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Lecture 8

1 Linear Information Flow Algorithm

We now present a centralized algorithm for multicast network code construction. We assume a
directed acyclic graph G = (V, E) with source node S having h data sources and a set of terminals
7. We assume that the max-flow (S, T;) is always greater than or equal to h for all T; € 7.

1.1 Preprocessing Step:

1. Find h edge-disjoint paths from S to T; for all T; € 7, and denote this as the set P; =
{]3,-73-};?:1, where P; ; is the jth path in the set.

2. Form a new graph G’ consisting of all of these paths where the set of edges E’ in G’ is equal
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to all edges in U;

3. Number the edges in G’ such that if there exists a path from e; to e;, then i < j.

We now define several notions we will use subsequently.

Definition 1. Coding point. Any edge in G’ that has two or more incoming edges connecting to it.

Figure 1: (a) e is not a coding point. (b) e is not a coding point.

For example, in Figure 1(a), e is a coding point; in Figure 1(b), e is not a coding point. If
in G’, § is a coding point, we define T'(d) to be the set of terminals whose path set contains 4.
For T; € T(6), the coding point § appears at most in one path in P;, since the paths in P; are
disjoint. We can further define previ(d) as the predecessor coding point to § along the path in P;,
and because the paths are all disjoint in P;, previ(d) is unique. Let 5(5) denote the global coding
vector of . The parents of § are defined as the set of predecessor coding points of § that lie on the
path from S to T;,VT; € T(§). The number of the parents of § is at most the number of terminals.

Definition 2. Frontier edge set F!. The frontier edge set for terminal T; at time t, F! is a set
of h coding points, egl), e ,egf) such that eg-l) € by and ey) < e;. It is initialized at t = 0 to be

{e_1,e_9, -+ ,e_p} for all T;.



The frontier edge set keeps track of the most recently visited coding point § in each of the h
disjoint paths in P;.

Definition 3. Frontier edge matriz M}. The frontier edge matriz for T, at time t is an h X h
matriz over GF(q) denoted by M! whose rows are the global coding vectors of the coding points in
F!. The frontier edge matrices are initialized to be h X h identity matriz for all terminals.

When processing coding point J, the coding vectors of all parents of § belong to the respective
frontier edge matrices. The LIF algorithm maintains the frontier edge sets and frontiers edge
matrices as explained below.

At step k, the algorithm considers edge e, € E’. If ¢, is not a coding point, preserve sz and
MZ-]C ; if it is a coding point, then denote it as d; and do the following.

1. Identify the set T'(dy).

2. The new frontier edge sets Ff and frontier edge matrices Mlk are decided in the following
way:

o FFisequal to F ! except that previ(dy) in F"! is replaced by & in FF¥, VT; € T(6).
For T; ¢ T(8y), we set FF = FF=1,

e We find a coding vector [(dx), such that [(dx) belongs to the span of the parents’
coding vectors, and dim(Mik_l \ B(previ(6;)) N B(8)) = h. MF is equal to Mik_1 except
that B(previ(dy)) in MF~1 is replaced by B(0;) in MF, VT; € T(6). MF = MM,
VT ¢ T(5).

It remains to show that a suitable 3(dy) can always be found.
Claim 1. Suitable 3(5) can always be found over GF(q) when q is large enough.

Proof: Any coding point d; has at most |T'| parents. Suppose that §; has k' < |T| parents.
Let L{vy,v9, -+ , v} represent the span of the vector vi,ve, - ,vx. The dimension of the vector
space of v1,v9, - , v is denoted as dim{vi, v, -+ ,vp }= number of independent column vectors
in the set. Suppose that dim{vy,ve, -+ ,vpr} = k < k. Then the total number of nonzero vectors
in ﬁ{’Ul,’Ug, te ,’Uk/} = qk — 1.

We know that any linear combination of vectors in £{vy,va,- -+ , v} that has a nonzero coeffi-
cient associated with v; does not belong to L{M; —{v;}}. This is because by assumption each M; is
full rank. This implies that {M; —{v;}} has rank h—1 and does not contain any linear combination
that has a nonzero coefficient associated with v;. Therefore, if a nonzero vector belongs to both
L{M; — {v;}} and L{v1,v2, -+ , v} must have a zero coefficient for v; and the number of such
vectors in L{v1,vy, -+ ,vp} is at most ¢"~1 — 1. Thus, we have established that the number of
nonzero vectors in L{M; — {v;}} N L{v1,va,--- , v} < ¢*~1 — 1. Now the total number of vectors
that belongs to one of these intersections £{M; — {v;}} N L{v1,vq,- -+ ,up} for i = 1,--- K is at
most k' (¢" 1 —1) < K¢gF 1 < ¢F if K < q.

So we conclude that number of vectors that do not belong to any of these intersection is at least
q* — k'¢*=1 that is strictly positive for ¥’ < ¢ which means that a vector that does not belong to
any of these intersections L{M; — {v;}} N L{v1,ve,- - , v} can be found.

In our problem, k" is the number of terminals. It means that if ¢ > |T'|, then we can find
a suitable coding vector for all d; at step k. This implies that a multicast network code can be
constructed using the LIF algorithm.



2 An Example of the LIF Algorithm

We now show an example of the LIF algorithm. Consider the network shown in Figure 2. Suppose
that Figure 2 is the G’ obtained from the preprocessing steps for LIF algorithm. There is one
source S and two terminals 77 and 715 in the network. Source S produces two source messages and
both terminals want to receive the two source messages. From the figure, we can see that the path
sets from S to both terminals are as follows.

P1={{e-1,e0,e2},{e—2,e1, €4, €5, €r}} and Py = {{e_1, €, €3, €6, €3}, {€_2, €1, €5}}

Initially at time 0, both frontier edge sets F? for i = 1,2 were initialized to be {e_1,e_2}. Both
frontier edge matrices M for i = 1,2 were initialized to be the 2 x 2 identity matrix. The global
coding vectors for source edges {e_1, e_o} were initialized to be [0, 1] and [1, 0] respectively.

At time 0, we consider assigning a global coding vector for ey in the graph which should be from
the span of the coding vectors of the incoming edges and at the same time make the matrix M;
invertible. Let us assign a global vector [0 1] for ¢y. Now we update all F; for i = 1,2 by substituting
the predecessor e_1 by eg. At the same time, by examining the path set P; and P», we see that
ep exists in both edge sets P; and P», so we need to update both My and Ms. The coding vector
B(e;) enters the Mi(l) for both i = 1,2. Note that here 8(e;) = [1 0] which belongs to the span of
the removed row vectors. The condition that ]\41(1)7 2(1), remain full rank holds here since they
continue to be the identity matrices. The algorithms continues as explained in the previous section.

In Figure 2 the global vectors for all edges in our example are labeled besides corresponding
edges. The update process for the frontier edge sets and the frontier edge matrices of the two
terminals are shown in Figure 3.

Figure 2: Example network in LIF algorithm



steps F F, M, M,
0 {e,e,} le.e,) Iy 1w
1 {ey,e5} {eg. €5} 1, I,
2 {eg. e} {ey. e} L, Iy,
3 {e,.e} {e, e} 1, I,
4 {e).e} {es,e} L, Iy
5 {ey.e,} {e;. e} I, Iy,
6 {e,,e,} {e;,es} I, I,
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Figure 3: Updating process for frontier edge sets and frontier edge matrix

3 Understanding some special network connections

Using the algebraic approach, the multicast problem is equivalent to finding a set of coefficients
such that the determinants for multiple terminals are nonzero simultaneously. For a more general
network problem, for example a unicast problem, we have to find a set of coefficients such that
some determinants are nonzero and the interference matrices are zero matrices. This is a difficult
problem in general and no systematic techniques are known for the general case. However, for some
special network connections, useful inferences can be drawn.

3.1 Single source, multiple disjoint requests

In a directed acyclic graph G = (V, E), where V denotes the set of vertices and E denotes the set of
edges, let S € V' denote the source, T = {11, T, - ,T}} denote the set of terminals where T; € V.
Let X (S) be the set of all messages at S, X(5,T;) be the set of messages requested by T;, Zr, be
the set of received messages at node T;. We also have X (S,T;) N X (S,T;j) = 0,Vi # j. The network
is shown in figure 4(a).

Theorem 2. The capacity region for single source multiple terminals multiple unicast problem is:
the cut value (S,T) > 3 5 cp | X(S,T3)|, VT C 7.

Proof: Consider the transfer matrix between S and {73, 7%, - , Ty}

[Z1y5 -+ 5 Zr) = [X(S, T)1, -+ XS, Th) 1 x sy s X (S Te)1, 5 X (9, The) | x (5,10 |G
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Figure 4: (a) The network G = (V, E). (b) The auxiliary network G*.

Where
aip o Ok

G =
a1 o Okk

in which a;; is an | X (S, T;)| x | X (S, T};)| matrix. We hope that c;; could be an identity matrix for
T; € T, and «;j be zero matrix Vi # j, which makes G a identity matrix with size | X (S)| x | X (S)].
However, by the constraints of the network topology, we cannot find such a G. Because cut (S,7") >
ZTieT | X (S,T;)|, VI C T, we are able to find a G that is a full rank matrix by choosing the coeffi-
cients properly. Then we define a precoding matrix A, such that A = G~!. At the source instead of
transmitting [X(S,T1), X(S,T2), -, X(S,T})], we transmit [X(S,T1), X(S,T2),---, X (S, Tx)]A.
Then the terminals receive [X (S, T1), X (S, T2),--- , X (S, Ti)]AG = [X(S,T1), X (S, T2),--- , X (S, Tx)],
which means terminal T; can recover X (S,T;) without interference. [

It seems network coding is essential in proving the capacity region. However, we next show
that routing is enough in proving the capacity region. Now we construct an auxiliary graph G* in
which we append a virtual super terminal ¢* to G, and connect each terminal T; to t*. Figure 4(b)
illustrates the construction. The capacity for edge (T;,t*) is set to be | X(S,T;)|, VT; € T.

Claim 3. The maz flow from S to t* is > |X (S, T;)| = | X (5)].

proof: We first find the minimum cut for the auxiliary graph G*. Then by the minimum cut
and maximum flow theorem, we have the maximum flow equal to > |X(S,T;)| = | X (5)|

Casel If a cut contains the source node S and all terminal nodes T}, and does not contain t* (the rest
of the nodes can be either in the cut or not), then the cut value is least ) | X (S, T;)| = | X (9)|
(since the value from 7 to t* is > | X (S, T;)| = | X (9))).

Case2 Assume a set of terminals T',T C 7 and t* are not in the cut. Then the cut value is at least
cut (S,T) + X rer\r [X(S,Ti)|. From the theorem we have cut (S,T) = > 5 cp [X (S, T5)],
then the minimum cut in G* is at least Y | X (S, T;)| = | X (9)].



The minimum cut is equal to maximum flows. We can find |X(S,T;)| disjoint paths from S to
t*, and | X (S, T;)| of them have to go through T;,Vi. Then we can support multiple unicast using
routing. [J



