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Abstract

We propose a novel method fiimear dimensionality reduction of manifold mod-
eled data. First, we show that with a small numbé&rnf random projection®f
sample points iRY belonging to an unknowik -dimensional Euclidean mani-
fold, the intrinsic dimension (ID) of the sample set can keweted to high accu-
racy. Second, we rigorously prove that using only this seanflom projections,
we can estimate the structure of the underlying manifolddth cases, the num-
ber of random projections required is lineariihand logarithmic inV, meaning
that K < M <« N. To handle practical situations, we develop a greedy alyori
to estimate the smallest size of the projection space redtir perform manifold
learning. Our method is particularly relevant in distrisgitsensing systems and
leads to significant potential savings in data acquisitstorage and transmission
costs.

1 Introduction

Recently, we have witnessed a tremendous increase in #®edfizlata sets generated and processed
by acquisition and computing systems. As the volume of tha idareases, memory and processing
requirements need to correspondingly increase at the sgpitepace, and this is often prohibitively
expensive. Consequently, there has been considerabiteshie the task of effective modeling of
high-dimensional observed data and information; such hsoaheist capture the structure of the
information content in a concise manner.

A powerful data model for many applications is the geometdton of a low-dimensionahan-
ifold. Data that possesses merdty “intrinsic” degrees of freedom can be assumed to lie on a
K-dimensional manifold in the high-dimensional ambientcgpance the manifold model is iden-
tified, any point on it can be represented using essentiélbjeces of information. Thus, algorithms
in this vein of dimensionality reduction attemptl&arn the structure of the manifold given high-
dimensional training data.

While most conventional manifold learning algorithms adagtive (i.e., data dependent) and non-
linear (i.e., involve construction of a nonlinear mappingJinear, nonadaptivamanifold dimen-
sionality reduction technique has recently been introdubat employsandom projectiongl].
Consider ak -dimensional manifold\ in the ambient spadg” and its projection onto a random
subspace of dimensial = CK log(NN); note thatK' < M < N. The result of [1] is that the
pairwise metric structure of sample points frawt is preserved with high accuracy under projection
fromRY to RM.
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Figure 1: Manifold learning using random projections. (a) Input degasisting of 1000 images of a shifted
disk, each of siz&V = 64 x 64 = 4096. (b) Truef, andf- values of the sampled data. (c,d) Isomap embedding
learned from (c) original data iR™, and (d) a randomly projected version of the data ®tb with M = 15.

This result has far reaching implications. Prototypicalides that directly and inexpensively ac-

quire random projections of certain types of data (signalages, etc.) have been developed [2, 3];
these devices are hardware realizations of the matherhatida developed in the emerging area of
Compressed Sensing (CS) [4,5]. The theory of [1] suggeatsativide variety of signal processing

tasks can be performatirectly on the random projectiorscquired by these devices, thus saving
valuable sensing, storage and processing costs.

The advantages of random projections extend even to casa® e original data is available in
the ambient spac®” . For example, consider a wireless network of cameras oingpavscene. To
perform joint image analysis, the following steps might Reaited:

1. Collate: Each camera node transmits its respective captured inodge€ N) to a central
processing unit.

2. Preprocess The central processor estimates thiginsic dimensionk” of the underlying
image manifold.

3. Learn: The central processor performs a nonlinear embeddingeofitita points — for
instance, using Isomap [6] — into/d-dimensional Euclidean space, using the estimate of
K from the previous step.

In situations wheréV is large and communication bandwidth is limited, the dortintgcosts will be

in the first transmission/collation step. On the one hanggdace the communication needs one may
perform nonlinear image compression (such as JPEG) at eglghaefore transmitting to the central
processing. But this requires a good deal of processing patvach sensor, and the compression
would have to be undone during the learning step, thus addiogerall computational costs. On the
other hand, every camera could encode its image by comp(gitingr directly or indirectly) a small
number of random projections to communicate to the centadgssor. These random projections
are obtained by linear operations on the data, and thus @a&pthcomputed. Clearly, in many
situations it will be less expensive to store, transmit, pratess such randomly projected versions
of the sensed images. The question now becomes: how muamiation about the manifold is
conveyed by these random projections, and is any advamagelyzing such measurements from
a manifold learning perspective?

In this paper, we provide theoretical and experimental @vig that reliable learning of & -
dimensional manifold can be performed not just in the higheshsional ambient spa@&" but also

in an intermediate, much lower-dimensional random prajectpaceR? , whereM = C'K log(N).
See, for example, the toy example of Figure 1. Our contrimstare as follows. First, we present a
theoretical bound on the minimum number of measurementsgraple point required to estimate
the intrinsic dimension (ID) of the underlying manifold, tgpan accuracy level comparable to that
of the Grassberger-Procaccia algorithm [7, 8], a widehduggometric approach for dimensionality
estimation. Second, we present a similar bound on the nuoftreeasurements/ required for
Isomap [6] — a popular manifold learning algorithm — to bdialely” used to discover the nonlinear
structure of the manifold. In both caseéd, is shown to be linear ik and logarithmic inV. Third,
we formulate a procedure to determine, in practical settitigis minimum value ofl/ with noa
priori information about the data points. This paves the way for aklyeadaptive, linear algorithm
(ML-RP) for dimensionality reduction and manifold learning.

The rest of the paper is organized as follows. Section 2 ettegpmanifold learning approaches we
utilize. In Section 3 presents our main theoretical contidns, namely, the bounds dd required
to perform reliable dimensionality estimation and mardftgarning from random projections. Sec-



tion 4 describes a new adaptive algorithm that estimatamthienum value of\f required to provide
a faithful representation of the data so that manifold leeycan be performed. Experimental re-
sults on a variety of real and simulated data are provideceuti@ 5. Section 6 concludes with
discussion of potential applications and future work.

2 Background

An important input parameter for all manifold learning alitfoms is theintrinsic dimensior(ID) of

a point cloud. We aim to embed the data points in as low-dimeasa space as possible in order to
avoid the curse of dimensionality. However, if the embeddiimension is too small, then distinct
data points might be collapsed onto the same embedded pteémice a natural question to ask is:
given a point cloud inV-dimensional Euclidean space, what is the dimension of theifold that
best captures the structure of this data set? This problemeeaived considerable attention in the
literature and remains an active area of research [7,9, 10].

For the purposes of this paper, we focus our attention on thssBerger-Procaccia (GP) [7] algo-
rithm for ID estimation. This is a widely used geometric teicjue that takes as input the set of
pairwise distances between sample points. It then comfhassale-dependent correlation dimen-
sionof the data, defined as follows.

Definition 2.1 SupposeX = (x1, x2, ..., ) is a finite dataset of underlying dimensian Define

1
Cn(T) = m ZI||173—IJ-H<T3

i#j
wherel is the indicator function. The scale-dependent correlationension ofX is defined as
~ log Cy, (1) — log Cy,(12)

Deorr ) = .
(ri,72) logr; — logrs

The best possible approximation f6 (call this K) is obtained by fixing; andr, to the biggest
range over which the plot is linear and the calculating,, in that range. There are a number of
practical issues involved with this approach; indeed, &lb@en shown that geometric ID estimation
algorithms based on finite sampling yield biased estimatéstiansic dimension [10, 11]. In our
theoretical derivations, we do not attempt to take into aotdhis bias; instead, we prove that
the effect of running the GP algorithm on a sufficient numbfieramdom projections produces a
dimension estimate that well-approximates the GP estimlatained from analyzing the original
point cloud.

The estimatés of the ID of the point cloud is used by nonlinear manifold f@ag algorithms (e.g.,
Isomap [6], Locally IA_inear Embedding (LLE) [12], and HessiRigenmaps [13], among many

others) to generate A-dimensional coordinate representation of the input datatp. Our main
analysis will be centered around Isomap. Isomap attemppseserve thenetric structureof the
manifold, i.e., the set of pairwise geodesic distances gfgiven point cloud sampled from the
manifold. In essence, Isomap approximates the geodedandiss using a suitably defined graph
and performs classical multidimensional scaling (MDS) itain a reduceds -dimensional repre-
sentation of the data [6]. A key parameter in the Isomap #lyoris theresidual variancewhich is
equivalent to the stress function encountered in clasbMé&sb. The residual variance is a measure
of how well the given dataset can be embedded into a Euclisigace of dimensiok . In the next
section, we prescribe a specific number of measurementspeepdint so that performing Isomap
on the randomly projected data yields a residual varianatitharbitrarily close to the variance
produced by Isomap on the original dataset.

We conclude this section by revisiting the results deriveflLi, which form the basis for our de-
velopment. Consider the effect of projecting a smoatidimensional manifold residing iR
onto a random\/-dimensional subspace (isomorphicRd?). If M is sufficiently large, a stable
near-isometric embedding of the manifold in the lower-disienal subspace is ensured. The key
advantage is that/ needs only to bknearin the intrinsic dimension of the manifold. In addition,

M depends only logarithmically on other properties of the ifiedoh, such as its volume, curvature,
etc. The result can be summarized in the following theorem.



Theorem 2.2 [1] Let M be a compactk -dimensional manifold irR" having volumel” and
condition numbet /7. Fix 0 < e < 1 and0 < p < 1. Let® be a random orthoprojectdfrom R

toR™ and
Klog(NVT—1) log(p_l))

€2

(1)

Supposé! < N. Then, with probability exceedirig— p, the following statement holds: For every
pair of pointsz,y € M, andi € {1, 2},

M di(Px, Py) M
(1—¢) NSWSO‘FE)\/;- (2)

whered; (z,y) (respectivelyds(z,y)) stands for the geodesic (respectively) distance between
pointsz andy.

JV[ZO(

The condition number controls the local, as well as global, curvature of the n@dif the smaller
the 7, the less well-conditioned the manifold with higher “tvédhess” [1]. Theorem 2.2 has been
proved by first specifying a finite high-resolution samplimig the manifold, the nature of which
depends on its intrinsic properties; for instance, a plamarifold can be sampled coarsely. Then the
Johnson-Lindenstrauss Lemma [14] is applied to these pnguarantee the so-called “isometry
constant’e, which is nothing but (2).

3 Bounds on the performance of ID estimation and manifold leening
algorithms under random projection

We saw above that random projections essentially ensutettiBametric structure of a high-
dimensional input point cloud (i.e., the set of all pairwiistances between points belonging to the
dataset) is preserved up to a distortion that depends ©his immediately suggests that geometry-
based ID estimation and manifold learning algorithms cdadchpplied to the lower-dimensional,
randomly projected version of the dataset.

The first of our main results establishes a sufficient dinemef random projectiod/ required to
maintain the fidelity of the estimated correlation dimensising the GP algorithm. The proof of
the following is detailed in [15].

Theorem 3.1 Let M be a compacf -dimensional manifold ilRY having volumé’ and condi-
tion numberl /7. Let X = {z1,xz2,...} be a sequence of samples drawn fromréform density
supported onM. Let K be the dimension estimate of the GP algorithmJrover the range
(Pmins Tmax)- L€t 8 = In(rmax/mmin) - FIX0 < 6 < 1 and0 < p < 1. Suppose the following
condition holds:

Tmaz < T/2 3)
Let ® be a random orthoprojector froR” to RM with M < N and

Klog(NVT=1)log(p™) > .

(4)

MEO( 3252

Let Ko be the estimated correlation dimension &¥ in the projected spacever the range
(Pmin /M /N, rmaz/M/N). Then, K4 is bounded by:

(1-0)K <Ks < (146K (5)
with probability exceeding — p.
Theorem 3.1 is a worst-case bound and serves as a sufficiaition for stable ID estimation using

random projections. Thus, if we choose a sufficiently smalle foré andp, we are guaranteed
estimation accuracy levels as close as desired to thosmebtaith ID estimation in the original

signal space. Note that the bound &g is multiplicative This implies that in the worst case, the

1Such a matrix is formed by orthogonalizidd vectors of lengthV having, for example, i.i.d. Gaussian or
Bernoulli distributed entries.



number of projections required to estimdte very close tald (say, within integer roundoff error)
becomes higher with increasing manifold dimensitn

The second of our main results prescribes the minimum dimmerg random projections required
to maintain the residual variance produced by Isomap in tbgepted domain within an arbitrary
additiveconstant of that produced by Isomap with the full data in tmbignt space. This proof of
this theorem [15] relies on the proof technique used in [16].

Theorem 3.2 Let M be a compack -dimensional manifold iR having volumé” and condition
numberl/r. Let X = {x1,z2,...,x,} be a finite set of samples drawn from a sufficiently fine
density supported omM. Let® be a random orthoprojector froRY to R™ with M < N. Fix

0 <e<land0 < p < 1. Suppose

M0 (Klog(NVrl)log(p1)> |

62
Define thediameted” of the dataset as follows:

I'= 1%?%2(71 diso(xia :Ej)
whered;;,(z,y) stands for the Isomap estimate of the geodesic distanceebrtpointse and y.
DefineR and R¢ to be the residual variances obtained when Isomap geneeafésdimensional
embedding of the original datasét and projected dataseb X respectively. Under suitable con-
structions of the Isomap connectivity graph, is bounded by:

Rs < R+ CT?%¢

with probability exceeding — p. C is a function only on the number of sample potats

Since the choice of is arbitrary, we can choose a large enodghwhich is still only logarithmic

in V) such that the residual variance yielded by Isomap on thdamaty projected version of the
dataset is arbitrarily close to the variance produced with data in the ambient space. Again,
this result is derived from a worst-case analysis. Note Ehatts as a measure of the scale of the
dataset. In practice, we may enforce the condition that #te i$ normalized (i.e., every pairwise
distance calculated by Isomap is divided By This ensures that th&-dimensional embedded
representation is contained within a ball of unit norm cesdeat the origin.

Thus, we have proved that with only ad-dimensional projection of the data (withf <« N)
we can perform ID estimation and subsequently learn thetstrel of aK -dimensional manifold,
up to accuracy levels obtained by conventional methods.etiiéh 4, we utilize these sufficiency
results to motivate an algorithm for performing practicalnifold structure estimation using random
projections.

4 How many random projections are enough?

In practice, it is hard to know or estimate the paramekeendr of the underlying manifold. Also,

since we have na priori information regarding the data, it is impossible tofixand R, the outputs
of GP and Isomap on the point cloud in the ambient space. Tdftes, we may not be able fix a
definitive value forM. To circumvent this problem we develop the following emgatiprocedure
that we dub itML-RP for manifold learning using random projections

We initialize M to a small nhumber, and compufd random projections of the data s&t
{x1,z2,...,z,} (heren denotes the number of points in the point cloud). Using thelsé
{®zx : x € X}, we estimate the intrinsic dimension using the GP algoritfihis estimate, saf(,

is used by the Isomap algorithm to produce an embedding[?nutjmensional space. The resid-
ual variance produced by this operation is recorded. We therement)M by 1 and repeat the
entire process. The algorithm terminates when the residurance obtained is smaller than some
tolerance parametér A full length description is provided in Algorithm 1.

The essence of ML-RP is as follows. A sufficient numb£of random projections is determined by
a nonlinear procedure (i.e., sequential computation ghigoresidual variance) so that conventional



Algorithm 1 ML-RP

M—1

® — Random orthoprojector of sizef x N.

while residual variance> ¢ do
Run the GP algorithm o X .
Use ID estimate](A() to perform Isomap o® X .
Calculate residual variance.
M—M+1
Add one row tod

end while

return M

return K
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Figure 2: Performance of ID estimation using GP as a function of rangogjections. Sample size n = 1000,
ambient dimension N = 150. (a) Estimated intrinsic dimemdimr underlying hyperspherical manifolds of
increasing dimension. The solid line indicates the valutheflD estimate obtained by GP performed on the
original data. (b) Minimum number of projections required GP to work with 90% accuracy as compared to
GP on native data.

manifold learning does almost as well on the projected éa@sthe original. On the other hand,
the random linear projections provide a faithful repreatoh of the data in the geodesic sense.
In this manner, ML-RP helps determine the number of rows dhagquires in order to act as an
operator that preserves metric structure. Therefore, NPLeBn be viewed as an adaptive method
for linear reduction of data dimensionality. It is only w&akdaptive in the sense that only the
stopping criterion for ML-RP is determined by monitoringthature of the projected data.

The results derived in Section 3 can be viewed as convergenoés for ML-RP. The existence of
a certain minimum number of measurements for any chosenahoe § ensures that eventually,
M in the ML-RP algorithm is going to become high enough to em$good” Isomap performance.
Also, due to the built-in parsimonious nature of ML-RP, we ansured to not “overmeasure” the
manifold, i.e., just the requisite numbers of projectiohpaints are obtained.

5 Experimental results

This section details the results of simulations of ID estioraand subsequent manifold learning on
real and synthetic datasets. First, we examine the perfozenaf the GP algorithm on random pro-
jections of K-dimensional dimensional hyperspheres embedded in aneairdpace of dimension
N = 150. Figure 2(a) shows the variation of the dimension estimatelyiced by GP as a function
of the number of projectiond/. The sampled dataset in each of the cases is obtained framndra
n = 1000 samples from a uniform distribution supported on a hypersphf corresponding dimen-
sion. Figure 2(b) displays the minimum number of projectipar sample point required to estimate
the scale-dependent correlation dimension directly froenrandom projections, up to 10% error,
when compared to GP estimation on the original data.

We observe that the ID estimate stabilizes quickly withéasing number of projections, and indeed
converges to the estimate obtained by running the GP atgoritn the original data. Figure 2(b)
illustrates the variation of the minimum required projentdimensionV/ vs. K, the intrinsic dimen-
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Figure 3: Standard databases. Ambient dimension for the face da#bas1096; ambient dimension for the
hand rotation databases N = 3840.
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Figure 4: Performance of ML-RP on the above databases. (left) ML-RFherface databaséV( = 4096).
Good approximates are obtained fdr > 50. (right) ML-RP on the hand rotation databa$é & 3840). For
M > 60, the Isomap variance is indistinguishable from the vagawietained in the ambient space.

sion of the underlying manifold. We plot the intrinsic dinséon of the dataset against the minimum

number of projections required such thiat is within 10% of the conventional GP estima’A(e(this
is equivalentto choosing= 0.1 in Theorem 3.1). We observe the predicted linearity (Thex3el)
in the variation ofM vs K.

Finally, we turn our attention to two common datasets (Fég@)rfound in the literature on dimension
estimation — the face databd4é], and the hand rotation database [7The face database is a
collection of 698 artificial snapshots of a fad¥ = 64 x 64 = 4096) varying under 3 degrees of
freedom: 2 angles for pose and 1 for lighting dimension. Titpeads are therefore believed to reside
on a 3D manifold in an ambient space of dimension 4096. The hatation database is a set of
90 images V = 64 x 60 = 3840) of rotations of a hand holding an object. Although the image
appearance manifold is ostensibly one-dimensional, esbira in the literature always overestimate
its ID [11].

Random projections of each sample in the databases welia@thtay computing the inner product
of the image samples with an increasing number of rows of #melam orthoprojecto®. We
note that in the case of the face database,Mor> 60, the Isomap variance on the randomly
projected points closely approximates the variance obthwith full image data. This behavior of
convergence of the variance to the best possible value 15 moge sharply observed in the hand
rotation database, in which the two variance curves arstingdjuishable fo/ > 60. These results
are particularly encouraging and demonstrate the valafithe claims made in Section 3.

6 Discussion

Our main theoretical contributions in this paper are thdieitwalues for the lower bounds on the
minimum number of random projections required to perforneimation and subsequent manifold
learning using Isomap, with high guaranteed accuracydeW# also developed an empirical greedy
algorithm (ML-RP) for practical situations. Experimentssmple cases, such as uniformly gener-
ated hyperspheres of varying dimension, and more compigat&ins, such as the image databases
displayed in Figure 3, provide sufficient evidence of thaurabf the bounds described above.

2http://isomap.stanford.edu
3http://vasc.ri.cmu.edu//idb/html/motion/hand/indeml. Note that we use a subsampled version of the
database used in the literature, both in terms of resolutiohe image and sampling of the manifold.



The method of random projections is thus a powerful tool fawing the stable embedding of low-
dimensional manifolds into an intermediate space of realslersize. The motivation for developing
results and algorithms that involve random measurementsgbfdimensional data is significant,
particularly due to the increasing attention that CompvesSensing (CS) has received recently. It
is now possible to think of settings involving a huge numbfeloa/-power devices that inexpen-
sively capture, store, and transmit a very small number afsueements of high-dimensional data.
ML-RP is applicable in all such situations. In situationsamdnthe bottleneck lies in the transmission
of the data to the central processing node, ML-RP providéspls solution to the manifold learn-
ing problem and ensures that with minimum transmitted arhotimformation, effective manifold
learning can be performed. The metric structure of the ptegedataset upon termination of ML-
RP closely resembles that of the original dataset with higibability; thus, ML-RP can be viewed
as a novel adaptive algorithm for finding an efficient, reducEpresentation of data of very large
dimension.
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