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Module U8: Bivariate Random Variables


Module PE.PAS.U8.3 

Bivariate Random Variables

U8.1

Introduction

It is important to note that the bivariate case is the simplest of the more general multivariate case and as such, serves well to illustrate some fundamental concepts associated with uncertain situations requiring multivariate random variables. 
This module addresses only the continuous bivariate case; similar treatment may be accorded the discrete bivariate case.

U8.2

A Motivating Illustration
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(U8.1)

Assumptions:

1. The current is fixed at a high level of i0, and we desire to see if the conductor temperature is within its safe range for a time period between 3 and 4 pm on a summer day.

2. The current level of i0 will last for a duration of d=1hour.

3. The transmission line is very short so that the temperature and wind speed conditions have no spatial variation, i.e., these conditions are the same at one point on the line as another.

4. The ambient temperature and wind speed both vary during the next hour, but their variation is independent. Thus, we may treat them as independent random variables T and U, respectively.
5. We have information that allows us to characterize the uncertainty associated with the ambient temperature t and the wind speed u during this hour, according to the following uniform probability density functions (pdfs).
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6. We are able to utilize (U8.1) to identify the range of safe operating conditions according to the following relation:
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(U8.3)
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Fig. U8.1: Illustration of possible and safe ranges of conductor operation

We desire to compute Pr((<(max), which is the probability that the (T,U) random variable combination falls within the safe range of operation, which can be expressed as Pr(20<T<30, 0.5T-5<U<10). 
To obtain this probability, we call on assumption 4 from above, which is that the two random variables T and U are independent. Because of this assumption, we may compute a joint density from their individual densities as:
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Fig. U8.2: Illustration of a joint density function
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U8.3

Joint Cumulative Distribution Functions

Univariate case:
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Bivariate case
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Our illustration:
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The bottom three expressions of (U8.13) are obtained by 

· Second expression: Use t=20 or u=5 in the top expression
· Third expression: Use u=10 in the top expression

· Fourth expression: Use t=30 in the top expression

U8.4

Marginal Statistics
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Our illustration:
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Our illustration:
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U8.5

Conditional Statistics
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Our illustration:
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U8.6

Independence

Two events A and B may be tested for independence in two ways. 

· One may examine their joint probability. 
If Pr(A∩B)=Pr(A)Pr(B), then A and B are independent. 
Likewise, 
If fX,Y(x,y)=fX(x)fY(y), then the X & Y are independent. 

· One may examine the conditional probabilities. 
If Pr(A|B)=Pr(A) or if Pr(B|A)=Pr(B), then A and B are 
independent. 
Likewise, if fX(x|y)=fX(x) or if fY(y|x)=fY(y), then X and Y 
are independent.
� INCLUDEPICTURE "http://powerlearn.ee.iastate.edu/test/test3_files/PLLogoSmall.gif" \* MERGEFORMATINET ���
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