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Lecture 9

In this lecture, we will discuss the problem of lossless distributed source coding, also known as
the Slepian Wolf Problem. let X and Y be two correlated discrete memoryless sources with joint
distribution Pxy(:). It is obvious that a total rate R = H(X,Y) is sufficient if we encode the
sources together. However the result of Slepian and Wolf shows interestingly enough that a total
rate R = H(X,Y) is sufficient even when the sources are encoded separately (a block diagram is
given in Fig. 1).

We begin with the proof of achievability. i.e. we find a set of rate pairs (Ry, R2) such that
P((X™,Y") # (X", Y")) — 0 as n — oo,
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Figure 1: System Diagram

1 Achievability

The idea of the achievability scheme is to use random binning. Basically every typical ™ and
y™) sequence is assigned a bin and the encoders transmit the bin index. The decoder exploits the
fact that there are are approximately nH(X,Y') jointly typical sequences for performing unique
decoding. This is illustrated in Fig. 2. Note that there will be approximately 2"7(X) typical z"
sequences, 2"1(Y) typical y™ sequences and 2™ (X.Y) typical (z",y™) sequences. If the bin sizes are
chosen such that each bin pair contains at most one jointly typical (2™, y™), then the decoding will
be correct.

1.1 Code Construction

Generate 2151 codewords 2" (w1, v1) where wy = 1,2---2"0 ¢y =1,2... 2"F1 by choosing
n2"FHR) symbols ii.d. from Px(-). Similarly generate 2*(2+52) codewords y™(wg, v2) i.i.d. from
Py (-).

1.2 Encoder

Given z", try to find (wq,v1) s.t. ™ = X™(wq,v1), if match is found, send wy, otherwise, send 1.
Given y", try to find (wg,v2) s.t. y™ = Y™ (we, ve), if match is found, send wq, otherwise, send 1.
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Figure 2: Random binning

Decoder

Given (wy,ws), try to find (91,02), such that (z™(wy,v1),y"(we,02)) € T/ (Pxy). If success-
ful, then declare(z"(wi,01),y" (w2, 02)) to be correct transmitted codeword. Otherwise, just put

(mn(wlﬁ 1)7yn(w2’ 1))
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Analysis

Let 0 < €1 < e < uxy. We consider the following cases.

(i)

(i)

(iii)

Case 1. The pair (2™, y™) is not jointly typical. We know that the probability of this goes to
zero. 1i.e.

P((z",y") ¢ T2 (Pxy)) < d¢;(n) — 0, as n — oo

Case 2. Suppose that (z",y") € T7 (Pxy), but encoder 1 does not find (wy,v1) such that
"™ = X"™(w1,v1). The probability of this event can be upper bounded as
(1 _ P)fé_(x>)2”<R1+R/1) < eXp{—2n(R1+Rll)P)Té(l’n)} < exp{—Qn(R1+R/1)2_nH(X)(1+€1)}-

A sufficient condition for the probability going to zero is that

Ry =H(X)— Ry +2H(X,Y),
Ry=H(Y)— Ry +26,H(X,Y).

Case 3. The previous cases 1 & 2 do not happen, but there exists another pair of jointly typical
typical sequences in the same pair of bins. i.e. suppose " = X" (wy,v1),y" = Y (w2, v9) but
there exists = 3(v1,v2) # (v1,v2) such that (X" (wi,v1), Y™ (we,v2)) € T*(Pxy). This will
happen if the bins are too wide, or equivalently the number of bits used for R; and R is not



enough. We have,

Pl | A(X"(w,51), Y™ (wa,B)) € TP (Pxy)} < > P{(X™ (w1, 1), Y™ (w2, v2)) € T (Pxy)}

(91,02)#(v1,v2) T1Av1
+ Z P{ U}1,’Ul) (w27v2)) € T PXY }+ Z Z Xn Yn E Tn(PXy))
VaF£v2 V1 £V1 V2 F£ V2

We now upper bound each of three terms on the RHS of the above expression.
> P{UX"(wr, 1), Y™ (wa,v2)) € TP (Pxy)} < 27"IEY) =2 (X)) gnfy (1)
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Now substituting for R}, we can conclude that if
Ry > H(X|Y)+4eH(X,Y)
the RHS of (1) goes to zero. Similarly, we can conclude that
Ry > H(Y|X) +4eH(X,Y)
makes the second term go to zero. Finally

= Z Z Xn Yn E Tn(ny)) < _2n(R’1+R’2)27n(I(X;Y)73eH(X,Y))

V1 #v1 V2 A2

which implies that we need
=R+ Ry >H(X,Y)+7¢H(X,Y).
Therefore the achievable region becomes
Ry > H(XIY),

Ry > H(Y|X), and
Ri+ Ry > H(X,Y).

2 Converse

The converse of Slepian Wolf problem is defined as following: for any distritjutefi source coding prob-
lem for the source (X,Y) drawn i.i.d Pxy(+), if the error probability P((X"™, Y") # (X", Y™)) — 0
as n — 00, then we must have
Ry > H(XI|Y),
Ry > H(Y|X), and

Ri+ Ry > H(X,Y).
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H(W1[Y™)
© H(WAY™) = H(Wh| X", Y™)
= I(Wy; XY™
= H(X"Y™) — H(X"|Wy,Y™)

We now focus on the second term in the RHS above
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Thus we have,

(e) A~ N

nRy > nH(X|Y) - H(X",Y"|X",Y")

£
= nH(X[Y) — n[P:log(|X||Y|)] — Ha(Fe)
9 nH(X,Y) — nen.

follows the fact that Wy € {1,2,...,2"f}

follows the fact that Wi is a function of X", the conditional entropy is 0.

(a
(b

d) follows the fact that X " Y" are the functions of Wi, Wo,respectivly.

)
)
(c) follows the fact that W5 is a function of Y.
(d)
e) from the chain rule and the fact that (X;,Y;) are i.i.d.
)

from the Fano’s inequality.

(
(f)(g
H(X",Y" X", Y") < nP.(log|X||Y]) + Ha(P.) = ney,

where ¢, — 0 as n — oo.

For arbitrarily small P, we need Ry > H(X|Y), in the same manner, Rs > H(Y|X)
Similarly, by the same argument for the equalities and inequalities,

R+ Ry > H(X,Y)

n(Ry + Ry) > H(Wy, Wa)
= H(Wy,Wa) — H(Wy, W | X™, Y™
= I((W1, Wa); (X", Y™))
= H(X",Y") — H(X",Y"|Wy, W)

S



H(X™ YW1, Wa) = H(X™, YW1, Wy, Y™, X™)

< H(X™Y"X™Y")
>nH(X,Y)— H(X", Y™ X", Y™
> nH(X,Y) — n[Plog(|X[|Y])] — Ha(F)
nH(X,Y) — ne,

Dividing these inequalities by n, and taking the limit as n — oo, we have the desired converse.

= TL(Rl + Rg)



