruction using fewer (noiselesssuore-
Iments than those needed by simple CS.

The key idea of our proposed solution (modified-CS) is togtesi
a modification of CS when a part of the support set is knownhik t
work we assume that this is the estimated support of the wewet
efficients’ vector of the previous image. We introduced ttemidea
of modified-CS for noiseless measurements in [11] and prévail
p for truly sparse signal/image sequences, it can achievet exeon-
struction usingnuch fewer noiseless measurements than simple CS.
To our knowledgethere is no other existing work that demonstrates
or proves exact reconstruction for CSwith partly known support us-
ing much fewer measurements than those needed by CS. The works
of [13, 8, 6] use different methods to reconstruct a diffeeeim-
age (current image minus its prediction). Doing this willnwbetter
h than simple CS only if the exact sparsity size of the diffeesimage
is small compared to that of the current image and the spdragtis
of the difference image is known. This does not usually hold.
We begin by repeating the modified-CS algorithm for noiseles
This work is supported by NSF grants ECCS-0725849 and CCFMmeasurements and then we introduce its modification foyrmea-
0917015. surements in Sec. 3. Since we only had results on toy problems

In this work, we propose algorithms to recursively and chyisa-
construct a sequence of natural images from a reduced nuofiber
linear projection measurements taken in a domain that ofier-
ent” with respect to the image’s sparsity basis (typicaligvelet)
and demonstrate their application in real-time MR imagemstruc-
tion. Natural images, e.g., cross-sectional images of muongans,
e.g. heart or brain, are usually piecewise smooth and tipmda-
imately) sparse in the wavelet transform domain. This facink
the basis of JPEG2000. An approximate model for such images
to assume that the image’s wavelet transform is a sparseryéet
only a small number of its elements are nonzero, the restxarlg
zero. The set of indices of the (significantly) nonzero coifits
(the “sparsity pattern” or the “support set”) is not knowpréeri and
changes with time. In a time sequence of such signals, deerpd-
ral dependencies, it is empirically observed that4bersity pattern
changes very slowly with time, See Fig. 1. MRI measures the 2
discrete Fourier transform (DFT) of the image, which is kndwbe
incoherent w.r.t. the wavelet basis. MR scanning is sedglesnd
hence there is always a need to reduce the number of measuseme
required for high-fidelity reconstruction. The ability teconstruct
in real-time is critical to making “interventional MR” appétions,
such as MR-guided neurosurgery, practical [10].

Since the introduction of compressive sensing (CS) [3, &] t
static version of the above problem has been thoroughlyiedud
But,with the exception of [13, 8], most existing solutions the time




with image sizes less thahl x 64 because we were using standard combinatorial complexity. So we propose to replacedAh@orm in
linear programming software in which the interior solveede to  (3) by the/; norm as in Compressed Sensing [3, 7, 4] making the
be specified using matrices. The maximum input matrix sifienis  optimization problem convex and thus easy to solve. Thuseh e
ited by the maximum memory of the PC (or actually of MATLAB). timet > 1, we solve the following problem

Even for a 64x64 image, the code ran very slowly because it was B =argmin||(B)re |1, s.t.ye = AB (4)
using almost all the RAM of the PC. In this work, we demonstrat '
superior performance of modified-CS for full size MRI recons-
tion using“operator version”, see Fig. 3 and 4.The detaisgiven

in Sec. 4. The operator version also results in a signifidgorihm
speedup, primarily because of fast 2D implementations sdrdie
Fourier and wavelet transforms replacing the matrix versio Sec.

5, we compare our method against LS-CS. .

and then set; roacs = B The estimated support at7; is com-
puted as the indices of the elementsiefwhich are nonzero (in
practice larger than a very small threshold),. .

In [11], we showed that, for exact reconstruction, modif@&8-
needs at leasi’|+2|A| measurements, whefeis the known part of
the support (in this work, the support estimate from1) andA :=
N \ T is the unknown part. On the other hand, CS needs at least
1.1. Problem Definition 2|T| 4+ 2|A| which is much larger whetfil’| >> |A|. We showed
The problem definition is similar to [12]. For animage sequeetiet  that exact reconstruction is possible with modified-C&if 24| <
(Zt)m, xm, denote the image at timeand letm := m? be its di-  1/5, while the similar result for CS require| 34| < 1/3 [4].
mension. LetX; denote the 2D discrete wavelet transform (DWT) of Hereds is the S restricted isometry constant defined in [4].
Zy,i.e. Xy := WZ, W' wherelV is the DWT matrix. Le® 7, = In our implementation, at= 1, we use enough observations,
FZ,F = FW'X,WF be the 2D discrete Fourier transform (DFT) for exact reconstruction using CS. Rop 1, n is reduced to a much
of Z;. HereF is the DFT matrix. The above can be transformedsmaller number.
to a 1D problem by using Kronecker product, denoted®y Let

Yruile = vec(Yiuu,e) andz; := vec(X:). Herevec(X:) denotes 3. MODIFIED-CS-RESIDUAL FOR NOISY
the vectorization of the matriX, formed by stacking the columns of MEASUREMENTS
X into a single column vector. Theyy.u,: = FipWipxz: where  \We have recaped modified-CS for noiseless measuremente in th
Fip=F@FandW{, =W Q W' previous section as in [11], now we discuss a new algorithimto

In MRI, we capture a smaller number,< m, of Fourier coef-  prove its performance for noisy measurements in this sectio
ficients of the image. This can be modeled by applyingran m When measurements are noisy, we relax the equality comstrai

mask, M (which contains a single 1 at a different location in eachof (4) using a modification of the LS-CS idea, but without gsamy
row and all other entries are zero) g@...¢ to get the observation prior model parameters. In this case, we at each time solve

y:. The above can be rewritten as B = argmin v + 17 AB
yr = Ax¢, where A:= HO, Q) B 165 ) i Hl 5 res = ||2
andH := MFp and® := W;p. The measurement matrix &t Modcs = Ettemp + 3 (5)

, is “approximately orthonormal” for sub-matrices contaqS = wher CAs and(i ) — (3 _ )
(|T| + 2|A]) or less columns[11]. In certain situations, the MR CJtres = Y — ALt ,temp titemp)Te—1 = \Ft=1,NotsyModCS )Ty -1+

measurements are noisy. This can be modeled as (@, ’:"”f)chfl N 0_ in the noi , is the fol
= Azs + we, we ~ N(0,0%,1) ) n important issue in the noisy measurements’ case is the fo

lowing. While thresholdingi; voqcs to estimate the supporiy,
is fairly accurate, the actual estimatesiina,acs are not so ac-
curate. Since our cost function in (5) does not have any teah t
enalizes large values of the estimate al@hg:, the solver tries
o add as much energy alofig_; as possible (to keep th error
term small). Thus, the solutioft;, yvr0acs, IS biased away from zero
alongT:—1 (“too large”) while it biased towards zero aloAg ;
(“too small”), because of thél norm penalty. To remove this bias,
we first estimate the suppdft and then compute a least squares(LS)
estimate of(z+)r,, while sett#ng the estimate aloffgf to zero, i.e.
($t Nozay]\{odCS)Tt - ATt Yt ($t Nozay]\{odCS)TC =0 6

Notation: We use’ for transpose. The notatidie||; denotes
the/;, norm of the vector. At is to denote the sub-matrix contain-
ing the columns ofd with indices belonging t@". For a vector, the
notation(z)r forms a sub-vector that contains elements with indice
in T'. Let N; denote the current set of nonzero coefficients (signifi-
cantly nonzero coefficients in case of compressible se@s@mdz:.
For(z:) n,, Wwe assume that the sé;, of (significantly) nonzero co-
efficients ofx: change slowly over time. For example, wavelet co-
efficients of real image sequences are compressible. licdkis, we
use “support” to denote the smallest set containing enousylelst

coefficients so that their energy is equady of the total image en-  \yhere Ar,T = (A% Ar) 'Af, is the Moore-Penrose pseudo-
ergy. For al28 x 128 cardiac image, we observed thak| ~ 1500,  jnyerse ofAr,. Of course, some extra bias is also introduced due to
but|Ae| = [Ne \ Ne—a| < 40. false or missed additions iy, but this bias will be small if the addi-

2. MODIFIED-CS FOR NOISELESS MEASUREMENTS tion threshold for computing additions 19— is small. Computing
We repeat the idea of modified-CS for noiseless measurements a final LS estimate to reduce bias was first described in [5].
[11]. Consider the noiseless measurements’ case, i.en@lgssume A second important issue is the following. As discussed abov

that we have an exactly sparse signal sequence with slowlygithg  the elements af; /0005 alongT;—1 will be larger than they should
sparsity pattern (support). L&, = N, denote an estimate of the be. Thus, we perform the deletion of “near-zero” coefficieinom
support at. Attime, t, we have an estimate of the support froml, T; using the LS estimate:, noisyaoacs @and Not usinge+, vrodcs-
Ty—1. We would like to find a solution with the minimum number To introduce robustness (not delete a coefficient only bexés es-
of new additions tdl;_1, that satisfies the data constraint. In other timate at the current time is small), we also use estimates & few
words, we would like to minimize thé&) norm of the solution along  past time instants for deletion.
Ty, (where® denotes complement of a set), i.e. solve The complete algorithm is summarized in Algorithm 1.

f = argmin 1(B)re_, o, s:t.ye = AB 3) 4. IMPLEMENTATION FOR LARGE PROBLEMS

and thenz, = 3 will be our solutlon (exact if enough measurements In the implementation, the memory problem is the difficustis be-
are available). But as discussed earlier, minimizingdtheorm has  cause we have to store each measurement matrices whichoiscbey



Algorithm 1 Modified-CS-residual for Noisy Measurements

Initialization: Do CS forzo USiNg#o, Noisymodcs = argming v||B]|1 + ||Fz.res — AB|[3-

SetTy = {i : |To,NoisyModcs,i| > @ini}. FOrt >0, do,
1. Modified-CS-residual
(a) Set%t,ternp = CEtf1,Noisy]bIOdCS and QompUt@t,r'es = Yt

- Ait,temp-

(b) Do Modified-CS-residual. Computes = arg ming [v[[(8)re_, |1 + |[F1,res— AB[3].
(c) Compute additions to support. SetZ rroacs = &t temp + 3 and computdly = {i : |24 amodcs,i| > Qal}-
2. Least Square estimation using new support.Set(Z+, N oisyModcs )T, = Az Ty, (fct,Nm-SyModcs)TPc =0
5 ,

3. Deletion. Compute the sef, = {i:i €T}, ",
4. Output T} andi;, N oisyaodcs. INcrement and go to step 1.

T3 NoisyModcs,i < a} and update nonzero sgt «— T; \ Ty.

most computers’ memory. Hence, we have developed the camput

tional efficient algorithms to handle the large data sohthmgmem-
ory problem for the application of MR imaging. This is sinmita
Candes'l1 magic code[1] and we will post our codes on our web-

site. Operators are defined to perform fast 2D DFT and DWT and
then sample the measurements with regards to the samplisk. ma

Thus,what we need to store is only the sampling mask whichi-eli
nates the memory load. Primal-dual interior-point methdtth won-
jugate gradient search is used in noiseless case and grediment
method is used in noisy case. In both cases, operators ata@nise
stead of matrix operation.

The operators we used are based on four basic opera{ots

A’(y) andAr(3), A% (y). Thus, we implementi(3) in three steps.

1. Compute 2D inverse DWT g¢f to obtainz

2. Apply fast 2D DFT tar to obtainy f.u

3. Use sampling masR/ to extract the Fourier coefficients.
This givesysamp. Split the real part and imaginary part of
Ysamp 0 form anew real vectay = [Re(ysamp) Im(Ysamp)]-
Then this new vector is the output,3).

The operatorA+(3r) is implemented as(3) with 5 = Bz

andfBre = 0.

We implement4’(y) in a reverse fashion as follows.

1. Generate a zeros vectgf,;; of sizem. Splity into halves
yre and yim. Construct a new complex vector by doing
Ysamp = Yre + 1 - Yim.S€t NONZEro mask locations 9f..;
equal toysa,'nlp'

2. Apply inverse fast 2D DFT ogy.; to obtainz.

3. Do 2D DWT onz to obtain the final outputl’ (y).

To implementA’(y) is just to extract the coefficients in the set

-+ Error for CS
- Error for Modified—CS|
-o Error for LS-CS

o.3f
0.251 PN "

o2f T

o.asf |

Root Squared Error

o.1f/

0. 057’

10
Frame

Fig. 2. Noiseless measurements, Sparsified cardiac. Comparing
Modified-CS with CS and LS-CS. CS reconstruction obvioualisf

and LS-CS can not exactly reconstruct the sequence. Sugipert
|N¢| ~ 10% of m. n = 18% observations were used for> 1,
while using n = 50% observations at t=1 (use CS at t=1).

12 18 20

The larynx sequence, with sizZ56 x 256, and the brain se-
quence, with sizé4 x 64, are both compressible in wavelet do-
main. The number of large coefficients which consep9&; of
the total energyN;| ~ 600(about15%) for brain sequence and
|N¢| =~ 4600(about7%) for larynx sequenceFor all experiments,
at t=1, we perform simple CSand use n = 50% observations.

We compare the performance of CS and our modified-CS algo-
rithm for noiseless measurement as described in sec. 2.sgoated
error defined by(t) = ||z¢ — Z¢||2/||x¢||2 is used to compare the
reconstruction performance for noiseless measuremeotidlgs.

Fig. 2 is the comparison of reconstruction for CS, LS-CS and
our algorithm on sparsified image sequence and the compaofso
original sequence with reconstructed sequences using thesh-
ods. For thet > 1 frames, observations are reducedl&¥ for

T after applyingA’ toy. With these function handles, we are able to Foyrier measurement. Under such a small number of obsemati

implement all steps of primal-dual interior point methoBy.doing
these, we no longer depend on the matrices forms of all dparat
but we can solve the problem in a both memory and computdlyona
efficient method. Storage requirement is now aBlyn) to store the
sampling mask, or the reconstructed signals, instea@d(ofn) to
store the entired. Typically, n ~ 0.2m so this is quite large. Time
complexity reduces fron®(m?) (to implement 1D matrix version
of DFT) to O(y/mlogm) (to implement 2D version of FFT). The
reconstruction of &4 x 64 image may take 6 minutes for 1D matrix
version while 2D operator version only cogtsinute.

5. EXPERIMENTAL RESULTS

In this section, we implement our algorithms on three resh de-
guences: a cardiac dynamic sequence, a larynx sequenceeaid a
sequence. The sparsified cardiac sequence(created Ingsettall
wavelet coefficients to zero and computed inverse DWT) isthtr
sparse and its support with the coefficients changes sloltig. ac-
tual(not sparsified) cardiac sequence and larynx sequarcaca
sparse but compressible and both have slowly changing wwend
large nonzero coefficients and corresponding sets.

CS algorithm definitely fails, but from Fig. 2 we can see ogoal
rithm still can reconstruct the sequence exactly. To exaetton-
struct the sequence, CS algorithm requi3&% observations while
our Modified-CS algorithm only need$%. This greatly reduces
the sequence acquisition and reconstruction time. AlseCSSails
to reconstruct the sequence exactly. We give the error cosgoa
for the actual cardiac sequence in Fig. 3(left plot).

Next, we apply our algorithm to thh6 x 256 larynx sequence.
For this compressible image sequence, weld$é observations for
t > 1 frames. As is shown in Fig. 3(right plot) and 4, we can still
reconstruct the sequence with small error which%s ~ 3%. Also,
of course CS and LS-CS reconstruction have large error.

We compare the performance of our Modified-CS-residual-algo
rithm for noisy measurement with BPDN and BPDN-LS algorighm
For noisy measurement, we use signal to noise ratio(SNRyrotd

the level of noise wheré NR = 20log %. Root mean

squared error(RMSE) is used to compare the reconstrucédorp
mance for noisy measurement algorithm and 50 times Montk Car
simulations are done for computing RMSE. We test $aV R ~



40db. We picky as the same in [2}y = 4/2log m.
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Fig. 3. Noiseless measurements, cardiac sequence (left pligtixie
sequence (right plot). Comparing modified-CS with CS and1s-
Image sizemn = 256 x 256. 99% energy supportN:| ~ 7% of m.
n = 16% observations were used for> 1.

We show in Fig.5(bottom figure) visually the two reconsteatt
sequences using Modified-CS-residual and BPDN [9] for tis 4ir
frames of the noisy brain sequence wii% observations fot > 1
frames. We can see that BPDN reconstructed sequence igdilt
but Modified-CS-residual reconstructed sequence canlyleés-
play the brain lobes and thus Modified-CS-residual algorithable
to recover more detailed information such as edges than BF
We also give the RMSE comparison in Fig.5(top figure) commugat
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Fig. 5. Noisy measurements, Brain Sequence. Top: RMSE of

Modified-CS-residual with BPDN, BPDN-LS and LS-CS. We do ... Modified-CS-residual with BPDN, BPDN-LS and LS-CS foirx 64

show the reconstruction of BPDN-LS and LS-CS since they havgyrain sequence. Bottom: Reconstruction of BPDN&Modifies-C
similar performance with BPDN and Modified-CS-residualaep residual.|N; | ~ 15%m. n = 25%m used fort > 1. SN R ~ 40db

rately. Although the brain sequence is not very sparse,lgorithm
still bears better performance and produces good recatistnu

Original sequence

Modified CS reconstructed sequence

LS—-CS reconstructed sequence

Fig. 4. Noiseless measurements, True larynx Sequence. Reaonstru [7]

tion of CS, LS-CS and Modified-CS. CS reconstruction is obsip
quite noisy. Image sizen = 256 x 256. 99% energy support,
|N¢| = 7% of m. n = 16% observations were used for> 1.

6. CONCLUSIONS AND FUTURE WORK

We studied the problem of recursively and causally recansirg
a sequence of natural images from a reduced number of limear p
jection measurements taken in a domain that is “incohereftti
respect to the image’s sparsity basis. Most existing swistiare
either offline and non-causal or cannot compute an exachstae-
tion (for truly sparse signal sequences), except using ay mmeea-
surements as those needed for CS. The key idea of our soluti

is to design a modification of CS when a part of the support se

is known (available from reconstructing the previous imagé/e
demonstrated the exact reconstruction property of ourtisolon
real image sequences (dynamic MR imaging of cardiac larynk a

brain sequences), using much fewer measurements than ritose [14]

quired for CS. Small error reconstruction is achieved fquragi-
mately sparse signals or noisy measurements.
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