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Abstract

We study the problem of demixing a pair of sparse signals from nonlinear observations of their
superposition. Mathematically, we consider the observation model y = f (Ax), where y ∈ Rn
represents the observations, f is a nonlinear link function, A ∈ Rm×n is a measurement operator,
and x ∈ Rn is the superposition of the signals. Further, we assume that x = Φw + Ψz, where
Φ, Ψ are incoherent bases of Rn , and w and z are s-sparse coefficient vectors. Problems of this
nature arise in computer vision and astronomical imaging.
In this paper, we provide a simple and fast algorithm (that we call OneShot) to demix the
constituent signals w and z from the observations y. Our algorithm is non-iterative, does not
require explicit knowledge of the link function, and is able to recover w and z even in the case
where m  n (provided the bases are incoherent enough.) Moreover, under certain assumptions,
the number of measurements provably required for successful demixing by OneShot is given
by m = O(s log ns ), therefore matching the best-known bounds for the (easier) case of linear
observations. Finally, we verify the utility of our proposed tools via numerical experiments.
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Introduction

In several applications in signal processing, data analysis, and statistics, the problem of
signal demixing assumes a special importance. Here, the goal is to recover a set of signals
from their linear superposition. In this context, a common, well-studied observation model
is given by:
x = Φx1 + Ψx2 ,
(1.1)
where x ∈ Rm represents the observations, Φ, Ψ ∈ Rm×n are bases (or dictionaries), and
x1 , x2 ∈ Rn are the coefficients of the constituent signals. Then, the demixing problem refers
to recover x1 and x2 from the measurements x. This problem has been studied in the context of various applications [1–3]. In image processing and computer vision applications, this
problem models tasks such as background-foreground separation [4, 5], while in astronomical imaging applications, this problem represents the separation of astronomical features
(stars/galaxies) from background sky phenomena.
At first glance, a natural question is whether such a demixing of signals from their superposition is even possible. Clearly, the answer is no. For instance, suppose that we are given
an observation vector x which is modeled as x = x1 + x2 where x1 , x2 and x ∈ Rn . Also
assume that x1 and x2 both have only one nonzero entry in the first coordinate. Under these
assumptions, there is an infinite number of x1 and x2 that do satisfy this observation model.
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In general, demixing is an ill-posed problem since the number of unknowns, 2n, is greater
than the number of equations, n. This simple example reveals the fact that the recovery
of the constituent signals is impossible if these component bases are strongly aligned. In
Section 3 we use a quantity known as incoherence that captures the degree of alignment of
the bases.
However, even if we assume that the constituent signals are incoherent enough, demixing
poses a very challenging problem under more general observation models. For instance,
assume the measurement model is given by y = A(Φw + Ψz), where A ∈ Rm×n denotes a
linear measurement operator, and x, y ∈ Rn . Let us focus on the case where m  n. Such a
measurement model has been the focus of considerable attention in recent advances in signal
processing and high-dimensional statistics [6–8]. In this case, it might seem impossible to
recover the components x and z since A possesses a nontrivial null space. Once again, this
problem becomes ill-posed and additional information about the structure of the components
is necessary. For example, in the application of separating foreground and background
images, the foreground image can be modeled as sparse while the background can be assumed
to be low-rank. Such model assumptions on the constituent signals have been shown to enable
successful demixing [9–13].
In this paper, we focus on an even more challenging scenario, where the measurements
y are nonlinear functions of the signal superposition. That is, y = f (Ax) where f is a
nonlinear function (sometimes called a link function), and x is the target superposition.
Nonlinear link functions have long been studied in the statistics literature, and have recently
been studied in the context of signal recovery [14–16]. Such nonlinear functions can be
used to model numerous phenomena in signal acquisition, including quantization [14] and
phaseless imaging [17].
We are interested in the problem of signal demixing in such observation scenarios. Mathematically, we consider the model of y = f (Ax) where A ∈ Rm×n is a random matrix and
x = Φw + Ψz. We exclusively focus on the case where m  n. As part of our structural
assumptions, we suppose that the signal coefficients w and z are s-sparse in the basis Φ and
Ψ, respectively (i.e., w and z contain no more than s nonzero entries). Then, the goal is
to recover w and z, given m number of measurements, {y1 , y2 , . . . , ym } and the two bases Φ
and Ψ. Furthermore, f may be non-smooth, non-invertible, or even unknown. (The only
restriction is that f should be odd.)
In this paper, we provide a simple, fast algorithm (that we call OneShot) to demix the
constituent signals w and z from the observations y. Our algorithm is non-iterative, does
not require explicit knowledge of the link function, and is able to recover w and z even in
the case where m  n (provided the bases Φ and Ψ are incoherent enough.)
We support our algorithm with a rigorous theoretical analysis. Our analysis leads us to
prove upper bounds for the sample complexity (i.e., the number of requisite observations for
successful demixing) as well as the estimation error achieved by our proposed algorithm. In
particular, under certain conditions, we prove that the sample complexity of OneShot is
given by m = O(s log ns ); this matches the best-known bounds for the (easier) case of linear
observations. Formally, assume that Φ and Ψ are two incoherent basis with incoherence ε
and x = Φw + Ψz where kwk0 ≤ s, kwk0 ≤ s and x, w, z ∈ Rn . If ε is a small constant
(say ε ≤ 0.25), then with m = O(s log ns ) observations, we can recover x, as well as the
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constituents w, z, up to accuracy O(ε). See Section 4 for details.
Our technique to prove our desired upper bounds for Oneshot is based on the approach
proposed in [18]. Our main conceptual contribution is to extend this approach for the (more
general) nonlinear demixing problem. The theoretical bounds emerging from our approach
serve to highlight the role of signal incoherence in algorithm performance. Our technique
follows a geometric argument, and leverages the Gaussian mean width for the set of sparse
vectors. The Gaussian mean width is a geometric measure of complexity of a set of points in
a given space, and tight bounds for the Gaussian width of the set of s-sparse vectors in the
unit ball in Rn are available. We use the bounds in deriving our sample complexity results.
Moreover, we provide numerical evidence for the efficiency of our methods. In particular,
we compare the performance of Oneshot with a previous method proposed in [18] that is
based on convex optimization. The original idea of this method [18] is not directly related
to the nonlinear demixing problem, but it was proposed for nonlinear signal recovery when
the underlying signal x belongs to the set of approximately s-sparse signals. Simulation
results show that Oneshot outperforms this convex method significantly in both statistical
efficiency as well as running time, and consequently makes it an attractive choice in largescale nonlinear demixing problems.

2

Prior Work

The problem of linear demixing has been a significant focus of study in the last several years.
In a class of image processing techniques known as morphological component analysis (MCA),
images are treated as the superposition of a few structured constituents, and the goal is to
reliably recover these constituents given knowledge of their structure [1,2]. Typical structural
assumptions on the signal constituents include sparsity in a given basis or dictionary. In
[19], the authors describe a number of applications of similar demixing techniques in audio
processing and hardware diagnosis.
Research in the linear demixing problem has also considered a variety of signal models
beyond sparsity-based models. The robust PCA problem [9–11] involves inferring a low-rank
matrix L and a sparse matrix S, given their sum M = L + S. In the machine learning
community, the separation of low-rank and sparse matrices is used for latent variable model
selection [20] and the robust alignment of multiple occluded images [21]. A different (more
general) signal model is the low-dimensional manifold model. For instance, in [12, 13], the
authors propose a greedy iterative method for demixing signals, arising from a mixture of
known manifolds by iterative projections onto the manifolds. We refer to [3] for a comprehensive discussion about the linear demixing problem with various applications.
The linear demixing problem falls under the general category of inverse problems, where
the number of unknown parameters in an estimation problem far exceeds the number of observations. In signal processing applications, such problems have been widely studied under
the moniker of compressive sensing [6–8], where the goal is to reconstruct a given signal
from a small number of linear measurements. Of particular relevance to us is the 1-bit compressive sensing problem. Here, the linear measurements are quantized to a single bit where
the measurements are binary (±1) and only comprise the sign of the signal coefficient (i.e.,
the amplitude information is completely absorbed by the quantization operator.) Recent
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results have shown that if the signal x is sparse enough, this recovery problem can be done
efficiently using convex optimization [14–16].
The nonlinear measurement model is also related to classical observation models in statistics. variously known as the single index model (SIM), or the Generalized Linear Model
(GLM). In SIM, the unknown nonlinear function f is assumed to be odd and non-decreasing,
and the goal is to estimate f as well as the parameter vector x. For representative algorithmic solutions in the machine learning community, see [22, 23]. Recently, [24] proposed
an approach for estimating the coefficients based on a novel second moment estimator. An
advantage of their approach is that the unknown link function can be either odd or even.
Our method closely follows, and can be viewed as a generalization of, the method developed in [18]. Here, the authors consider the problem of recovering sparse signals from general
nonlinear measurements. Their results implicitly assume that the (possibly unknown) nonlinear link function is odd. Using geometric arguments, they provide a minimax-optimal
rate for their bound up to constants. Quantitatively, their results indicate that the required
number of measurements for successful nonlinear recovery is proportional to the effective
dimension of the set of sparse signals; the effective dimension is defined as the square of the
Gaussian mean width, a geometric notion that captures the intrinsic complexity of a set.
None of the above works have (explicitly) considered the problem of demixing signals
from nonlinear observations. In this work, we address this problem and provide a very fast
algorithm with provable guarantees.

3

Mathematical Setup

In this section, we establish the formal mathematical model and introduce some definitions.
Consider the Gaussian observation model:
y = f (Ax) ,

(3.1)

where A ∈ Rm×n is a random matrix with i.i.d. standard normal entries, and x ∈ Rn is given
by sum of two s-sparse vectors in two different basis. That is,
x = Φw + Ψz ,

(3.2)

where Φ, Ψ ∈ Rn×n are orthonormal bases, and w, z ∈ Rn such that kwk0 ≤ s1 , and kzk0 ≤
s2 . Here, f denotes a (possibly unknown) odd link function which is not necessarily smooth,
invertible, or continuous. Otherwise mentioned, the symbol k · k refers to the `2 -norm.
We define the following quantities:
Φw̄ + Ψz̄
x̄ =
= α(Φw̄ + Ψz̄),
kΦw̄ + Ψz̄k
where:

1
w
z
, w̄ =
, z̄ =
.
kΦw̄ + Ψz̄k
kwk
kzk
Also, we assume that w and z belong to the following sets:
α=

w ∈ K1 = {Φa | kak0 ≤ s1 },
z ∈ K2 = {Ψa | kak0 ≤ s2 },
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and we define K = {a | kak0 ≤ s}.
Definition 3.1. (Linear estimate of x). The linear estimate of x is given by x̂lin =
1 m
Σ y a where ai ∈ Rn is the i-th row of A and we have ai ∼ N (0, I).
m i=1 i i

1 T
A y
m

=

Definition 3.2. (ε-incoherence). The set of s-sparse vectors in basis Φ and Ψ are said to
be ε-incoherent where:
ε=
sup
|hΦu, Ψvi|.
kuk0 ≤s, kvk0 ≤s
kuk2 =1, kvk2 =1

Definition 3.3. (Polar norm) For a given x ∈ Rn and a subset of Q ∈ Rn , the polar norm
with respect to Q is defined as follows:
kxkQo = suphx, ui.
u∈Q

Furthermore, for a given subset of Q ∈ Rn , we define Qt = (Q − Q) ∩ tB2n . Since Qt is a
symmetric set, it can be shown that the polar norm with respect to Qt defines a semi-norm.
Definition 3.4. (Local gaussian mean width). For a given set K ∈ Rn , the local gaussian
mean width (or simply, the local mean width) is defined as follows ∀ t > 0:
Wt (K) = E

sup

hg, x − yi.

x,y∈K,kx−yk≤t

4

A Fast Demixing Algorithm

Having defined these quantities, we are ready to present our algorithm and main theoretical
results. Recall that we wish to recover components w and z in equation 3.2. Our proposed
algorithm, that we call it OneShot, is given in Algorithm 1.
Algorithm 1 OneShot
Inputs: Basis matrices Φ and Ψ, measurement matrix A, measurements y, sparsity level s.
Outputs: Estimates x
b = Φŵ + Ψb
z, w
b ∈ K1 , zb ∈ K2
1 T
x
blin ← m
A y
{form linear estimation}
∗
b1 ← Φ x
blin
{forming first proxy}
w
b ← Ps (b1 )
{Projection on set K1 }
b2 ← Ψ ∗ x
blin
{forming second proxy}
zb ← Ps (b2 )
{Projection on set K2 }
x
b ← Φw
b + Ψb
z
{Estimating x
b}

In Oneshot, we assume that the sparsity levels s1 and s2 defined in the sets K1 and K2
are equal to each other, i.e, s1 = s2 = s. The algorithm effortlessly extends to the case of
unequal sparsity levels. Also, we have used the following projections:
w
b = Ps (Φ∗ x
blin ),

ẑ = Ps (Ψ∗ x̂lin ).

Here, Ps denotes projection onto K and can be implemented by hard thresholding. It
is important to note that OneShot is not an iterative algorithm; this fact enables us to
achieve a fast running time in large-scale problems.
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In our proofs, we use a result from [18] that we state for completeness.
Lemma 4.1. (Quality of linear estimate). Given the model in Equation 3.1, the linear
estimator (Def. 3.1) is an unbiased estimator of x̄ (up to constants). That is, E(b
xlin ) = µx̄
and the variance of estimator is given by:
Ekb
xlin − µx̄k22 =

1 2
[σ + η 2 (n − 1)],
m

where
µ = E(y1 ha1 , x̄i), σ 2 = V ar(y1 ha1 , x̄i), η 2 = E(y12 ).
Theorem 4.2. (Main theorem.) Let y ∈ Rm be given the set of measurements. Let A ∈
Rm×n be a random matrix with i.i.d. standard normal entries. Also, let Φ, Ψ ∈ Rn×n are
bases with incoherence ε, as defined in Definition 3.2. If we use Oneshot to recover w and
z described in equations 3.1 and 3.2, then the error of nonlinear estimation incurred by x̂,
the output of Oneshot, satisfies the following upper bound:
r
√ 



√
4 2σ
ε
2n
1+ε
Cη
√
Ekb
x − µx̄k ≤ √
(4.1)
s log .
+ 4 2µ √
+√
s
m
m
1−ε
1−ε
where C > 0 is an absolute constant. The coefficients µ, σ, and η are given in Lemma 4.1.
Similar upper bounds can be obtained for estimates of the constituent signals w, z via the
triangle inequality.
Proof. See Section 5.
Corollary 4.3. (Example quantitative result). If f (x) = sign(x), then we may substitute
r
2
2
µ=
≈ 0.8,
σ 2 = 1 − ≈ 0.6,
η 2 = 1,
π
π
in the above statement. Hence, the bound in 4.1 becomes:
r




4
2n
ε
C
1+ε
√
Ekb
x − µx̄k ≤ √
s log
.
+ 4.53 √
+√
s
m
m
1−ε
1−ε

(4.2)

Proof. Using Lemma 4.1, µ = E(y1 hai , x̄i) where y1 = sign(ha
q i , xi). Since ai ∼ N (0, I)
2
and x̄ has unit norm, hai , x̄i ∼ N (0, 1). Thus, µ = E|g| =
. Moreover, we can write
π
σ 2 = E(|g|2 ) − µ2 = 1 − π2 . Here, we have used the fact that |g|2 obeys the χ̃21 distribution
with mean 1. Finally, η 2 = E(y12 ) = 1.
Remark 4.4. (Implications). The upper bound on the estimation error in the main theorem
shows that to achieve an estimation error of O(ε), the following number of measurements
suffices:
s
n
m = O 2 log
.
ε
s
For constant ε, this matches the sample complexity of demixing in the linear case [13].
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The main theorem obtains a bound on the expected value of the estimation error. We can
derive a similar upper bound that holds with high probability. In this theorem, we assume
that measurements yi for i = 1, 2, . . . , m have a sub-gaussian distribution. See [25] for a
comprehensive discussion about sub-gaussian random variables.
Theorem 4.5. (High-probability version of main theorem.) Let y ∈ Rm be a set of measurements with a sub-gaussian distribution. Assume that A ∈ Rm×n is a random matrix with
i.i.d standard normal entries. Also,√assume that Φ, Ψ ∈ Rn×n are two bases with incoherence
ε as in Definition 3.2. Let 0 ≤ s ≤ m. If we use Oneshot to recover w and z described in
(3.1) and (3.2), then the estimation error of the output of Oneshot satisfies the following:
r
√




√
1+ε
2 2ηs
Cη
ηs
ε
2n
√
kb
x − µx̄k ≤ √
+ 4 2µ √
+√
+ 4√ ,
s log
s
m
m
m
1−ε
1−ε
2 4

with probability at least 1 − 4 exp(− kycs1 kη4 ) where C, c > 0 are absolute constants. The
ψ2

coefficients µ, σ, and η are given in Lemma 4.1. Here, ky1 kψ2 denotes the ψ2 -norm of the
first measurement y1 .
Proof. See Section 5.

5

Proofs

In this section, we derive the proof of Theorem 4.2. The proof mostly follows the method
of [18]. As a precursor, we need the following lemma from geometric functional analysis,
restated from [18].
Lemma 5.1. Assume K is a closed star-shaped set. Then for u ∈ K, and a ∈ Rn , one has
the following result ∀t > 0:
2
kPK (a) − uk2 ≤ max(t, kPK (a) − ukKto ).
t

(5.1)

We also use the following result of [18].
Claim 5.2. (orthogonal decomposition of ai ) Suppose we decompose the rows of A, ai , as:
ai = hai , x̄ix̄ + bi ,

(5.2)

where bi ∈ Rn is orthogonal to x̄. Then we have bi ∼ N (0, Ix⊥ ) since ai ∼ N (0, I). Also,
Ix⊥ = I − x̄x̄T . Moreover, the measurements yi in equation 3.1 and the orthogonal component
bi are statistically independent.
Proof of Theorem 4.2. Observe that the magnitude of the signal x may be completely lost
due to the action of the nonlinear measurement function f (such as the sign(·) function).
Therefore, our recovered signal x
b approximates the true signal modulo (possibly unknown)
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scaling factor. Indeed, for µ defined in Lemma 4.1, we have:
kb
x − µx̄k = kΦw
b + Ψb
z − αµΦw̄ − αµΨz̄k
≤ kΦkkw
b − µαw̄k + kΨkkb
z − µαz̄k
2
2
blin − µαw̄kKto ) + (t + kΨ∗ x
blin − µαz̄kKto ) .
≤ (t + kΦ∗ x
t
t
The equality comes from the definition of x̄. The first inequality results from an application of the triangle inequality and the definition of the operator norm of a matrix, while the
second inequality follows from Lemma 5.1.
It suffices to derive a bound on the first term in the above expression (since a similar
bound will hold for the second term.) We obtain:
1
Σi (yi hai , x̄ix̄ + yi bi ) − µαw̄kKto
m
1
1
≤ kΦ∗ Σi (yi hai , x̄ix̄) − µαw̄kKto + kΦ∗ Σi yi bi kKto
m
m
1
∗ 1
∗
≤ kΦ Σi (yi hai , x̄ix̄) − µΦ x̄kKto + kµαΦ∗ Ψz̄kKto + kΦ∗ Σi yi bi kKto .
{z
} | m {z
| m
{z
} |
}

kΦ∗ x
blin − µαw̄kKto = kΦ∗

S2

S1

S3

(5.3)
The first equality follows from the orthogonal decomposition of ai , while the second and
third inequalities result from the triangle inequality. We first bound S1 as follows:
S1 = kΦ∗

1
Σi (yi hai , x̄ix̄) − µΦ∗ x̄kKto
m

1
Σi (yi hai , x̄i − µ))Φ∗ x̄kKto
m
1
= | Σi (yi hai , x̄i − µ)|kΦ∗ x̄kKto .
m

= k(

Therefore,
E(S12 ) = E(|

1
Σi (yi hai , x̄i − µ)|2 kΦ∗ x̄k2Kto ).
m

∆

Define γi = yi hai , x̄i − µi . Then,
E(|

1
1
Σi (yi hai , x̄i − µ)|2 ) = E( 2 (Σi γi )2 )
m
m
m
1 X 2
= E( 2 (
γ + Σi6=j γi γj ))
m i= i
m
1
1 X 2
Eγi ) = Eγ12
= 2(
m i=1
m

=
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σ2
m

where σ 2 has been defined in Lemma 4.1. The third and last equalities follow from the fact
that the yi ’s are independent and identically distributed.
Now, we bound kΦ∗ x̄k2Kto as follows::
kΦ∗ x̄kKto =

hΦ∗ x̄, ui

sup
2
u∈(K−K)∩tBn

=t

hΦ∗ x̄, v1 − v2 i

sup
v1 ∈ 1t K,v2 ∈ 1t K
kvi k≤1,i=1,2

≤ 2t sup |hΦ∗ x̄, ai|
kak0 ≤s
kak≤1

≤ 2t( sup |hαw̄, ai| + sup |hαΦ∗ Ψz̄, ai|)
kak0 ≤s
kak≤1

kak0 ≤s
kak≤1

≤ 2αt(1 + sup |hαΨz̄, Φai|)
kak0 ≤s
kak≤1

= 2αt(1 + ε).
This implies that:
α2 t2 σ 2
(1 + ε)2 .
(5.4)
m
The second inequality follows from (3.2) and the triangle inequality. The last inequality
is results from an application of the Cauchy-Schwarz inequality and the definition of ε.
Similarly, we can bound S2 as follows:
=⇒ E(S12 ) ≤ 4

E(S2 ) = E(kµαΦ∗ Φz̄kKto )
= E(|µα|kΦ∗ Φz̄kKto )
= |µα|kΦ∗ Φz̄kKto
= |µα|
sup
hΨz̄, Φui
2
u∈(K−K)∩tBn

= |µα|t

hΨz̄, Φ(v1 − v2 )i

sup
v1 ∈ 1t K,v2 ∈ 1t K
kvi k≤1,i=1,2

≤ 2µαtε.

(5.5)
∆ 1
Σyb.
m i i i

Finally, we give the bound for S3 . Define
E(S3 ) = EkΦ∗

L=

Then, we get:

1
Σi yi bi kKto = EkΦ∗ LkKto .
m

Our goal is to bound EkΦ∗ LkKto . Since yi and bi are independent random variables (as per
Claim 5.2), we can use the law of conditional covariances and the law of iterated expectation.
That is, we first condition on yi , and then take expectation with respect to bi .
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By conditioning on yi , we have L ∼ N (0, β 2 Ix⊥ ) where Ix⊥ = I − x̄x̄T is the covariance
of vector bi according to claim 5.2 and β 2 = m12 Σi yi2 . Define gx⊥ ∼ N (0, Ix⊥ ). Therefore,
L = βgx⊥ Putting everything together, we get:
E(S3 ) = EkΦ∗ LkKto
= EkΦ∗ βgx⊥ kKto
= βEkΦ∗ gx⊥ kKto .
We need to extend the support of distribution of gx⊥ and consequently L from x⊥ to Rn .
This is done by the following claim in [18]:
Claim 5.3. Let gE be a random vector which is distributed as N (0, IE ). Also, assum that
Γ : Rn → R is a convex function. Then, for any subspace E of Rn such that E ⊆ F , we
have:
E(Γ(gE )) ≤ E(Γ(gF )).
Hence, we can orthogonally decompose Rn as Rn = D ⊕C where D is a subspace supporting x⊥ and C is the orthogonal subspace onto it. Thus, gRn = gD + gC in distribution such
that gD ∼ N (0, ID ), gC ∼ N (0, IC ). Also, k.kKto is a convex function since it is a semi-norm.
Hence,
ED kΦ∗ gD kKto = ED kΦ∗ gD + EC (gC )kKto
= ED kEC|D (Φ∗ gD + gc )kKto
≤ ED EC|D kΦ∗ (gD + gC )kKto
= EkΦ∗ gRn kKto .
The first inequality follows from Jensen’s inequality, while the second inequality follows
from the law of iterated expectation. Therefore, we get:
EkΦ∗ LkKto = EkΦ∗ βgx⊥ kKto
= βEkΦ∗ gx⊥ kKto
≤ βEkΦ∗ gRn kKto
=β
sup
hΦ∗ βgRn , ui
2
u∈(K−K)∩tBn

= βWt (K).
The last equality follows from the fact that Φ∗ gRn ∼ N (0, I). The final step is to take an
expectation with respect to yi , giving us a bound on E(S3 ):
E(S3 ) = EkΦ∗ LkKto
≤ E(β)Wt (K)
p
≤ E(β 2 )Wt (K) ,
where β 2 =

1
m2

Pm

i=1

yi2 . Hence,
η
E(S3 ) ≤ √ Wt (K) .
m
10

(5.6)

Putting together the results from (5.4), (5.5), and (5.6), we have:
E(kΦ∗ x
blin − µαw̄kKt ) ≤ E(S1 ) + E(S2 ) + E(S3 )
p
≤ E(S1 ) + E(S2 ) + E(S3 )
2αtσ
η
≤ √ (1 + ε) + 2µαtε + √ Wt (K).
m
m
Therefore, we obtain:
4ασ
2
2η
blin − µαw̄kKt ) ≤ t + √ (1 + ε) + 4µαε + √ Wt (K).
t + E(kΦ∗ x
t
m
t m
Hence,
4η
8ασ
E(kb
x − µx̄k) ≤ 2t + √ (1 + ε) + 8µαε + √ Wt (K).
m
t m
Moreover, we can bound α =

1
kΦw̄+Ψz̄k

as follows:

kΦw̄ + Ψz̄k22 ≥ kΦw̄k22 + kΨz̄k22 − 2|hΦw̄, Ψzi|
≥ 2 − 2ε, or,
1
α≤ √ √
2 1−ε

(5.7)

However, k is a closed star-shaped set, thus Wt (k) = tW1 (K). We can use lemma (2.3)
in [15] to bound W1 (K) and let t → 0. Using this, we have the final bound:
r
√ 



√
ε
2n
4 2σ
1+ε
Cη
√
,
(5.8)
s log
Ekb
x − µx̄k ≤ √
+ 4 2µ √
+√
s
m
m
1−ε
1−ε
where C > 0 is an absolute constant. This completes the proof of Theorem 4.2.
As a precursor to the high probability version of the main theorem, we need a few more
definitions and preliminary lemmas:
Definition 5.4. (Sub-Gaussian random variable.) A random variable X is called subGaussian if it satisfies the following:
!
cX
E exp
≤ 2,
kXk2ψ2
where c > 0 is an absolute constant and kXkψ2 denotes the ψ2 -norm which is defined as
follows:
1
1
kXkψ2 = sup √ (E|X|p ) p .
p
p≥1
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Definition 5.5. (Sub-exponential random variable.) A random variable X is called subgaussian if it satisfies the following:


cX
≤ 2,
E exp
kXkψ1
where c > 0 is an absolute constant and kXkψ1 denotes the ψ1 -norm which is defined as
follows:
1
1
kXkψ1 = sup (E|X|p ) p .
p≥1 p

We should mention that there are other definitions for sub-Gaussian and sub-exponential
random variables. Please see [25].
Lemma 5.6. Let x and y be two sub-Gaussian random variables. Then, XY is a subexponential random variable.
Proof. According to the definition of the ψ2 -norm, we have:
1

(E|XY |p ) p ≤ pkXkψ2 kY kψ2 .

(5.9)

This shows that the random variable XY is sub-exponential according to Definition 5.5.
Lemma 5.7. (Gaussian concentration inequality) See [25]. Let (Gx )x∈T be a centered gaussian process indexed by a finite set T . Then ∀t > 0:


t2
P(sup Gx ≥ E sup Gx + t)) ≤ exp − 2
2σ
x∈T
x∈T
where σ 2 = supx∈T EG2x < ∞.
Lemma 5.8. (Bernstein-type inequality for random variables) [25]. Let X1 , X2 , . . . , Xn
be independent sub-exponential random variables with zero-mean. Also, assume that K =
maxi kXi kψ1 . Then, for any vector a ∈ Rn and every t ≥ 0, we have:



t2
t
P(|Σi ai Xi | ≥ t) ≤ 2 exp −c min
,
.
K 2 kak22 Kkak∞
where c > 0 is an absolute constant.
Proof of Theorem 4.5. We follow the proof given in [18]. Let β = 2√sm for 0 < s <
where m denotes the number of measurements. In (5.3), we saw that
2
kb
x − µx̄k ≤ 2(t + (S1 + S2 + S3 ))
t

√

m

(5.10)

We attempt to bound the tail probability separately for each term S1 , S2 , and S3 and then
use a union bound to obtain the desired result.
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For S1 , we have:
S1 ≤ |

1
Σi (yi hai , x̄i − µ)|kΦ∗ x̄kKto .
m

We note that yi is a sub-gaussian random variable (by assumption) and hai , x̄i is a standard
normal random variable. Hence, by Lemma 5.6, yi hai , x̄i is a sub-exponential random variable. Also, yi hai , x̄i for i = 1, 2, . . . , m are independent sub-exponential random variables
that can be centered by subtracting of their mean, µ. Now, we can apply Lemma 5.8 on
| m1 Σi (yi hai , x̄i − µ)|. Therefore, We have:
!
1
cβ 2 η 2 m
P(| Σi (yi hai , x̄i − µ))| ≥ ηβ) ≤ 2 exp −
.
m
ky1 k2ψ2
Here, η and µ are as defined in 4.1. Using the bound on |Φ∗ x̄kkto , we have:
√
1+ε
2ηβt √
,
1−ε

S1 ≤

(5.11)

2 2

η m
) where c > 0 is some constant.
with probability at least 1 − 2 exp(− cβ
ky1 k2
ψ2

For S2 we have:
S2 ≤

√

2µαt √

ε
,
1−ε

(5.12)

with probability 1 since S2 is a deterministic quantity.
For S3 we have:
S3 ≤ kΦ∗

1
Σi yi bi kKto .
m

To obtain a tail bound for S3 , We are using the following:
S3 ≤

1
(Σi yi2 )1/2 kΦ∗ gkKto
m

We need to invoke the Bernstein Inequality (lemaa 5.8) for sub-exponential random variables
(yi2 − η 2 ) for i = 1, 2, . . . , m in order to bound m1 (Σi yi2 )1/2 . we have:
|

1
|Σi (yi2 − η 2 )| ≤ 3η 2
m
4

with high probability 1 − 2 exp(− kycmη
4 ).
1k
ψ2

Also, we need to bound kΦ∗ gk where g ∼ N (0, I) with high probability. Since Φ is an
orthogonal matrix; as a result, Φ∗ g ∼ N (0, I). Hence, we can use the Gaussian concentration
inequality to bound Φ∗ g as mentioned in lemma 5.7. Put these pieces together, we have:
√
2η
S3 ≤ √ (Wt (K) + tβ m),
m
13

(5.13)

4

2
with probability at least 1 − 2 exp(− kycmη
4 ) − exp(cβ m). Here, Wt (K) denotes the local
1k
ψ2

mean width for the set K1 defining in section 3.
Now, using 5.10 to 5.13 together with union bound, we obtain:
r
√




√
2 2ηs
1+ε
ε
Cη
2n
ηs
√
kb
x − µx̄k ≤ √
+ 4 2µ √
+√
s log
+ 4√ .
s
m
m
m
1−ε
1−ε
2 4

with probability at least 1 − 4 exp(− kycs1 kη4 ) where C, c > 0 are absolute constants. Here, we
ψ2

have again used the well-known bound on the local mean width of the set of sparse vectors;
see lemma (2.3) in [15]. This completes the proof.

6

Numerical Results

In this section, we provide some representative numerical experiments for our proposed
algorithm based on synthetic and real data. We also compare its performance with a LASSOtype technique for demixing. This method, first proposed in [18], was not explicitly developed
in the demixing context, but is suitable for our problem. We call this method the Nonlinear
convex demixing LASSO, or the NlcdLASSO for short. Using our notation from Section 3
and 4, NlcdLASSO solves the following convex problem:
kb
xlin − (Φz + Ψw)k
√
√
subject to kwk1 ≤ s, kzk1 ≤ s.

min
z,w

(6.1)

Here, x
blin denotes the linear estimation of x (definition 3.1) and s denotes to the sparsity
level of signals w and z in basis Φ and Ψ, respectively. The constraints in problem 6.1 are
convex penalties reflecting the knowledge that w and z are s-sparse and have unit `2 -norm.
The outputs of this algorithm are the estimates w,
b x
b, and x
b = Φw
b + Ψb
z . To solve the
optimization problem in 6.1, we have used SPGL1 [26,27]. This solver can handle large scale
problems, which is the scenario that we have used in our experimental evaluations.
6.1

Synthetic data

We precisely describe the setup of our simulations for synthetic data. First, we generate
w and z belonging to Rn with n = 220 , whose support is randomly generated among all
supports in Rn with s nonzero elements. According to the discussion in the Introduction,
for successful recover we require that the constituent signals to be incoherent enough. To
achieve this, we consider that the signal w to be s-sparse in the Haar wavelet basis, and z to
be s-sparse in the noiselet basis [28]. For the measurement operator A, we choose a partial
DFT matrix. Such matrices are known to have similar recovery performance as random
Gaussian matrices, but enable fast numerical operations [29].
For our nonlinear link function, we set f (x) = sign(x). Due to this measurement model,
the scale (amplitude) of the underlying signal is irrevocably lost. To measure recovery
performance in the absence of scale information, we use the criterion of Cosine Similarity
between x and x
b to compare the performance of different methods. More precisely, suppose
14
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Figure 1: Performance of Oneshot and NlcdLASSO according to the Cosine Similarity for different
choices of sparsity level s and for different number of measurements m.

Oneshot (or NlcdLASSO) outputs w
b and zb, such that x
b = Φw
b + Ψb
z . Then, the Cosine
Similarity criterion is defined as follows:
cos(x, x
b) =

xT x̂
.
kxkkb
xk

Figure 1 illustrates the performance of Oneshot and NlcdLASSO according to the
Cosine Similarity for different choices of sparsity level s. The horizontal axis denotes an
increasing number of measurements. Each data point in the plot is obtained by conducting
a Monte Carlo experiment in which a new random measurement matrix A is generated, and
averaging over 100 trials. As we can see from the plot, the performance of NlcdLASSO is
worse than Oneshot for any fixed choice of m and s. Even for extreme situations (m = 4850
and s = 5), Oneshot outperforms NlcdLASSO significantly.
Figure 2 shows the true signal and its components (x, Φw and Φz) as well as the reconstructed signals using Oneshot. In this experiment, we have used a standard normal
random matrix as the measurement matrix A, and a test signal of length 215 . The sparsity
parameter s is set to 15, and the number of measurements is set to 5000. From visual inspection, we can observe that both true and reconstructed signals as well as true constituent
signals and their estimations are close to each other (up to a scaling factor).
Finally, we contrast the running time of both algorithms, illustrated in Figure 3. In this
experiment, we have measured the wall-clock running time of the two algorithms, by varying
signal size x from n = 210 to n = 220 . Here, we set the number of measurements to m = 500
and the number of Monte Carlo trials to 1000. The horizontal axis in the plot is in log
scale. As we can see, Oneshot is 12 times faster than NlcdLASSO when the size of signal
equals to 220 which makes Oneshot very efficient even for large scale nonlinear demixing
problems.
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(a)

(b)

Figure 2: (a) Ground truth x, Φw, and Φz. (b) Oneshot estimates x̂, Φŵ, and Φẑ.
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Figure 3: Comparison of running times of Oneshot with NlcdLASSO.

6.2

Real data

In this section, we provide representative results on real-world 2-dimensional data using
Oneshot and NlcdLASSO.
For the 2-dimensional scenario, we start with a 256 × 256 test image. First, we obtain its
2D Haar wavelet decomposition and retain the s = 500 largest coefficients, denoted by the ssparse vector w. Then, we reconstruct the image based on these largest coefficients, denoted
by x
b = Φw. Similar to the synthetic case, we generate a noise component in our superposition
model based on 500 noiselet coefficients z. In addition, we consider a parameter which
controls the strength of the noiselet component contributing to the superposition model. We
set this parameter to 0.1. Therefore, our test image x is given by x = Φw + 0.1Ψz.
Figure 4 illustrates both the true and the reconstructed images x and x
b as well as both
the true and the reconstructed wavelet-sparse component, denoting by Φw and Ψw,
b respectively. The number of measurements is set to 35000. In this simulation, for measurement
matrix A, we have used a partial (subsampled) DFT matrix due to the difficulties in largescale computations with Gaussian measurement matrices. However, the main theoretical
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Φw
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Figure 4: Comparison of Oneshot and NlcdLASSO for demixing problem in real 2-dimensional case.

results obtained in this paper are applicable to random Gaussian measurement matrices.
Hence, our theoretical results do not directly apply in this, and we defer a thorough investigation of random DFT measurement matrices for the nonlinear demixing problem as
future research. Nevertheless, the results are promising, and from visual inspection we see
that the reconstructed image, x
b, using Oneshot is better than the reconstructed image by
NlcdLASSO. Quantitatively, we also calculate Peak signal-to-noise-ratio (PSNR) of the
reconstructed images using both algorithms relative to the test image, x. We have:
P SN ROneshot = 19.8335 dB

P SN RNlcdLASSO = 17.9092 dB

therefore illustrating the superior performance of Oneshot compared to NlcdLASSO.
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7

Conclusions

We proposed a simple (and fast) algorithm for demixing sparse signals from nonlinear observations. We call this algorithm Oneshot since it is non-iterative. The performance
of Oneshot is characterized via upper bounds on the statistical error that depend on the
(in)coherence between the sparse signal constituents. An important implication of our bound
is that under the assumption of sufficient incoherence, the number of measurements required
for reliable recovery of the constituent signals is given by m = O(s log 2n
) where s is the
s
sparsity level of the constituent signals and n is the ambient dimension. We anticipate that
the problem of demixing signals from nonlinear observations can be used in numerous different practical applications. As future work, we intend to extend our methods to more general
signal models (including rank-sparsity models), as well as robust algorithms for more general
measurement models.
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