Last Topics #1: Reference frame theory/induction machines

There are some additional topics that are appropriate to include in a
course on power systems dynamics, and | do so here because they
are highly relevant to what might be called “current events.” In these
notes, we provide a broader view of reference frame theory and then
apply it to provide induction machine models appropriate for
modeling load and wind turbines in power system stability studies.

1.0 Introduction

You recall that in developing a model for the synchronous machine
that we found the differential equations included time varying
coefficients that resulted from the dependence of inductances
(stator-stator and stator-rotor) on rotor position.

To address this, so that we could obtain differential equations with
constant coefficients, we performed a transformation on the a-b-c
voltages and currents. We called that transformation “Park’s
transformation.”

It is worthwhile to read what Paul Krause says in his very good text
on electric machinery [1] (references within quotes are not included
here). The below quotes are from his chapter 3, titled “Reference-
frame theory.” You would do well to have this book on your
bookshelf.



“In the late 1920’s, R. H. Park [1] introduced a new approach to electric
machine analysis. He formulated a change of variables which, in effect, replaced
the variables (voltages, currents, and flux linkages) associated with the stator
windings of a synchronous machine with variables associated with fictitious
windings rotating with the rotor. In other words, he transformed, or referred, the
stator variables to a frame of reference fixed in the rotor. Park’s transformation,
which revolutionized electric machine analysis, has the unique property of
eliminating all time-varying inductances from the voltage equations of the
synchronous machine which occur due to (1) electric circuits in relative motion and
(2) electric circuits with varying magnetic reluctance.

In the late 1930’s, H. C. Stanley [2] employed a change of variables in the
analysis of induction machines. He showed that the time-varying inductances in the
voltage equations of an induction machine due to electric circuits in relative motion
could be eliminated by transforming the variables associated with the rotor
windings (rotor variables) to variables associated with fictitious stationary
windings. In this case the rotor variables are transformed to a frame of reference
fixed in the stator.

G. Kron [3] introduced a change of variables which eliminated the time-
varying inductances of a symmetrical induction machine by transforming both the
stator variables and the rotor variables to a reference frame rotating in synchronism
with the rotating magnetic field. This reference frame is commonly referred to as
the synchronously rotating reference frame.

D. S. Brereton et al. [4] employed a change of variables which also
eliminated the time-varying inductances of a symmetrical induction machine by
transforming the stator variables to a reference frame fixed in the rotor. This is
essentially Park’s transformation applied to induction machines.

Park, Stanley, Kron, and Brereton et al. developed changes of variables each
of which appeared to be uniquely suited for a particular application.
Consequentially, each transformation was derived and treated separately in the
literature until it was noted in 1965 [5] that all known real transformations used in
induction machine analysis are contained in one general transformation which
eliminates all time-varying inductances by referring the stator and rotor variables
to a frame of reference which may rotate at any angular velocity or remain
stationary. All known real transformations may then be obtained by simply
assigning the appropriate speed of rotation to this so-called arbitrary reference
frame. Later, it was noted that the stator variables of a synchronous machine could
also be referred to the arbitrary reference frame [6]. However, we will find that the
time-varying inductances of a synchronous machine are eliminated only if the
reference frame is fixed in the rotor (Park’s transformation); consequently the
arbitrary reference frame does not offer the advantage in the analysis of
synchronous machines that it does in the case of induction machines.”

Krause also indicates later in the same chapter

“...The transformation of stationary circuits to a stationary reference frame was
developed by E. Clarke [7] who used the notation f,, fg ...”



There are three main points to be made from the above.
1. Other transformations: There have been a number of proposed
transformations besides Park’s.
2. Powerful tool: The ability to make transformations is
apparently a powerful tool for analysis of electric machines.
3. General theory: There is a higher-level general theory for
transformations under which all of them fall.

We have two motivations for being interested in induction machines
(and reference frame theory). First, we know when we perform a
stability analysis we need to model the load in some way. It was
common at first to model the load with just constant impedance load.
Then the ZIP model was introduced that improved the constant
impedance model. But the zip model was recognized early-on to not
very well capture the main portion of the load, which is dynamical
(not static) in the form of induction motors. To capture induction
motor load dynamics, we need an electromechanical model. And an
electromechanical model of induction motors needs reference frame
theory, because induction motors, although similar to synchronous
machines, are different from synchronous machines. The upshot
here is that load modeling is our first motivation for being interested
in induction machines and reference frame theory.

Our second motivation for being interested in induction machines

and reference frame theory is the growth of wind turbines. Indeed:

e wind turbines have primarily used induction machines;

e the doubly-fed induction generator (DFIG) has been particularly
attractive;

e control of the DFIGs requires back-to-back voltage-source-
inverters (VSI);

e design of VSI is most effectively done using space-vector-
modulation (SVM);



e SVM requires one kind of transformation for the grid-side
converter and one kind of transformation for the rotor-side
converter.

Figure 1 [2] illustrates a DFIG, and Fig. 2 [2] provides an expanded
illustration of the inverter.
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Figure 2 represents a back-to-back four-quadrant VSI. Control of
this converter is accomplished through space-vector modulation as
illustrated in Fig. 3 [2].
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Fig. 3[2]
In these notes, | want to provide you with enough material to
appreciate the main points associated with Dr. Krause’s text (other
transformations, powerful tool, and general theory) as listed above,
together with an appreciation of the relevance of reference frame
theory to the analysis of DFIG.

2.0 A&F vs. Krause

We recall from our work earlier in the semester that we used Park’s
transformation as

1 1 1
V2 2 72
P=./=|cos@ cos(d—-120) cos(@+120) (1)
sin@ sin(6-120) sin(@ +120)

This enabled us to transform any a-b-c quantities into a rotating
reference frame fixed on the rotor, according to



iOdq - Ei abc (2)

Krause uses a slightly different transformation, calling it the
“transformation to the arbitrary reference frame,” given by

cos@ cos(d—120) cos(@+120)
K :g sind sin(@-120) sin(6+120) (3)
3 1 1 1
L 2 2 2
where the angle 0 is given by
6= [ o(z)dz +6(0) (4)

It enables us to transform any a-b-c- quantities into a reference frame
according to
iqdo =Ks iabc (5)
Krause explains that
“The connotation of arbitrary stems from the fact that the
angular velocity of the transformation is unspecified and can
be selected arbitrarily to expedite the solution of the system
equations or to satisfy the system constraints.”
In this sense, A&F’s transformation P is also a “transformation to
the arbitrary reference frame.” Thus, the angular velocity may be
specified to be
e rotor angular velocity (Park), or;
e a stationary reference frame, (Stanley, Clarke), ®=0;
e asynchronously rotating reference frame (Kron), ®re;
e rotor angular velocity, including rotor windings (Brereton), or;

Other significant differences between Krause’s transformations and

A&F’s include:

e The g-axis quantities of Krause are obtained through the row that
starts with cos®, whereas the d-axis quantities of A&F are
obtained through the row that starts with cos6. This is because



Krause has the g-axis 90° ahead of the d-axis, whereas A&F have
the d-axis 90° ahead of the g-axis.

e The constants applied to each row differ. This causes Krause’s
transformation to not be power invariant or orthogonal.

3.0 Krause’s generalization of transformations
Krause also provides a table that is useful in seeing the additional
transformations that one can use, adapted here as Table 1 below.

Table 1

Reference Interpretation
frame speed
® Stationary circuit variables referred to the arbitrary
(unspecified) | reference frame.
0 Stationary circuit variables referred to the
stationary reference frame (Stanley, Clarke).
or Or o, | Stationary circuit variables referred to a reference
frame fixed in the rotor (Park, Brereton).
ORe Stationary circuit variables referred to the
synchronously rotating reference frame (Kron).

Krause goes on to develop a generalized approach to transforming

.- X
quantities from any one reference frame to another. If Kg
transforms to reference frame x and ﬁgtransforms to reference

X Yy . .
frame vy, then ~ Kgtransforms variables in reference frame y to
variables in reference frame x according to

K= ﬁg(ﬁéfl (6)



4.0 Transformations for induction motors
In this section, we apply Park’s transformation to the three-phase

induction machine, which was expressed in Chapter 4 as
1 1 1
NA NA NA
E:\/: cos@  cos(6-120) cos(6+120)
sind  sin(@-120)  sin(6+120)

t
6= o(y)dy+6(0)
and the inverse transformation was given as

cosé sin@

cos(@—-120)  sin(6-120)

|
Sl ol

cos(f+120)  sin(6+120)

The angle 0 used in Park’s transformation is the angle between the
rotating d-q reference frame and the a-axis, where the a-axis is fixed
on the stator frame and is defined by the location of the phase-a
winding. We expressed this angle analytically using

0= (y)dy+6(0)

where o is the rotational speed of the d-g coordinate axes, i.e., the
synchronous speed. This transformation will allow us to transform
the stator circuit voltage equation to the g-d-0 coordinates.

But for the induction machine, however, we need to apply our
transformation to the rotor a-b-c windings in order to obtain the rotor
circuit voltage equation in g-d-O coordinates. In doing so, we
observe that whereas the stator phase-a winding (and thus its a-axis)
is fixed, the rotor phase-a winding (and thus it’s a-axis) rotates. If
we apply the P transformation to the rotor, we will not account for
its rotation, i.e., we will be treating it as if it were fixed. To
understand how to handle this issue, consider the Figure 1 below
where we show



e 0, the angle between the stator a-axis and the g-axis of the
synchronously rotating reference frame;

e On, the angle between the stator a-axis and the rotor a-axis and

e [3, the angle between the rotor a-axis and the g-axis of the
synchronously rotating reference frame.

Here, the stator a-axis is stationary, the q-d axis rotates at ®, and the

rotor a-axis rotates at mm. Observe that =06-0n.

Fig. 1
In Fig. 1, the stator a-axis is stationary, the g-d axis rotates at ®, and
the rotor a-axis rotates at mm. Consider the iy vector, in blue, which
IS coincident with the rotor a-axis. Observe that we may decompose
it in the g-d reference frame, but we need to use  instead of 6. Thus,
we conclude that the transformation we need for the rotor is exactly
like the transformation we used for the stator, except we substitute
B for 0, and account for the fact that, to the rotor windings, the q-d
coordinate system appears to be moving at w-om. Thus, Park’s

transformation for the rotor winding will be
1 1 1
1% = 7
P, = \/; cosf  cos(f—-120) cos(S+120)
sing  sin(f-120) sin(f+120)

B =], 0() - 0,(r)dy +6(0) -6, (0)
e B(0)



and the inverse transformation is given as
cos g sin g

cos(#—-120) sin(B-120)

S-S S

cos(B+120) sin(B+120)

5.0 Transformed voltage equations for induction machines
We now take the following approach:

Step 1: Write voltage eqts in terms of stator/rotor abc quantities.
Step 2: Multiple through by transformation matrices P and P..

Step 3: Manipulate resulting eqts to write them in terms of stator and
rotor qdO quantities, eliminating stator and rotor abc quantities.
Steps 4a,4b: Express the flux linkages in terms of currents.

Step 1: Our voltage equations are as follows:

Vel [ 0 0 0 0 0] [A.]
Vs | |0 1, 0 0 0 0|l |A
ve| [0 0 r 0 0 0li,| |4
v, o o o r o olil|i
Ve | [0 0 0 0 r 0| |4,
v, ] [0 0 0 0 0 i, |4 |
where

A, | i, |

ﬂ“sb isb

Ao | |Ls  La|lie

A ZL I_-J B

ﬁ’rb Irb

A, i

The individual sub-matrices in the inductance matrix can be
developed using considerations similar to those used in developing
the inductance matrix for the synchronous machine (see A&F
section 4.3 and notes called “WindingsAxes”). An important
difference between the synchronous and induction machine is that,
e whereas in the synchronous machine, the movement of the rotor
changes the permeance of the path seen by flux linking any of the
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stator windings so that related inductances (stator-stator self and
mutual terms) are a function of rotor position and thus of time;
¢ in the induction machine, the movement of the rotor does not
change the permeance of the path seen by fluxes linking stator
windings alone (stator-stator self and mutual terms) or rotor
windings alone (rotor-rotor self and mutual terms).
This difference is because the rotor of an induction machine is round
with three symmetric windings, in contrast to the synchronous
machine which is salient (or round) with a main field winding
construction developed to direct flux along the polar axis.
Synchronous machine and induction machine structures are
illustrated below.

Salient pole synch machine; Round rotor synch machine;  Induction machine (wound)

As a result, in the induction machine, the rotor-rotor self and mutual
terms, and the stator-stator self and mutual terms, are all constants
(independent of rotor position and therefore independent of time).
The rotor-rotor and stator-stator matrices are therefore expressed as

Ir + Lmr _l I‘mr _1 I‘mr Is + Lms _1 Lms _E LmsT
2 2 2 2
I—‘r = _l I‘mr Ir + I‘mr _1 I‘mr I:s = _l Lms Is + Lms _l Lms (7a‘)
2 2 2 2
_l I‘mr _1 I‘mr Ir + Lmr _l Lms _1 Lms Is + Lms
2 2 2 2 |

where I, and L are rotor-side leakage and magnetizing inductances,
respectively, and Is and L are stator-side leakage and magnetizing
inductances, respectively, so that

¢ diagonals express self inductance (leakage plus magnetizing);

o off-diagonals express mutual inductance (magnetizing only).
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It is different for the rotor-stator mutuals, however, because the
positions (as expressed by relative angles) of the rotor-to-stator
windings change with rotor movement. Thus, the mutual inductance
between any pair of rotor-stator windings is a function of rotor
position, as expressed by (7b) below.
cosd, cos(6, —120) cos(4,, +120)
L.=L, {cos(@m +120) cosé), cos(8, 120)] =L

cos(6, —120) cos(4, +120) cosf, (7b)

And the matrix of stator-rotor mutuals will just be the transpose:
cosd, cos(6, +120) cos(d, —120)
L, =L, |cos(8,-120) cosf, cos (6, +120)
cos(6, +120) cos(6, —120) cos b, (70)

Writing the voltage equations in compact notation:

Vabes o 0 || g Aates

{\_/amj ) { 0 r, } Lm } ’ [iabj
Some additional comments are provided on the inductance matrices:
- Diagonal elements are the self-inductance of each winding and
include leakage plus mutual.
- Off-diagonal elements are mutual inductances between windings
and are negative because 120° axis offset between any pair of
windings results in flux contributed by one winding to have negative
component along the main axis of another winding — see below fig.
- The “1/2” in off-diagonals results from definition of self and
mutual inductances, e.g., see. Eqgs. 1.5-16 and 1.5-21 and in Krause
(pp. 52-53).
- On this page, and in these notes, | have maintained distinct notation
for the mutuals between stator windings, Lms, the mutuals between
rotor windings Lm, and the mutuals between stator and rotor
windings Ls. However, Krause in his book indicates they are equal,
l.e., that Lms=Lm=Ls as a result of referring all quantities to the
stator (see pp. 144-145 of his 2002 edition). | adopt this latter
approach (that they are all equal) on slide 37 and also in my notes
on (slide 8 of) torque and power.
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Step 2: Now let’s apply our d-q transformations:

E Q \_/abcs _ E Q [s Q !abcs + E Q z“abcs
Q Er \_/abcr - Q Er Q [r iabcr Q Er i’abcr

Terml Term2 Term3
Performing the multiplications for terms 1, 2, and 3, we obtain
Vodas Pr, 0 [ Pﬁ,a o
i =
\_/0dqr Q P.r aber Erlabcr
Terml Term2 Term3

Step 3: Using the inverse Park’s transformation, we can write

|:iabcs:| _ E_l (_) |:i0dqs :|
iabcr Q E:l iOdqr

Now substitute into (8) to obtain

VOdqs { P r Q j| E_l Q iOdqs P;I'abcs
\_/Odqr Q Er [r (_) E;l iOdqr Pr ﬂ’abcr
Hf_/

Terml Te;fmz Term3
Performing the matrix multiplication for term 2, we obtain:
VOdqs E[s E (_) I Odqs Pﬂ“abcs
v i (9)
=0dar Q Er r.e P Odqr I:)r /labcr
H/_J
Terml Term2 Term3

The term 2 matrix elements collapse to rs and r;, respectively,
because KRK1=R if R is diagonal having equal diagonal elements.
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This follows from KRK 1= KrUK1=rKUK*=rKK*=rU=R, where r
Is the scalar value of each element in R, and U is the identity matrix.
Therefore (9) becomes:

\_IOdqs _ |:£s Q :| iOdqs E&abcs
\_/Odqr Q £r !Odqr Er /’Labcr (10)
Terml Term2 Trams

Focusing for the moment on just the top element in the term 3 vector,
consider the transformation of stator flux linkages according to

ﬂ“Odqs Pﬂ“abcs
Use the chain rule to differentiate both sides:
/”LOqu = leabCS +PA
Now solve for the first term on the right-hand-side:
PA, . = %dqs PA

—_Z%abcs —Z~abcs

Use Aabes =P Aqdos ON the right-hand-side:
Eiabcs_ﬂ“Odqs EE iOdqs (113)
A similar process for the rotor quantities results in
P j’abcr _lOdqr P I:)_1ﬂ“0dqr (11b)
Substituting these (11a) and (11b) into (10) yields:
\_IOdqs . £s Q iOdqs 40dqs I:.)l:)_lj’Odqs
vo T1o rllioe [T 4 (12)
Yodqr v =r _|| ~Odar &Odqr P P ﬂ“Odqr
)L

Terml Term2

Z~abcs

Term3

This provides that both stator and rotor equations are expressed in
terms of qdO quantities instead of abc quantities.

Step 4a: One thing remains, in that we have both currents and flux
linkages as state variables. Let’s express the flux linkages in terms

of currents, resulting in a state-space equation in current variables.

To do this, we express flux linkage in terms of current according to:
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i“abcs _ I_-s I_-sr iabcs
|:&abcr:| - |:I_—rs I_-r }|:iabcr:| (13)
Now use Park’s transformation to replace the abc currents in (13) by
their qd0 values:

|:4abcsj| _ |:I_-s I_-sr } [E_ q ]|:?Odm} (14)
/_1abcr I_-rs I:r 0 Erl !Odqr

Then (14) can be used in the transformation relation for flux
linkages, i.e.,

iOdqs _ E 0 iabcs _ E 0 I_-s Lsr E_l 0 iOdqs (15)
i’Odqr - 0 Er iabcr - O Er I_-rs I_-r O E;l iOdqr

—

Transformation Relation for flux linkages

Performing the matrix multiplication on the right-hand-side:

Aows | | PLLPT  PL,P] [.} (16)
&Odqr Erl__rSE_l Erler;l iodqr

Recall the inductance matrices given in (7a), (7b), and (7¢), repeated
here for convenience:

Il’ + Lml’ _1 I‘mr _1 I‘mr Is + Lms _1 Lms _1 Lms
2 2 2
I—_r - _l Lmr Il‘ + I‘mr _l I‘mr I_-s = _l Lms Is + Lms _1 Lms (7a)
2 2 2 2
_ler _ler Ir +Lmr _les _les Is + Lms
L 2 2 ] | 2 2 |

cosd, cos(6,—120) cos(4, +120)
L, =L, |cos(8,+120) cosé, cos(6, —120) |=L;,
cos(, —120) cos(4,, +120) cosf, (7b)
cos 8, cos(6, +120) cos(d, —120)
L, =L, |cos(8,-120) cos b, cos (6, +120)
cos(6, +120) cos(6, —120) cosf, (70)

We will not take time to evaluate each of the terms in (16), but we
will rather just provide the results, which are as follows.
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0 0o I
M 0 0
P.L,P,'=P,L,P"=| 0 M 0|=Ly (17)
0 0 O
L+M 0 O
P.LLP'=| 0 1L+M 0|=L,y,
0 o |

One comment here: Krause indicates that Lym=3/2(Lms)=3/2(Lmr), ch.
4.5, pp. 150 of his 2002 edition. | have renamed Lm as “M”. Also,
see last bullet in comments on p. 12 of these notes.

Substituting the expressions of (17), as denoted by the right-hand-
side nomenclature, into (16), we have

iOdQS _ EI_-5E71 EI_-er;l |:i0dqs:| (16)
Zow | [P L P P.L P Toaor

40dqs _ I:sOdq I:mOdq iodqs

I:iodqr:l - |:I_-m0dq I_-rOdq :||:i0dqr:| (18)
Since from (17) our inductance matrix is constant, we can easily
differentiate (18) to obtain

Z’Odqs :|:|_-sodq I_-modq:| iodqs (19)
/i’odqr I_—mOdq I_-rOdq iodqr

Now we can substitute the above expression (19) for flux linkage
derivatives into our voltage equation (12):

|:\_/0dqs j| _ |:[s Q i||:10dqs :| n 40dqs _ EE_liodqs
\_/Odqr L Q [r iOdqr &.Odqr Er E;liOdqr (12)
Terml Term2

resulting in

. - : -1
|:\_/0dqs :| _ |:£s Q }|:!Odqs :| n {I_-sodq I_-modq } !Odqs _ EE iodqs (20)
\_/Odqr Q £r iOdqr I_-mOdq I_-rOdq iodqr Er E;livodqr

16
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Step 4b: This still leaves us with flux linkages in the last term of

(20). Addressing this is step 4b. We will take this step with two sub-
steps.

A. Obtain pp*and P, p;*

B. Express individual qd0 elements of qdos and Aqgor in terms of qdO
currents.

A. Step 4b-A - Obtain pp*and p,p;*:
To obtain the first product, we express P and P

1 1 1
5| V2 2 2
P= \F cos@d cos(@—-120) cos(8+120)

sind  sin(@-120) sin(@+120)

cos @ sin@

1

NA
_ 1 .
P*=,/=| == cos(6—120) sin(@—120)
r 3 \/E

1

J2

cos(@+120)  sin(6+120)

To obtain p, we need the_derivative of 0. We recall the definition
of 0, which 1s

0= w()dy+6(0)
By the fundamental theorem of calculus, we can write that
ot)=w
Therefore

0 0 0
E\Ec{sine -sin(6—120)  —sin(@+120) (21)

cosé cos(8—120) cos(6d+120)

Likewise, to obtain the second product, we express Pr and P, *:
1 1 1

5| 2 2 NA
P, = \ﬁ cos S cos(f—120) cos(f+120)
sing  sin(f-120) sin(B+120)
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sin 8
sin(f —120)

sin(f8 +120)

% cos g
Pl= % % cos(3 —120)
% cos(+120)

we recall that
B = o) =0,()dr +0(0)6,(0)
B(0)
By the fundamental theorem of calculus, we can write that

ﬂ(t) = W= W,

@y

Therefore

0 0 0
P, :\/g(a)—a)m) —-sing  —sin(f-120) —sin(B+120)
cos 3 cos(5 —120) cos(5 +120)

Now we can obtain pp*and p,p;*

" . -
— cosé sing
V2
0 0 0
EEIZ\Ew —sind  —sin(0-120) —sin(9+120)\/§% cos(@—120)  sin(@-120)
cosé cos(6—120) cos(0+120) 12
T 00s(0+120) sin9+120) (22)
0 O 0 0 o 0
=ga)O 0 —2:0 0 -w
0 o 0
0 3 0
L 2 4
1 .
ﬁ cos sin g
0 0 0
s - 2 . . . 211 .
iErlz\/:(a)_mm) —-sinB  —sin(8-120) —S|n(/3’+120)\/:— cos(f—120)  sin(B-120)
3 Losﬂ cos(B —120) cos(/i’+120)} 3 \/15 (23)
ﬁ cos(fB+120)  sin(B+120)
0 O 0 0 0 0
:g(a)—a)m)o 0 —§:0 0 —(0-aw,)
3 2
3 0 (0-ow,) 0
0 > 0

Now substitute (22) and (23) into the last term of the voltage
equations (20), repeated here for convenience:
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|:\_/0dqsi|:|:£s Q}|:?0dqu|+|:l_—sodq I_—mOdq}|:E0dq5:|_ E:E_liodqs (20)
\_/Odqr Q [r !Odqr I:modq I_-rOdq lodqr ErE;li“Odqr

InsertHere
Fully expanding (20), we obtain (note that here | have re-ordered the
voltage and current vectors — | need to change this to make it

consistent with what we did for synchronous machines):

Vel [, 0 0 0 0 o7 L o0 0 0 o0 o Mi.7M0 o oo 0 0 4, (24)
Ve| [0 00 0 0fig| |0 1L+M 0 0 M o |li,|lo 0 @ 0 0 0 || A
Y| |00 00 0figl o 0 LM 0 0 M |[iy| [0 -0 0 0 0 0 |4
Vo | 100 0r 0 Olliy| [0 0 0 I, o0 o |li,|lo o 0 o0 0 0 |4y
Ve | |00 0 0 r ofi 0 M 0o otL+Mm 0 i/ ]o o 0o 0 o-ao, || 4
Ve| [0 o000 r]i,]lo o M 0 0 L+M][i,| |0 0 00 (-0, 0 |4

Note the “Speed voltages” in the
e second equation, whgs
e third equation, -wAgs
e fifth equation, (®- ®m)Aqr, and
e sixth equation, -(®»- ®m) Ads.

Comments on speed voltages: mAgs, -0Ads, (®- Om)Agr, -(®- ©m) Ads:

e These speed voltages represent the fact that a rotating flux wave
will create voltages in windings that are stationary relative to that
flux wave.

e Speed voltages are so named to contrast them from what may be
called transformer voltages, which are induced as a result of a
time varying magnetic field.

e You may have run across the concept of “speed voltages” in
Physics, where you computed a voltage induced in a coil of wire
as it moved through a static magnetic field, in which case, you
may have used the equation Blv where B is flux density, | is
conductor length, and v is the component of the velocity of the
moving conductor (or moving field) that is normal with respect
to the field flux direction (or conductor).

e The first speed voltage term, wiqs, appears in the vgs equation.
The second speed voltage term, -mAqs, appears in the vqs equation.
Thus, we see that the d-axis flux causes a speed voltage in the g-
axis winding, and the g-axis flux causes a speed voltage in the d-
axis winding. A similar thing is true for the rotor winding.
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The voltage equation as we now have it is:

Vos r, 0
Vs 0 r
Voo 0 0
Ve | |0 0O
Vg 00
v, 00

Let’s collapse the last matrix-vector product by per

O O sy O O

o

0

o O O o

o - O O o o

o] 1. 0

0 || igs 0 I+

0lliz| |0 o
S+

0lli,| |O O

olliy,| o ™

ri,] [0 O

0 0 0 0
M 0 0 M 0

IL+M 0 0 M| i

0 I o 0 ||

0 0 1L+M 0 )

M 0 0 I+M]i,

multiplication, resul‘glng in:

[voe ] [ 0 0 O
Vi 0r,b 00O
Vs 0 0 rp O
V| |00 0 1
vy, 0000
Vo | [0 0 0 0
Krause on p.

0 0 IOs _Is

0 0| g 0

0 0| 0
|+

0 Oy 0

r. 0| ig 0

0 iy (O

0
I, +M
0
0
M
0

0 0 0 o i, ] [ 0

0 0 M 0 fds @ (25)
L+M 0 0 M i —y,

o I 0 o |, | 0

0 0 I+M 0 i (0—,) A,

M 0 0 L +M | fqr | —(0—a,) A

151 of his 2002 edition, provides equwalent circuits
that “fit” these equations, as follows:

g, [ r} ""d .
—W\—{ ) 000 ——000. (F—NW—
g Iy
Vs Lng Ve
T ;ﬁ—g L, {wj;fﬁ-]\:? r
£l + ¥ + r
JlDﬂL 000 -

Vs ) Ly ) Vi
Iy L
—NV\ NN
— —
fag b

Vil Ly L Vg

Here, Lm=M, and L;sand L are Is and I, respectively, and the primed
notation indicates quantities referred to the stator, which we have
assumed in the development of these notes.
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B. Express individual 0dq elements of Aodqs @nd Aoggr in terms of 0dq
currents.
Equation (18) is repeated here for convenience:

40dqs _ |:I_-sodq l_-mOdq } _iodqs j| (18)
lodqr I-mOdq I-rOdq _iodqr

which can be expanded according to

| [l 0 0o 0 O 0 [y |

de| [0 L+M 0 0 M 0 | i

Js| |00 L+M 0 0 M || g

A, | |0 0 0o I 0 0 ||y

Ao | 10 M 0 0 L+M 0 |,

e | [0 0 M 0 0 I, +M]i|

From the above, we observe®?

A = (Ig + M )ig + Mi, Ag = Migg + (1. + M )i,

A :(I +M)'ds+Midr Ay = Miy, + (I +M)'

Now substitute these terms into (25), repeated here for convenience:

(Vo] [, 0 0 0 0 O[i] [l O 0 0 0 0 [, | 0

Ve| |0 r 0 0 0 Ofig| (O 1L+M 0 0 M 0 ||y Oy, (25)

Ve | [0 0, 0 0 Oflig [0 O L+M 0 0 M| ~@y

Vo | 00 01 0 oli,|lo o o 1L 0 o i, |~ 0

Ve | [0 0 0 0 r Oflix| |0 M 0 0 L+M 0 |liy| | (@-@,)4

Ve | [0 0 0 0 0 ri,| [0 O M 0 0 L+M|i,| [H(0-0,)4

and we obtain:

_ i . M 0 1

Voo ] [, 0 0 0 0 07| I, O 0 0 o0 0 iy,

Ve| [0r 00 0 0fig| [0 L+M 0 0 M o i, o[ (I, +M )i, +Mi,, | (26)

Ve | [000 L 00 Ofig| |0 0o L+m 0 0 M| i, —o[ (I, +M)iy + Mi |

v |10 00 r o olil|0 o o 1L o0 o i, | 0

Vyr 000 0 r Ofig| |0 M 0 0 IL+M 0 i (0-a )[N“ I+M) ]

| Vor 0 0 0 0 0 r|li 0 0 M 0 0 I +M || i, (- a))[Mld (I +M)i, ]

Now observe that the four non-zero elements in the last vector are
multiplied by four currents from the current vector which multiplies
the resistance matrix: igs, igs, Idr, iqr. 1 have highlighted the relevant
terms in the voltage equation below.

! Note that these equations are given on p. 150 of Krause’s 2002 edition as egs. 4.5-16, 4.5-17, 4.5-19, and
4.5-20, respectively.
2 We also observe Ags=ls ios and Aor=Ir ior but we will not need these.
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o
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O O O O O ut
o O O Ot o
oD@ aY O
(= =

Yo O © o
T O © © © o
o~

(=]
~
~

~
+
e
=
(= A = e R o Y - i =

M

0
M
0
0

L+M

0

Ti T
I
M |
0 iOr
0 is
L+M)| i,

[(1 + 11')1 -+ Vz ‘I
‘0
~o[ (1. + 1[§1¢ﬁllza, |

(0-o )[ffz -1—(] +1[§z
|—(0-o, )[ﬂz‘i (1, +\I§za,;|

So let’s now expand back out the last vector so that it is a product of
a matrix and a current vector.

Vo] [, 0 0 0 0 O]y ] I, O 0O 0 0 0 Jli,
Ve | |00 r, 0 0 0 Olix| [0 L+M 0 0 M 0 iy
Ve | |00 5 0 0 Olfig| JO 0 L+M 0 0 M|,
Ve | [0 0 0 r 0 Ofiy| |0 0 o I 0 0 i,
Ve | {000 0 0 r Ofi,| |0 M 0 0 L+M 0 i,
Ve | [0 0 0 0 0 rllig] [0 O M 0 0 I +M]i
0 0 0 0 0 0 (i, |
0 0 (IL+M) 0 0 oM i,

0 —o(l,+M) 0 0 ~oM 0 i
|0 0 0 0 0 0 i

0 0 (w—w, )M 0 0 (@-a,) (I, +M) || ig
0 ~(0-a,)M 0 0 ~(w-o,)(,+M) 0 ] e
Now change the sign on the last matrix and on all of its elements...
Vo | [ 0 0 0 0 0| 1. O 0 0 0 0 [
Ve | [0, 00 0 Olix| [0 L+M 0 0 M 0 |li,
Ve | |00 5 0 0 Olfig| JO 0 L+M 0 0 M ||
Vo | |0 0 0 r 0 Ofi, | [0 0 o I 0 0 i,
v,| |0 0 0 0 r oOfiy| [0 M 0o o0 L+M 0 |li,
Ve | [0 0 0 0 0 rllig] [0 O M 0 0 I+M]i,
0 0 0 0 0 0 (o, |
0 0 (IL+M) 0 0 —oM i,
0 ol +M) 0 0 oM 0 i
o 0 0 0 0 0 i,
0 0 —(w-o,)M 0 0 —~(@—a,) (1, + M) || iy
0 (0-a,)M 0 0 (0-a,)(I, +M) 0 | e
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Notice that the resistance matrix and the last matrix multiply the
same vector (the current vector); therefore, we can combine these
two matrices. For example, element (2,3) in the last matrix will go
into element (2,3) of the resistance matrix, as shown below:

v | [ 0 0 0 0 0][i, ] [2 0 0 0 0 0o 14, ]
v, 0 r iz 0 I.+M 0 0 M 0 i
v | |0 0 i,| [0 0 L+M 0 0 M ||,
= —+ A
v, | |0 O | [0 0 0 L 0 0 | i,
Vi 0 0 i, | |0 M 0 0 L+M 0 |,
Ve | 1O 0 i, | [0 0 M 0 0 [ +M]i,|
0 0 0 0 0 1My, |
0 0 0 0 —oM ia
0 o(l,+M) 0 0 oM 0 i
+
0 0 0 0 0 0 i
0 0 —(w—-o,)M 0 0 ~(w-o,)(. +M)||i,
0 (w-0,)M 0 0 (0-w,)(l +M) 0 1 2
This results in the expression below....
Vo, r, 0 0 0 0 0 o I, 0 0 0 0 0 Tos
V.| |0 r, ~o(l,+M) 0 0 oM ix| |0 LL+M 0 0 M 0 |y
Ve | |0 ol +M) r, 0 oM 0 ix| {0 0 1L+M 0 0 M|
v, | |0 0 0 r 0 0 i lo o 0o I, o0 o |i,
v, 0 0 —(w-wo,)M 0 r —(@—ay)(l, +M) || iy 0 M 0 0 I, +M 0 "
Ve 0 (w-w,)M 0 0 (o-a,)(l,+M) r, ige 0 0 M 0 0 I +M ¥i'
(27)

These are the complete transformed induction machine voltage
equations in “current form.”

6.0 Torgue equation for induction machine

The electromagnetic torque of an induction machine may be

evaluated according to
W,
em = a®m
where W is the co-energy of the coupling fields associated with the
various windings, and ©n is the angle in mechanical degrees

between the main rotor axis and fixed reference.
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We are not considering saturation here, assuming the flux-current
relations are linear, in which case the co-energy W of the coupling
field equals its energy, Wy, so that:
Lo,
em a®m
We use electric rad/sec by substituting ©m=0m/p where p is the
number of pole pairs.

oW,

00, (28)
For a linear electromagnetic system with J electrical inputs
(windings), the total field energy IS given by [1, p. 22-24].

_ZZLPQ Pg

p=1 g=1 (29)
where Lyq is the winding’s self inductance when p=q and when p+#q,
it is the mutual inductance between the two windings (the energy
stored in the leakage inductances is not a part of the energy stored
in the coupling field).

Temzp

Consider the abc inductance matrices given by (7a), (7b), and (7c)
of these notes. Applying (29), the stored energy IS given by:
W, = 1y (L, -1.U)i

abcs abcs abcs Lsr Iabcr 2 abcr (L Ir ll)l_abcr

Applying (28) to (29), and observing that dependence on 6, only
occurs in the middle term, we obtain

oW
f = a _abcs Lsr Iabcr
00, aem
so that
Tem = p%ilbcs Lsr iabcr

m

But only Ls depends on 0O, so

M =sr ok
= pl abcs !abcr
00,
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We may perform the above differentiation and associated matrix
multiplication to show that the above evaluates to

.. 1. 1. .. 1. 1. .. 1. 1. .
T =-pL L, —— —=1 [+, | ——0 ——=1_ [+1 {1 ——=1_ ——I sin@
em p m{|:as(ar 2br 2cr] bs(br 2ar 2crj cs(cr 2br 2ar}j| m
[las ) s (i =i ) Figs (i =y ]cose}

To complete our abc model we relate torque to rotor speed according
to:

1 da, +T,

p dt

where J is the inertia of the rotor in kg-m? (or joule-sec?), the first
term on the right is the inertial torque, and the second term is the
mechanical torque (and has a negative value for generation).

em

=> Start with slide #6 in “Torque&Power” powerpoint.
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