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Principal Component Analysis

» Principal Component Analysis (PCA)

» For a given MSE tolerance, PCP finds the linear subspace with
the smallest dimension that spans a given dataset.
» Sensitive to outliers and corruptions.
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» Principal Component Analysis (PCA)

» For a given MSE tolerance, PCP finds the linear subspace with
the smallest dimension that spans a given dataset.
» Sensitive to outliers and corruptions.

» Solutions:
» A lot of existing work on robustifying PCA, most of which

> first detect the corrupted points and then
> either fill them with some heuristics, or just remove them.

» Recent work: Principal Component Pursuit [E. Candes, etal, [P. A.
Parrilo et.al, 09]
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Robust Principal Component Analysis (e candes, et (p. A Pariio etal, 09)

> Given a data matrix M € R™*" composed of low rank component L
and sparse component S, recover L and S from M.

- Nonzero entries of S can have arbitrary large magnitude.
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Robust Principal Component Analysis (e candes, et (p. A Pariio etal, 09)

> Given a data matrix M € R™*" composed of low rank component L
and sparse component S, recover L and S from M.

- Nonzero entries of S can have arbitrary large magnitude.

» With high probability, this problem can be exactly solved by
Principal Component Pursuit (PCP)

~3

I« + ISl st L+S=M

i

provided that:
a) the singular vectors of L are spread out(not sparse)
—> L is not sparse
b) the support of S are uniformly random = S is not low rank

c) rank(L) and |supp(S)| (size of the support of S) are both
sufficiently small
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Principal Component Pursuit (PCP)

» Applications: video surveillance, face recognition, etc.
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Principal Component Pursuit (PCP)

» Applications: video surveillance, face recognition, etc.

For e.g., given a sequence of surveillance video frames,
» stack each image frame as a column vector of the data matrix
M

» the background variations lying on a low dimensional subspace
forms the low rank component L

» the “moving objects” form the sparse part S.
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(Loading RPCAexptlrandom.mpeg)

M € R256x1150 A1, is t-th column of M.
“Background” part L has low rank, rank(L) = 32.
The first 1000 frames: no “objects”, i.e. Si.1000 = 0.

vV v v Y

“Objects” shows up in the last 150 frames: select 12.5% nonzero
entries uniform randomly for S;.

» Error of PCP: Hj;f?”% —908x107. 1
F

1||x||F is the Frobenius norm, [| X% = ¥, %;(X; ;)2
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RPCAexpt1random.mpeg
Media File (video/mpeg)


PCP in video surveillance: limitations

» A offline method
- Surveillance application usually requires online approach.
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- Surveillance application usually requires online approach.

» Require nonzero entries of S to be i.i.d random.

- Objects occupy a block of pixels and move as a block
— elements of S; are spatially correlated.

- Objects move slowly and/or with approximately constant
velocity = S; and S;11 are time correlated.

» Require rank(L) and |supp(S)| to be sufficiently small.
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PCP fails when objects move in a fashion

» 12.5% nonzero elements in S;.
» Two moving objects in S;.

» Each object occupies a 4 x 4
nonzero pixel block.

(Loading RPCAexpt2motion.mpeg) > Each object moves one pixel
step towards

top/bottom/left/right w.p.
0.05 and stays static w.p. 0.8.

S-S5z
[EIA

» PCP fails with above

38%.
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RPCAexpt2motion.mpeg
Media File (video/mpeg)


Problem Formulation and Signal Model

» Qur problem: given M;, recover L; and S; sequentially, and
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Problem Formulation and Signal Model

» Qur problem: given M;, recover L; and S; sequentially, and

» Do this even if the nonzero entries of S; are not i.i.d random,
but correlated.
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Model on L; (Background)

» Low rank matrix L <= L =[Ly, -, L], Lt = Ux¢
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» Low rank matrix L <= L =[Ly, -, L], Lt = Ux¢

- U is an unknown orthonormal matrix.

- X is a sparse vector with support N;.
2
01

- e~ NO | )

Chenlu Qiu, Namrata Vaswani RR-PCP 9/ 20



Model on L; (Background)

» Low rank matrix L <= L =[Ly, -, L], Lt = Ux¢

- U is an unknown orthonormal matrix.

- X is a sparse vector with support N;.
of
- (e)ne ~ N, | )
2
Ok

- X =[x1, -, has nonzero rows indexed by N = U;N;.

» (U)n spans the principal components’ (PC) subspace of L.
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» x;, and hence L; = Ux;, follows a piecewise stationary model
with nonstationary transients when switching pieces.
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» x;, and hence L; = Ux;, follows a piecewise stationary model
with nonstationary transients when switching pieces.
» N, :=supp(x;) changes for every d frames.
» Number of changes of N; is small compared with |N,|.

» Nonzero entries of x; is spatially independent and it follows a
AR-1 model over time.
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Model on S; (Foreground)

(Loading St.mpeg)

> In St,

- Several nonzero pixel blocks in S;. All other pixels are zero.
- Each nonzero block can either be static w.p. p, or move one
pixel step to left/right/top/bottom w.p. (1 — p)/4.

» Therefore, support of S; is spatial and temporal correlated.
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St.mpeg
Media File (video/mpeg)


Main ldea of Real-time Robust PCP (RR-PCP)

» Recall that Ly = Ux¢, Ny = supp(x¢).
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» Use correlation model on x; to “reduce noise” on the “missing
subspace” span(P;) \ span(P;).

a) Let 7 = (Pet) (Me — fLe1) = (Pe,1)7 St + fr, where
“noise” becomes 3; = (P; 1 )7 (Ls — fLi—1).

b) E[||3:/13] is smaller than E[||5;]|3] where 5, = (I’\Dt,L)TLt.

Recall that x;, hence L; = Ux;, follows a AR-1 model,

x¢ = f x¢_1+vt, xe ~ N(0,X), v ~ N(0, (1—f?)X), Xis diagonal
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Real-time Robust Principal Components’ Pursuit(RR-PCP)

Output St, [A/t

St f/t
Noise cancelation & 7 Estimate .S; St K N
% Perp. Projection = | min ||s||s i — Ly = My — St [
G = (P1)" (M — fLi—y) st |G — (Pru)"sll3 <e |
i A
| £
Py Ly
Delay
1) At t=0, Py ~ Py is needed.
2) Use 'bt,i_ to “cancel out” span(lst).
3) Use correlation of L; to “reduce noise” on span(P;) \ span(P;).
4) Update P; and P | every-so-often.
5) Support thresholding followed by LS estimate to reduce the error

[The Dantzig selector, 2005].
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Experiment Result

——PCP(M,,-- M) |]
—e—RR-PCP (M;)

(Loading RRPCPexpt3Recursive.m pg)

. . . . . . .
1020 1040 1060 1080 1100 1120 1140
time -

Figure: Normalized Squared Error against time
> In S¢: five moving objects, each object occupies a 4 X 4 pixel block.

P About 31% entries in S; are nonzero.
> PCP([My, - - - , M¢]): at each time t, do PCP using all available frames [My, - - - , M¢].
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RRPCP_expt3_recursive.mpeg
Media File (video/mpeg)


Implicit assumptions of RR-PCP

» Need a training sequence without sparse component to get an
initial estimate Py.
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Implicit assumptions of RR-PCP

» Need a training sequence without sparse component to get an
initial estimate Py.

» The orthogonal complement, ﬁ)t7iv needs to satisfy some
conditions for Compressive Sensing to succeed.

» An appropriate choice of € is needed for estimating S;.
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Related Work

» Dense Error Correction via £1 minimization [John Wright, et.al. 09], [J. N.

Laska, et. al. 09].
» Decoding by Linear Programming [E. candes, T. Tao' 2005].
» Robust Linear Regression [v. Jin, B.Rao' 2010].

» Bayesian Sparse Robust Regression [k. Mitra, et. al 2010].
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Dense Error Correction via £1 minimization [ohn Wright, et.al. 09], [J. N.

Laska, et. al. 09].

v

Decoding by Linear Programming [e. candes, T. Tao' 2005].

v

Robust Linear Regression [v. jin, B.Rao' 2010].

v

Bayesian Sparse Robust Regression [k. Mitra, et. al 2010].

v

All above methods require U or (U)p, known.
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» Incorporate motion prediction to improve further
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1) Predict the object(s)’ location with motion model on S; and

Se-1.
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» Incorporate motion prediction to improve further
1) Predict the object(s)’ location with motion model on S; and
2) Get an estimate of supp(S:), T.

3) Solve modified-CS [N. vaswani et.al. 2010] as

min [[srel|y st |(Pe 1) T(Me —s — fLe1)|3 < e

» Undersampled M;: replace PC update step by GROUSE [arzano

et al, AIIertonlO]?

» Large Scale Data?
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Thank you! Questions?
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