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Abstract—In this work, we focus on the problem of recursively 3) We can further improve our solutions if the support of

recovering a time sequence of sparse signals, with time-wing s, also changes slowly over time or changes in some
sparsity patterns, from highly undersampled measurementgor- other correlated fashion over time

rupted by very large but correlated noise. It is assumed thathe ] ) )
noise is correlated enough to have an approximately low rank If a sequence of vectork satisfy the first two assumptions
covariance matrix that is either constant, or changes slowl with  above, we refer to them as“bw rank” sequence.

time. We show how our recently introduced Recursive Projead The problem defined above is the case where the measure-
CS (ReProCS) and modified-ReProCS ideas can be used to solv . . .

this problem very effectively. To the best of our knowledgeexcept ‘ment noise/l;, is large but correlated. Howgver it can also
for the recent work of dense error correction via¢; minimization, model the the case where the unknown signgl, that we

which can handle another kind of large but “structured” noise ~are imaging, consists of the “signal of interesBs; plus a
(the noise needs to be sparse), none of the other works in s;g& background signalb,, i.e. z; = ®s, + b, and b; has large

recovery have studied the case of any other kind of large na#s  magnitude (can be much larger thbsg,) but is “low rank”.
In this case the measurement,

. INTRODUCTION Yy = U(Ds; + by) = Uds, + Vb, )
In this work we focus on the recursive sparse recove

r
problem in large noise. To be precise, given l%otice that (2) can be rewritten in the form (1) by letting

l; = Wby. Clearly if b, is “low rank”, then so ig; = Ub;,.
Y = Vs + 1y (1)  To make things precise, we can rewrlieas

where ¥ is an m x n measurement matrix withn < n, by = Uz

® is ann x n orthonormal matrix (sparsity basis matrix),

y¢ IS anm x 1 measurement vectos, is ann x 1 sparse whereU is anunknownorthonormal matrix and:; is ann x 1
vector, and; is the noise. The signat, := ®s;, is sparse in sparse vector whose support set, denoted’hychanges every
some transform domain specified By The signal is usually d time units, and whose elements are spatially uncorrelated.
correlated over time, and as a result the suppost oflenoted In other words,V; is piecewise constant with time. Thus, the
by T}, often changes in a correlated fashion over time. Ogplumns of the sub-matrixy (U) n,, span the low dimensional
goal is to recursively recovey;, and hence;; = ®s,, in the subspace in which the current setlg$ lie andl; = YUz, =

presence of large noise, i.e. in the case where U (U)n,(xt)n,. Everyd time units, there aré additions to the
setVy, or, equivalentlyk directions get added to the subspace
[12ell2 > ([T Psq |- of ;. When a new direction gets added, the magnitude,of

In the most general case, clearly this problem cannot bedolvalong it is initially small but gradually increases to a larg
All sparse recovery and recursive sparse recovery techaiggtable value. Also, the values of alongk existing directions
[1], 21, [3], [4], [5], [6], [7], [8] studied so far can only andle  gradually decay down to zero, i.e. the corresponding doest
small to medium noise. In any case none of them, will work @€t slowly removed from the subspace lpf We provide a
the noise energy is much larger than the signal energy. In fagenerative model foz, that satisfies these assumptions in the
this problem is a difficult one even in the case where= n  APpendix.

and U is an identity matrix [9], [10]. In this work we show In earlier work [9], [10], [11], we studied a special case of

that we can indeed solve this problem if the noise is coreelatthe above problem, the case where bétland ¢ are identity
enough so that matrices. In this work, we show how the Recursive Projected
Compressed Sensing (ReProCS) and modified-ReProCS ideas
" introduced there can be adapted to the above more general
blem. We demonstrate their usefulness via exhaustive si
ations. To the best of our knowledge, except for the dense
ror correction work of [12] which can handle another kind
of large but “structured” noise (the noise is large but needs
to be sparse), none of the other works in sparse recovery or
The authors are with the Electrical and Computer EngingeBiepartment, recursive sparse recovery have studied the case of any other
lowa State University, Ames, IA 50010 USA (e-mail: chenla@ate.edu; kind of large noise. However, this is a very important pratle
namrata@iastate.edu). This research was partially stgghbdny NSF grants . .
ECCS-0725849 and GCE-0917015. The measurement noise could be large due to a variety of
reasons. Also, there are many problems where only a part of

1) the matrix [l;—,,....,l;] has low rank, i.e.
rank([l;— -, ...l{]) < m for 7 large enough and

2) the subspace in which the noise lies only changes slovl
over time and we have available some initial noise-on
training data that helps us get an initial estimate of t
noise subspace.



assumed that the organ being imaged is wavelet sparse, e.g.
see [15], [14]. LetiW denote an 2D discrete wavelet transfor-
mation (DWT) matrix corresponding to a chosen wavelet and
let W~ be its inverse. So the question is, what happens if

we letb, = W1z, wherez, is the wavelet transform vector

(@) CNR= 4, ||b||2/]|at]|2 ~ 120 and then try to use the following adaptation of the densererro

correction [12] idea (henceforth, we call tlaslapted-DEC or

aDEQ): solve
min ||s||; + ||z]|1, subject toy; = Us+TW 1tz (3)

@, by uReProCS
(b) CNR= 3, [|be]|2/llat]2 ~ 160 The above is also related to the idea suggested in Pursuit of
Justice [16]. We show in Fig. 1 that this does not work. Here
Fig. 1: Comparison of uReProCS and a-DEC for undersampled fMR¥e used the two level Daubechies-4 (db-4) wavelet since this
based brain active detection. Here,is a partial Fourier matrix with is also the one that is used in other works, e.g. [14]. Also, we
m = 2048 andn = 4096 and ® is an identity matrix. We captured usedm = n/2 partial Fourier measurements selected using
real fMRI brain image,b:, when no stimulus was provided to thethe variable density undersampling scheme of [15]. Here the
subject. We then add synthetic active pixets, at a low CNR of image is 64x64, i.en = 642 = 4096. We think that the
4 and 3. Clearly, a; is much smaller than that df;. Adapted-DEC main reason for this is that the particular wavelet we chose
solves (3) wherdV is a two level Daubechies-4 DWT matrix. may be a valid sparsity basis féf, but is not the best one.
Hence one may require many more measurements to correctly
the unknown signalz, is the “signal of interest” while the recover bothb; anda;. A second reason is that may itself
rest is “background” noisey, that we do not care about. Thebe compressible in the chosen wavelet basis. On the other
question is can we directly recover the “signal of interestland, as can be seen, our proposed approach, undersampled
from highly undersampled measurements.pénd can we do ReProCS (details given in Sec. Il) does much better. It has
this even when the “signal of interest” is much smaller thagpme extras, but at least it recovers most of the active pixel
the background, i.€]s:2 < [|b¢]|2? correctly.

An important application where the latter problem occurs To explain this simply, consider a toy example. Suppose
is in undersampled functional magnetic resonance imagihgis exactly sparse with small support in a basis i.e.
(fMRI) based brain activity detection [13], [14]. Here theay b, = Uz, and the support oft;, N; is small, |N;| < n.
is to detect which part of the brain is “active” in response té/e do not knowU. However, based on analyzing various
stimuli. Assume that all images are rewritten as 1D vectoiigiages of the same type we believe tihatis compressible
Let a; be the sparse “active region” image (nonzero in the a given basis/ which is close toU but not equal to it.
active region, zero elsewhere) and lgtbe the background Then if we look at a thep% energy support (e.g. 99.9%-
brain image. Then the fMRI image of the brairzis= a,+b;. energy support) of/ ~'b; it will be much larger than the
Undersampled fMRI means that we do not acquire all thé&% energy support ofr;. In fact as we show in Fig. 2 and
Fourier coefficients, but only a randomly selected subset 3f the 99.9% energy support @f b, is also larger than
them, i.e. we measure the 100%-support ofr;, |N¢|. This happens even wheli
is a small rotation ofU. On the other hand, undersampled
ReProCS uses principal components’ analysis (PCA) to find

where ¥ is the partial Fourier matrix. We do not care abouf!® smallest dimensional subspace to approximate a given
recoveringb;, our goal is to only recover the active regiorff@Ning sequence ob,’s and then keeps updating this PC
imagea,. The background sequendg, does not change mucht?as's on the fly (repurswg PCA). For a given tolerance, PCA
over time and hence can be well modeled as being “low ranids the smallest dimensional subspace to approximatesa giv
This problem is then the same as (2) with= I ands; = a; data sequence. Thus, assuming that the estimatés afe

or the same as (1) with = I, s, = a, andl, = Ub,. As accurate, PCA gives an estimate of the PC matkix, such

is well known, in MRY, the Fourier samples are acquired orf82t the span of its columnspan(F;), is close to the true
sample at a time. Hence if we can accurately recaydrom Subspacepan(¥(U)w, ). As a result the rank of;, r, is also

a smaller dimensionaj, then it allows the possibility of faster @PProximately equal to the support sizeaof |Vy|. 3
imaging which is needed in order to image fast-changingiorai A limitation of undersampled ReProCS and modified-
activity, e.g. image the brain activity is response to a-fadreProCsS is that it requires a short noise-only training eage

is elaborated on in [14]). However, in most applications, this is fairly easy to getr Fo

example, if fMRI, one could begin by not providing any
stimulus to the subject for a short initial period. In our exp
A. Related Work ments’ section, we show extensive simulation experimésats t
An important question that comes to mind is the followingcompare undersampled ReProCS and undersampled modified-
In earlier work on undersampled MRI, it has often beeReProCS with aDEC and modified-aDEC both when they use

z = a;+ by by

a,; by uReProCS a; by aDEC

a; by aDEC

Yt = \I/Zt = \Ilat + \I/bt



the trueUU and when they use & which is a perturbation of by 7. We useA’ to denote its conjugate transpose, atidto

U generated in various ways. Modified-aDEC modifies aDE@enote its pseudoinverse. K is a tall matrix withm > 7,
using the modified-CS idea [17]. We see from our experiments = (A’A)~!A’. We use spai) to denote the subspace
that even wheit/ is a small rotation of/, the performance of spanned by the columns df. Let A °~” PAV’ be a singular

even modified-aDEC is much worse than that of undersampl@glue decomposition (SVD) of whereP is anm x m unitary
ReProCS. matrix, A is anm x 7 diagonal matrix with nonnegative real
In earlier attempts to solve the undersampled fMRI problemumbers on the diagonal, afitlis ant x 7 unitary matrix. The
Lu et al [14] have tried to first use modified-CS [17] Okolumn vectors ofP are called as the left singular vectors of
modified-CS-residual to recursively recover the entireirbra4. Thea-truncated SVD that approximatesis Py, Az, Vi

image, z; := a; + b;, by assuming that the whole thing iswhich zeros out all but the singular values above a threshold
wavelet sparse. They then apply a t-test on the recovergd

sequence ot;’s to detect the active region, as explained
in [13]. The problem here is that a t-test is not able to work at
lower contrast to noise ratios (CNR), i.e. whia || is much
smaller thanl|b;||. This a key open problem in fMRI. The
smallest CNR used in [14] is CNR 4, where as the example We first explain the undersampled ReProCS idea and then
we show in Fig. 1 uses CNR 3. The experiments we show in discuss undersampled modified-ReProCS which is needed
this work are fully simulated because we wanted full contrgthen too few measurements are available for undersampled
over the true sparsity basis bf. However, these indicate thatReProCS. Finally we discuss the implicit assumptions for
we can potentially handle much smaller CNR'’s in the fMRihese methods to work.
problem. This will be studied in later work.

Another possible way to solve our problem may be {0 Us¢ yndersampled Recursive Projected CS (UReProCS)
adaptations of various robust PCA or recursive robust PCA

approaches, e.g. [18], [19], [20], [21], [22]. Robust PCAdan Let dgnotelthe I;.C d&’s Iand letft b? an estima_te Opth'
recursive robust PCA would tredt®s; as the “outlier” while To approximately nullify the low rank noisé, we project the

treating the sequence ffs as the “data” for which one needsundgrsampled measuremenys, into the space perpendicular

to estimate/update the PC space. For example, one could tr)90[ Py, i.e. compute

solve undersampled principal components’ pursuit (PCR) [2 = (P )y ()
as follows. Computening, 1, [|S[|1+[| L[« s.t. [y1, Y2, ... ye] = A A

U®S + L where | M||; and | M]||. are the/; norm and the whereP; ; is one orthogonal complement éf. The dimen-
nuclear norm respectively of a matrix/. But as we show sion of the projected data vectay, reduces ton — r where
in [11], even in the full sampled case, i.e. the case where= rank(P;). Notice that

¥ =T and® = I, PCP does not work whenever thgs are . PP HPE
correlated temporally or spatially (in our applicationytree) Yt = Aese + By, whereAy = (P 1) WP and §; := (Pt#)(éf)
and/or when its support is large. Other approaches, e.¢. [18 - - _ .

[19], [20], [21], do not work because the magnitude of th ]? = P}’ the?hﬂt ~ 0. g_mdlng_ theln-d|me?sc|joga: sparfe
sparse part is much smaller than that of the low rank part a}fﬁc or, sy, Irom them — 1 dimensional projected data vector,

also because of the large support size. Thus we do not expzéctnow begomes th_e traditional noisy sparse recon§truction
these to work in the current case which is even more diffic ‘Itcompresswe sensing (CS) [1, [2], [3] problem with the

due to the reduced number of measurements projected noise’s; resulting from the error in estimating.
' As long as|| 5¢||2 is small andA; does not nullify any nonzero

elements ofs;, we can recoves; by solving

Il. UNDERSAMPLEDRECURSIVE PROJECTEDCS
(UREPROCS) AND MODIFIED-REPROCS

B. Notations )
, . min ||s||; subject to||g: — Ass|l2 < e (6)
For any sefl’ C {1,---n}, T° denotes its complement, i.e., s
T¢:={ie[l,---n]:i¢ T} and|T| denotes its cardinality, with ¢ chosen proportional td|3;||,. In practice, a less

i.e., the number of elements ifi. But [a| wherea is a real computationally and memory intensive way is to solve
number denotes the magnitude «of

For vectorv, v; denotes theth entry ofv andv; denotes min 5[}, subject tof| (I — PiP)) (g — ¥®s)a < e (7)
a vector consisting of the entries ofindexed by7". We use .
|v]|, to denote the’,, norm of v. The support ofy, supgv), This is exactly equivalent to (6) becaus, is an orthonor-
is the set of indices at which has nonzero value, supp := mal complement of, with PP + P, P/, = I and
{i + v # 0}. We say that is k-sparseif [supfv)| < k. ||/ vlla =[P 1P/ v]>.
Sorting |v;| in descending order, we define th&-energy set  Let 5; be the output of (6). As suggested in [28],is biased
of v asT), := {|v;| > x} wherex is the largest value ofv;| and we can do support estimation followed by least squares
such thaf|vr, |13 > p%||v||3, i.e.,vr, contains the significantly (LS) estimation on the support, i.e., we can compute
nonzero elements af. . o

For anm x 7 matrix A, A; denote theth column ofA and Ti={i: (5)i =27} (8)
Ar denote a matrix composed of the columns/findexed (80)7, = (A1) 7)) e, (8¢)3e =0 9)



Using 3¢, We can then estimate Algorlthm 1 uReProCS and mod-uReProCS

. At t = tg, suppose a good estimate of PC matrf%o is
ly = yy — W5 (10) available from training data. Far> ¢, do the following:
) ) ) 1) Obtaing, by (4).
which can be used to recursively updateevery-so-often to 23) For uReProCs,
prevent the projected noisg, from getting large (recursive
PCA). We explain how to do this in Sec. Ill. 5
P.P))li—1]2-

In (6) and (7), we set adaptively ase = [|G;—1fl2 = — Support thresholding and least square estimation: do
(P, 1) le—1ll2 = (I — PP le—1]l2- (8) and (9).

We call the above approach undersampled recursive p%) For mod-uReProCS,
jected compressive sensing (UReProCS). The stepwise algo-
rithm is given Algorithm 1.

— Estimate s, by solving (7) with e = [(I —

— Estimates; by solving (12) with? «— 7,_, and
e= (I = BF))l—1]2.

— Add-LS-Del procedure: do (13)-(16).

3) Estimateit =Yt — St.

4) Recursive PCA: Updat&, using Algorithm 2 which is
The number of measurements available for uReProCS in based on [21].

(5) is m — r, wherer = rank(P,). Let 7; denote the support 5) Increment by 1 and go to step 1).

of s;. For a givenr = rank(Pt), if the support size ofs,,

|T%|, increases, or ifr increases for a given sparsity level,

|T:|, the ratio mT:r may become too small for (6) to recovers

s¢ accurately. However, if the support ef, T}, changes very

slowly, and if the previous support estimafg, i, is accurate, ~ Suppose thatT;| < k for all ¢, i.e. all s;’s are k-sparse.

T — T,_, is a reliable approximation if;. Therefore, we Clearly, a necessary condition for the CS step of uReProCS,

B. Modified-uReProCS

Implicit Requirements**

can use modCS [17] to recovey, i.e., solve i.e. (6), to recover the support of ali’s correctly is that
A = (P, 1) ¢ ® does not nullify any:-sparse vector, and thus
min [|s7|1 subject to]|g; — Ass|l2 <€ (11) does not nullify any nonzero part of amy. In the case that the

rows of ¥ are orthonormal (i..eb W’ = 1), this is equivalent
In practice, a less computationally and memory intensiV@ "€quiring that no:-sparse vector belongs to sganv’r;).
way is to solve Notice that many frequently used measurement matrices sat-
isfy W’ = | either always (e.g. partial Fourier matrix) or
min sz |1 subject tof|(1 — PLP!)(§, — Wds)[s < ¢ (12) With high probability (e.g. random Gaussian matrix). We can
s - use the null space property (NSP) [28] to show that a slightly

. _ _ stronger version of this requirement also serves as a ®iffici
Let s denote the output of modCS. As explained in [24], 84 qition. at least in the noise-free case

single support threshold for support estimation as in (&sdo Consider (6). Assume thab, — P, so that the projected
not works well for modCS. A better approach is to use the . . " ' o ¢ L

: . . oise is indeed zero, i.¢, = 0. In this case, (6) withe =0
Add-LS-Del procedure summarized in (13)-(16), which Wail exactly recover any:-sparses, if the following holds with
firstintroduced in our older work [25], [26] and simultansbu ¢

also in [27], [4]. af <1l
(Ml < 6l[(n)rellx
Tada=T U {i € T : |(8)i| > cvaad} (13) for all setsT" with |T'| < k and for alln € null(4,) [28], [7].
A e (Ve — Here nul(A4;) := {n : Asn = 0} refers to the null space of
(S)Taf“ ((At)Tf“’f) Ye: (S)Tafd 0 (14) A,. In words, we need that alt-sparse ork-approximately-
T = Tagd \ {i € Tadd: [(3)i] < et} (15) sparse vectors (i.e. vectors for whidlin)r|l1 < ||(n)r|
(ét)Tt:((At)Tt)Tgt’ (8)pc =0 (16) for some setI" with || < k) do not lie in nul(A;). But

null(A;) = spar{® ¥'P,) if the rows of U are orthonormal.
The addition step thresholdyaqs, needs to be just |argeThus, a sufficient condition for ReProCS to exactly recayer
enough to ensure that the matrix used for LS estimatity,, N the noise-free cased( = 0 ande = 0 in (6)) is that nok-
is well-conditioned. lfagq is chosen properly, the LS estimateSparse ok-approximately-sparse vector lies in sp@hl’ 7).
on Tagq Will have smaller error than the modCS output. As a Remark 1:We should note that we can also get a sufficient
result, deletion will be more accurate when done using thiondition using the restricted isometry property (RIP) [2P]
estimate. This also means that one can use a larggrto and in fact it would hold even in the noisy case, but it is
ensure quicker deletion of extras. not as illustrative. Let);, be thek-RIP constant [8] for the
Replacing (6) and (8)-(9) of uReProCS by (11) anfhatrix 4;. If the projected noised; satisfies||3||> < ¢ and
(13)-(16), we call it undersampled modified-ReProCS(mod- d2rx < v2 — 1, the reconstruction error is bounded by a
uReProCS). The stepwise algorithm is given Algorithm 1. constant times, i.e. [|5; — s¢[l2 < C'(d2x)e [29].



Algorithm 2 Recursive PCA new collected dataD into two component€’ and E, where

Initialization : Computelly, - -- ,1,] “£” PAV";setT — {i: ¢ = DiaD andE =D —F,_,C. The parallel component
(M)ii > o}, P, — Pr, Ay, — At C rotates the existing singular vectors and the@}grthogonal
Let D = . At each time > to, storel, in D, i.e.,D — [D[,]. componentt’ estimates the new PCs [21]. Lél = JK

Do the following: be a QR decomposition of’. Notice thatP,_; and J are

orthogonal, i.e.,/_,.J = 0. The column vectors of are the
basis vectors of the subspace spanned by the new PCs. It is
easy to see that [21]

1) If there are less than frames inD,
- Let pt — pt—la At — At—l-
2) If there arer frames inD

~ ~ ~ li
2a) Remove decayed directions fr AR ~ ~ A1 C Vi1 0
e o, gz, oi-n o [] [5
Se = —13’_1191)’13H X
R A1 C SVD ,
Ne = {i: (Eg i >al Let [ 0 K] P.A V. Clearly,
P, — (P A — (A G R
ot B Aoy = (s Pk, DS (B aipoan([ V1] vy
rt_1<—rank(Pt_1) [Pe1Ae—2Viy DI7="([Be-1 JIE)A(] "7 7| V)

2b) UpdateP; and A, by incremental SVD [21]

. R In words, P, rotates the old PCsP,_;, and the new basis
- ComputeC = P/_;D andE =D — Pt e

vectors,J, to the current PCs, i.el, = [Pt_l J]|P.. Also, the

- Compute QR decomposition df: EY K singular values along, are the diagonal qlementsf»{ =A
- Compute SVD of [Atl C] :|:At1 C’} SVD Let 71 = rankP,_1) and let Ny = {#1 +
0 K 0 K 1,---,rank P)}. If P,y ~ P, 4, the old PCs are already
P.AV . . correctly estimated and do not need to be rotated. Under this
- UpdateP; andA; as assumption(F;) ;. contains the new PCs. The variancelof
b, — [Py JP., A <A, anngAthe columns o(fPt)NA is given by the diagonal elements
. ) of L(A;)2 . Therefore, to only retain the new PCs with large
2c) Add new PCs with large variance T Na g
. variance, we threshold ob(At)NA in step 2c).
. A2
Nt:{l,"' ,’f‘t_l}U{i>’f‘t_1 : ( t)zﬂ ZO(}
T IV. SIMULATION EXPERIMENTS

Fie(B)g,, A= (Mg, As explained earlier, in the scenario where the signal gnerg
2e) ResetD = (). is much smaller than the noise energy, none of the existing
sparse recovery or recursive sparse recovery approaches ha
any chance of working. In fact even if we have full samples,

IIl. RECURSIVEPCA e.g.if ¥ = I, itis impossible to recovey; fromy; = s;+1; via
thresholding because the magnitude of any nonzero element
In the recursive PCA step of uReProCS, we updfatéor of s; is small compared with that df. We have shown this in
every 7 frames by Algorithm 2, which is complete differenf11, Fig 5]. A possible approach to compare with is adapted
from [9, Algprithm 1]. Alternatively, we can also do thisdense error correction (aDEC) that usésas its “knowledge”
wheneveq\(ﬁt_l,L)’l}_lHg exceeds a threshold. of U and solves
The initial PC matrithD, is estimated by computing an-
truncated SVD approximation of the noise-only trainingagat
(I, 1), 1-e., computelly, - - -, ] SYP PAVY; setT «
{i ( )zz > ao} Pto — Prp, Atg — ATT! antho — VT
Usually, oy is picked emp|r|cally according to the dlstrlbutlo
of the singular values. Ifly,--- 1] is exactly low rank g
can be zeroWe useV; to only explaln how we updatg,, but

min ||s||; 4 ||z||1, subject toy, = ¥s 4+ WUz  (17)

We experiment with two types of situations — (@)= U, in
this casel/ is perfectly known; and (b)/ is a perturbation of
U generated in various different ways.

We also compare with modified-aDEC (mod-aDEC) which

we do not need to compute and stdfe solves
The PC update is done as follows. At= 1o + kT, let D = min [[sze |1 + |ene|lr, subject toy, — s + Uiz (18)
[lt—r41,-+ ,1]. In step 2a), we first estimate the variance of ~ **

D along the columns of;_; and remove the PCs along whichwhereT and N are estimates df; and V;, respectively.
the variance is below a threshald Let o2, be the smallest Undersampled ReProCS(uReProCS) and undersampled
nonzero diagonal elements 8 /t,. We usea = 0.507-  modified ReProCS(mod-uReProCS) get the initial PC matrix,
Note that after doing step 2a), the column vectorsipf; P, , by computing a truncated SVD of a noise-only training
contain all the non-decayed PCs. sequence as explained in Algorithm 2, i.e.[tf,...[;,] for

In step 2b), we rotaté”,_; and find the new PCs basedt, = 10*. Mod-aDEC used}, and N, att = to + 1. Mod-
on the idea of incremental SVD [21]. We first decompose theReProCS used;, att =t + 1.



Our data is generated as follows. The sparse sigpahas 10° — e p— ———— —
support setZ;. All its nonzero values are equal t, i.e., Jr

(s¢); =10, Vi e T, and(sy); = 0, Vi € TF. We generate p

T, as follows. At each time, there are several square blocks MY :
in s; (when we writes; as an 2D matrix). Each block can
either stay static with probabilit).8 or move independently

one step towards top/bottom/left/right with probabiliy)5.
Hence,T; is spatially and temporal correlated and it changes

.= aDEC(U)
- aDEC(perb(U))

llse = 5el12/ sl

1
1
1
f +=X-uReProCS
1
1
1

slowly over time. T

The sparse vectory,, (used to generaté; = Uxy) is 107 ‘ ‘ ‘ ‘ ‘ ‘ s ‘ ‘

. . . . . 0 20 40 60 80 100 120 140 160 180 200
simulated using the regression model described in the Ap- time

pendix with f = 0.5, f4 = 0.1, and § = 0.5. Initially
there are32 indices in N; along whichx; has variances
10%,0.8058 x 10%,0.80582 x 10%,---,12.4. At time ¢t = 5,
two new indices are added fv;, along whichz; starts with
a small nonzero value and their variance slowly stabilizes t
50 and 60. The value ofz; along two old indices begins to
decay exponentially to zero. At time= 50, another two new
indices are added iV, along whichzx; starts with a small
nonzero value and its variance slowly stabilizes to vaganc
55 and 65. The value ofz; along two old indices begins to
decay exponentially to zero.

In all experiments, the background enery||2, is much

(a) m = 0.5n = 512, |Ty| =~ 18
+=X=uReProCS '=4= aDEC(U) =<« =mod-aDEC(U) = % =mod-aDEC(perb(U)) ‘

lse = 812/ llsell

larger than that of the sparse sigtja}||2, for example for the A T oA
case of Fig 3(a), at = to + 1, [|b¢]|2/||s¢]l2 = 5.

In Sec. 2,U is an orthonormalized random Gaussian matrix (b) m = 0.5n = 512, [Ty| =~ 147
(first generate a random Gaussian matrix and then orthonor- T T T T
malize it using the Gram-Schimidt process) ahds a random
Gaussian matrix. In Sec. 3/ is an inverse discrete wavelet
transformation (DWT) matrix corresponding to a four-level
db-4 wavelet andl is the partial Fourier matrix generated by
randomly selecting frequencies.

In all experiments, we show the normalized mean square
error (NMSE) defined adlls—4”  The expected value is

: . Els: ] -
computed using0 times Monte Carlo averaging.

[Ise — §tH2/H5:H2

+=X=uReProCS
=0~ mod-uReProCS
-4 -mod-aDEC(U)

- % -mod-aDEC(perb(U))

L L L L T
20 40 60 80 100 120 140 160 180 200

A. ¥ is a random Gaussian matrix time
In this experimenty is anm xn (n = 1024) random Gaus- () m =341 ~ n/3, |Ti| ~ 147
sian matrix with entries sampled fraM(0, 1/n). The sparsity Fig. 2: ¥ andU are random Gaussian matrices.

basis ofl;, U, is an orthormalized random Gaussian matrix
(generated by first generating anx n matrix with entries gives the smallest reconstruction error because it use the
randomly sampled fron\V'(0, 1), and then orthonormalizing perfect knowledge about the sparsity bdsjsvhile uReProCS
it using the Gram-Schimidt process). We get= pertU) by does not.
first adding a random Gaussian matrix with entries sampledin Fig. 2(b), m = 512 and the support set of, increases
from (0,0.01/n) to U, and then orthonormalizing it using theto |T;| ~ 147, i.e, there are thre@ x 7 nonzero blocks irs;.
Gram-Schimidt process. Hence, p@rh) is a small rotation Undersampled ReProCS can still recoverAdapted DECU)
of U, which would give a compressible representation;of cannot recoves, accurately, even though it uses the perfect
i.e., perf/)~1l, has a few significantly large coefficientssparsity basid/. Adapted DEC(pertd/)) gives worse result
while rest of them are small. For example, th&)%-energy than aDECU) (not shown). By utilizing the prior knowledge
set of perlpU)~'b, is about34 and the99.9%-energy set on the support of; andz; and perfect knowledge d@f, mod-
of perqU)~1'b; is about931. The perturbation we add t&f aDEC()) gives the smallest reconstruction error. However the
has small variancé.01/n. If the variance of the perturbationerror of mod-aDEC(pe(l?/)) is larger than uReProCS. Mod-
increases, the performance of aDEC and mod-aDEC usuBeProCS gave similar result as uReProCS (not shown).
U = perb(U) degrades dramatically. In Fig. 2(c),m = 341 and|T;| ~ 147. The ratio,% ~

In Fig. 2(a),m = 512 and|T};| ~ 18, i.e, there are tw8 x 3 2.1, becomes too small for uReProCS to work. However, mod-
nonzero blocks ins;. As can be seen, uReProCS recursivelyReProCS still gives small reconstruction error sinceilizes
recovers, with small reconstruction error. Adapted DEQ( the knowledge of the support of,. Again, aDEC{) does



not work (nOt ShOWn) and mOd-aDE@I gives the smallest [ rerecs ‘4= aDEC(W;,}) = mod-aDEC(W,}) = aDEC(perb(Wy;}) =0 aDEC(1V;,})
reconstruction error. The error of mod-aDEC(éflp) blows o

up due to the support error @ and N in (18).

B. W is a partial Fourier matrix

We now do experiments to simulate the undersampled fMi
based brain active region detection problem as shown in F
1. Here,¥ is anm xn 2D partial Fourier matrix withn = 512
andn = 1024. We letU = Wd_b}l, whereWgns is a four-level
Daubechies-4 2D DWT matrix. The backgrourg, has the
sparsest representation in the space specified/fy with a
support size aboutV;| ~ 32. However,U may be unknown
in practice. LetWqy,3 denote a four-level Daubechies-3 2D
DWT matrix which is used ag/ for aDEC. In this case,
the representation df;, by Wyps, deébt, has a much larger
support set. For example, tf9.9%-energy set ode])ébt is
about400, which is much larger thag2. We also compare
with U being a perturbation o/ = W, generated as '=© - mod-uReProCS
in the previous subsection, i.e. pemd;;) is generated by 1o =+ -aDEC(W,})
adding i.i.d. Gaussian noise of variarté1/n to U and then . -4 - mod-aDEC(W ;1)
orthonormalizing the resulting matrix.

In Fig. 3(a), |7:] ~ 18. As can be seen, aDEC with

o
S,

[lse =3l /llsell?

=% -uReProCS

llse = 5el12/ 115l

- %= - mod-aDEC(Wy3})

perfect sparsity basis knowledge, aDECG];), also works 20 40 60 8 100 120 140 160 180 200
only as well as ReProCS which does not use this knowl- fme
edge. modDEG{,,) gives the smallest reconstruction er- (b) m =m/2 =512, |T;| ~ 147

. i S ; ; ; _ -1
ror because it use the support knowledge gnand z, Fig. 3: W is a partial Fourier matrix and’ = Wy,

and uses perfect sparsity basis knowledge. The errors
aDEC(perip\y,;)) and aDECV,,3) are much larger for the
reasons explained earlier.

foo- .
w%ereU # U is our knowledge of the sparsity basis dids a
small rotation ofU/. Modified-aDEC is provided the support of

In Fig. 3(b), m — 512 and |T;| ~ 147. Undersampled boghxt ?jr‘_]f(_jséatr\t,h%mgglotlme.kOn the othgr:and,uRebPrc;]CS
ReProCS gives large reconstruction error because the, raﬁ?l modilied-uRerro not knowl/ or U. However, bot

m=r ~ 91 is too small for UReProCS to work. Mod-nave initial background-only training data available, 56si

IT¢] - ir to say that both also has initial support knowledge:of
uReProCS improves the performance of uReProCS reaI ' y PP gern
P P g odified-uReProCS is also provided initial support knovged

because it use the support knowledge @f Note that - - o

aDEC(WdB};) and aDECUZF‘:)l)(not showr?) ffil completely. o_f St Thus, modlfled_—aDEG() and mod_nﬂed—uReProCS have

Th f Mod-aDEGV ~ d d-aDEGK =) b similar amount of prior knowledge available to them, wherea
e error of mod-aDEGYyg,) and mod-aDEGyy;) blow modified-aDEC/) has more prior knowledge than uReProCS.

up because of the support errorsiinand N. -
P PP As can be seen from our comparisons, modified-aDBC(
usually is much worse than both uReProCS and modified-

uReProCS.
In this work we studied the problem of recursively recov-

ering a time sequence of sparse signals, with time-varying ApPPENDIX: MODEL ON THE SUPPORT CHANGE OB
sparsity patterns, from highly undersamp_led mgasurementhe provide here a realistic generative model for and
corrupted by very large but correlated noise. It is assumgd,ce the low rank part, = WUz, The support set of;,

that the noise is correlated enough to have an approximatg}%/ is a union of three disjoint setd;, Dy, and&;, i.e., Ny =
low rank covariance matrix that is either constant, or cleang 4 'U D, UE. At t = 1, we let N, — & 'and Ay 'U D; = 0.

slowly, with time. We showed how our recently introducegért > 1, the new addition se#d, := N, \ N,_, is the
Recursive Projected CS (ReProCS) and modified-ReProCg o indices along whickiz,) 4, starts to be nonzerod; is
ideas can be adapted to solve this problem very eﬁeCtivel%nempty once every frames.t The seD, ¢ (N, N Ny_1)
The only other sparse recovery work that studies another kil 1o set of indices along whicfr,)p, decay exponentially
of large but “structured” noise is the dense error correctiq, ,aorg \We assume thar, will not gét added taN; at any
(DEC) work [12] (it requires sparse noise). future time. The sef, := N; N N;_; \ D; is the set of indices

We showed exhaustive simulatipn comparisons with DE;Qong with (;)e, follows a first order autoregressive (AR-1)
adapted to our problem (aDEC), i.e. aDEC that solves (1{)yqel.

and with modified-aDEC which solves (18). Both aDEC | ¢t 51 pe a diagonal matrix with nonnegative diagonal
and modified-aDEC need to know the sparsity basis for th¢. 1entsr2s. We modelz, as

background noise. We simulated the perfect knowledge case, ! -

i.e. U is perfectly known, and the imperfect knowledge case 20 =0, = Fyxp_q +vp, vp = N(0,Qy)

V. CONCLUSIONS



wherev; is independent and identically distributed Gaussiamy]
noise with zero mean and diagonal covariance magjx F;

and @, are two diagonal matrices defined as below [5]

04, O 0 0
| 0 (fDe 0 0 [6]
L —
0 0 (fa)p, ©
L0 0 0 (O 7
[0(3) 4, 0 0 0 "
Q, = 0 (1= 0 0
= 0 0 (0)p, 0 9]
| 0 0 0 (0)n¢

The three scalarg, f;, andd satisfy0 < f; < f <1 and [10]

0<6d<1.
From the model o, given in (V), we notice the following: [11]

a) Attimet = jd, (z;), Starts with
(xt)-At ~ N(()? G(E)At)
[13]

Small§ ensures that new directions get added at a small
value and increase slowlyz,)p, decays as

[12]

[14]

(zt)p, = fa(we)p,

(x¢)e, follows an AR-1 model with parametgf. 5]

(we)e, = f(rei—1)e, + (ve)e,

At time t > jd, the variance of(z)4,, gradually
increases as

(@0)i ~ N0, (1= (1= 0)fPEID)S5), i€ A

Eventually, the variance dfr;) 4,, converges tqX) 4,

We assume this becomes approximately true much bef¢ré
t = (j + 1)d (the next support change time).

Attimet > jd, the variance ofz;)p,, decays exponen- [2q]
tially to zero as

(@)D, ~ N (O, 207D (D)p )

We assume that this has approximately decayed to Ze59
much beforet = (5 + 1)d.

For everyd frames, att = jd, the values ofr; along the
new indices,A;, become nonzero and the valuesagfalong [24]
existing indices,D,, start to decay exponentially. The values
of x, along all other existing indices follow an independer&s]
AR-1 model. After a short period\; which is much less than
d, the variances of; along the new indices increase to some
stable values and the valuesaf along the decaying indices [26]
decayed to zero. Thereforéy; is piecewise constant from[27]
t=jd+ Ay tot=jd+d.

[16]
b)

(18]

[21]

[23]

[28]
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